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Abstract In this article the new extension of the generalized and improved (G G) -expansion method has been
used to generate many new and abundant solitons and periodic solutions, where the nonlinear ordinary differential
equation has been used as an auxiliary equation, involving many new and real parameters. We choose the Fisher
Equation in order to explain the advantages and effectives of this method. The illustrated results belongs to
hyperbolic functions, trigonometric functions and rational functional forms which show that the implemented
method is highly effective for investigating nonlinear evolution equations in mathematical physics and engineering
science.
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1. Introduction

In physical sciences all essential equations are nonlinear
and these are often complicated to interpret. So the exact
solutions of nonlinear evolution equations (NLEES) have
turned out to be a chief concern for researchers. NLEE
is one of the most powerful and important modelled
equations among all equations in nonlinear sciences and it
plays a vital role in the field of scientific work of
engineering sciences such as chemical kinematics, fluid
mechanics, chemistry, biology, nonlinear optics, optical
fibers, plasma physics, solid state physics, biophysics,
geochemistry, quantum mechanics, chemical physics,
condensed matter physics, high-energy physics and so on.
As they reveal a lot of physical information which help to
understand the operation of the physical model better, that
is why the explicit solutions of NLEESs play important role
in the study of physical phenomena and remains a crucial
field for researchers in the ongoing investigation.

For the past few decades, a vast research has been
going on to construct explicit solutions of NLEESs, which
are used as models in order to describe many important
and problematics physical phenomena in various fields of
science. So to figure out the exact solutions of NLEEs
substantial work are being made by mathematicians and
scientists and have developed effective and convincing
methods such as the Hirota’s bilinear transformation
method [1], the tanh-function method [2,3], the exp-function

method [4,5], the F-expansion method [6], the Jacobi
elliptic function method [7], the homogeneous balance
method [8], the homotopy perturbation method [9], the
tanh-coth method [10], the direct algebraic method [11],
the Backlund transformation method [12], and others
[13,14,15,16].

Later in 2008, Wang et al [17] introduced a new
method called the (G'/G)-expansion method for finding

the solutions of traveling waves of NLEEs. This (G'/G) -

expansion method shows that it is one of the most
powerful and effective method to solve NLEEs since it
gives a clear and short to the point results in terms of
hyperbolic functions, trigonometric functions and rational
functions which is why scientists have carried out a lot of
researches to construct traveling wave solutions via this
method [18-21].

Further research of (G'/G) - expansion method has

been carried out by many researchers to show the possible
productivity of the application. For example- Zhang et al

[22] expanded the original (G'/G) - expansion method

and named as the improved (G'/G)- expansion method.

Using this method many researches have been carried out
in order to find travelling wave solutions for NLPDEs
[23-30]. Then Akber et al [31] introduced the generalized

and improved (G'/G) - expansion method, where the

second order LODE were used as auxiliary equation to
construct travelling wave solution, this method were also
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used in the study of higher dimensional NLPDEs [32].
In the meanwhile, Naher ad Abdullah [33] demonstrated
a new method that is the new approach of the

(G'/G) - expansion method and new approach of the

generalized (G’/G)— expansion method where nonlinear

ODE were used as auxiliary equation and the resulted
travelling wave solutions of this method were quite
different. Many researchers still carrying out experiments

using the new extension of (G’/G)- expansion method to
generate more new travelling wave solutions of NLEEs.

2 Methodology of New Extension of
the Generalized and Improved
(G'/G) - Expansion Method

Recently a new application have been introduced
called the new extension of the generalized and improved
(G'1G) - expansion method for NLEEs. So to demonstrate

this method, first a NLPDE is taken with real independent
variables x and t i.e.

P(U, Ug, Uy, Ut Uy, Uyy ) = O 2.1

where P is the polynomial and here u=u(x,t) is an

unknown function. In the polynomial P contains different
partial derivatives of the function u itself wherein
involves the highest order derivatives and the highest
nonlinear terms. Now the prime process of this method is
being discussed in steps below.

Step 1: Suppose that,

u(x,t) =u(&), & = x £ Wt (2.2)

where the constant term W is known as the speed of wave,
is substituted in Eq. (2.1), which allows a PDE to convert

an ODE with respectto &.
Q(u,u’,u",u".)=0 (2.3)

Step 2: Eq. (2.3) is being integrated term by term and if
needed it can be integrated more than once and the

integral constants may be set to zero to make easy to solve.

Now the integrated travelling wave solution of Eq. (2.3)
can be represented as.

N

ueé) = > a (d+H)! z

: (2.4)
=N j=1 d+H)

where ay,a_y or by can be zero but all cannot
aj(j=0,£L+2,..+N),

is the arbitrary constant to be

be zero at the same time,
bj(j:1,2,3,...N), d

determined later and H (&) is

He-[ o)

where G = G(&) satisfies the nonlinear ordinary differential
equation (ODE) i.e.

(2.5)

AGG" - uGG'-5(G")? - B(G)% =0 (2.6)

2
d—G,G’zg—(; and A, u,0 & are the real

where G" =
de?

parameters

Step 3: The positive integer N appearing in the integrated
solution of Eq. (2.3) is then determined by considering
the homogeneous balance between the highest order
derivative and the highest nonlinear term. The value of
N is substituted in Eq. (2.4) which gives a complete
ODE. Then the completed ODE of Eq. (2.4), Eqg. (2.5)
along with Eq. (2.6) is substituted in the integrated
solution of Eqg. (2.3) and collecting all the powers

of the term (d+H) in descending order to the left

hand side, thus transforms into another polynomial
of (d+H), here (d+H)N (N=0+1+2.) and
@d+H)™N(N=123.).

Step 4: The coefficient of the (d + H) polynomial is then

equated to zero, hence generates a set of algebraic
equation. By solving the algebraic equation gives the
value for a;(j=0,£142,..£N), b;(j=123..N) ,d
and W obtained from Eg. (2.5). Now by solving Eq. (2.6)
we obtain a general solution, which is then substituted
with the values of constants into Eq. (2.4) we can achieve
more general type and more new travelling wave solutions
of NLPDE of Eq. (2.1).

Step 5: Using the general solution of Eq. (2.6), the
following solutions for Eq. (2.5) are obtained:

Family 1: When g #0, ¥ =1-6 and

Q=12 +4B(A-5)>0,

GRS

(Vo Ja
W +\/5013|nh[2‘P§J+C2COSh{2‘P§J 2.7
Tov 2w Jo (o)
Clcosh(quf]-FCzslnh[z\Pf]

Family 2: When 4 =0, ¥ =1-6 and

o @—Clsin[ﬁfj+cz cos(\/zf

Q=4?+4B(A-5) <0,

H(S) = [

o|®

fj (2.8

av ¥ C, cos(mg}rcz sin(mgj
2¥ 2¥

Family 3: When 4 #0, ¥ =4-6 and

Q=4> +4p(A-5)=0,

H (&) =(%jzi+c—2

(2.9)
2¥ Cl + sz

Family 4: When 4=0, ¥=1-6 and A=¥f>0,



American Journal of Applied Mathematics and Statistics 246

GRS
7 C;sinh [\/\PZ&J +C, cosh ({Eé] (2.10)

¥ C, cosh (\/\55}+ C, sinh [{Eej}

Family 5: When =0, Y=4-6 and A=¥f <0,

j— G,
H(f)—(—GJ
—Clsin[l;A ]+Czco (\P J (2.11)

Clcos(\/\;_Aéj+C2 sin(?é} |

JA

3. Application of the Method

Let us consider the Fisher equation to investigate and
construct new wave solutions by executing new extension

of the generalized and improved (G'/G)- expansion

method [34].

The Fisher equation:
Up —Uy —U(1-u)=0. (3.1

By using the wave transformation of Eq. (2.2), into Eq.
(3.1), the above equation transforms into the following
NLODE:

u"+Wu'+u—u? =0. (3.2)

Now by taking the homogeneous balance between the

nonlinear term u? and the highest order derivative term
u” in Eq. (3.2), we obtain the value for Nie. N=2.
Therefore the solution of Eq. (3.2) can be written in the
form:

u(&)=ag+ay(d +H)+a2(d+H)2
+(ag+b)(d+H) T+ (ap+by)(d+H)?

where a_j,a_;3p,8;,a,p,b) and d are constants

(3.3

to be determined.

Substituting Eg. (3.3) along with Eg. (2.5) and
(2.6) into Eq. (3.2) and by simplifying it transforms
into polynomials in (d+H)N (N=0,£1,#2,...) and

(d+H)’N (N=123..). By collecting the resulted
polynomials, yields a set of simultaneous algebraic
equations for a,z,a,lyao,al,az,bl,bz,d,c and W . After

solving the systems of algebraic equations with the aid of
Maple, we have obtained the following sets result for
travelling waves.

3.1. Results of Travelling Waves
Setl

A=2, y:—Zd‘{’ 5=35,

5

P=—so (96d p2 /12),W:J_r%,

d=d,a, :_1532\1,2 (15860,w% - 22), (3.1.1)

a=- 16{{{(16[)1‘11_\7,)%—2 =$%,
G\PZ by =y, by =by;

where, ¥ = 1-6.
Set 2
A=A u=-2d¥, 6:6,ﬂ=—%(96d2‘{’2 +/12),

5i 1 ) 2
W=+-=,d=d, a,=-—(15360,%" - 2°),

J6 2 1536w
1 1 5 (3.1.2)
a =16\ + =
-1- 16‘}’( b.l. \/—j dp =
6 6?2
q=F—= Q=—"7, b =b, b=y
TG 2T 2 by =by, by =b,
where, ¥ = 1-96.
Set 3
A A 1
A=A u=t—,6=—|d+x— |, =0
=T d( %]ﬂ
Wzi%,d :d,a_z— bz,a_l——bl, (313)
1 )
a0=0,a1=0,a2=d—2,bl:bl,b2=b2,
Set 4
A i
A=A, S=—|dxt—|,8=0,
uet d[ Jéjﬂ
e _5—;d da,=-by a,=-b, (314
1
ao_l,al_O,az_—d—z,bl:bl,bZ_b2,
Set 5
A A 1
ﬂ'zli =F—, 5:_ d$_ ’ :01
=T d( \Ejﬁ
W:i%,dzd,a_z——bz,a_l——bl, (315)
2 1
8 =13 =-— 2 =—7. by =b, b =by;
d
Set 6
Al A i
A=A, F—, 0 =— di—j, =0,
“F T d( &)’
W=_5—ESd da,=-h, a;=-b, (3.1.6

a9 =08 =—8 =~ val by, by =by;

Q.|r\)
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Set 7 Set 12
A= dp =T 5=6,f=0W =+ d =d, A=+piNB, u=p, & =+pi6,
J6 J6' 516
2.9 2 p=05 W=x—— d=d,
6d Y 12d¥Y 6
a,=-bya,=-b,a= T (A =— e , (3.1.7) ) (3.1.12)
) 8 =5 (2upd ~Pd? - p — 'y ),
6‘1’ M
bl bl b2_b21 _ _ _ _ _ b, =b,:
ay=-b,a=La =0a,=0Db =b,by =by;
where, ¥ =1-6. Set 13
Set 8
A=tu6, u=u, §=5, f=0,
A 5i
A=A u=F2=,6=6,=0W=+—,d =d, F5ud/6 — 1+ 5d
J6 J6' W = ,d=d,
99 9 (J_r,u\/gid5x/g+6,ud)
6d“¥Y+ 1
ap=-byay=-ba=——F5—— (3.1.8) 1 ) 3 .
A 8y = (+24°d*6 ¥ 20ud "6,
L led¥? 6w’ b~ by, b, —by: a
h = 2 2 = PRI 2 =12, +,uzd2+52d4—25d3,u+6,u2d4—,u2b2),
where, ¥ =1-0. 1 [ +45d3 /6 T 4u%d %6 — 2d 12
Set9 1775 2 523 243 2, |
5 uo\+H4opd < —26°d° -12u°d” — by
A=hp=t75 =0, =0, 18d 1° ~36,42d%5 +1810°52
343 2 3 3
Wt dod a,- b ay- b, +36,.3d° +18d2 %6 + 126
6 +185d° 112 /6 7 3d > \/6
2
aoziz{ilm 112d/w+6d2‘112], (19, _\Bu0’d?VeTo'
20 V6 e Ao rdoveopd | (3.1.13)
2 _ _ _ —h.-
= L] £70 5124 _d\yz], 2=0,2, =0, by =By, by =by;
A2\ V6 Ve Set 14
2 .
a2‘6; , by =by, by =by; A=4uiB. =16 =6.5=0,
W — 75udiNG + 11— 5d d—d
where, ¥ =1 -6. (+uiveFdsive—6ud)
Set 10
e Ao s 5w . 1 (+2ud*5iV6 5 24%d3%6 — 12d?
+= 2 = ,
N p= I p?\ =52d% +25d°% 1+ 6%d* — 1Ph,
d=d,a,=-b, ay=-b, 2d 1% — 46ud? T 4503 N6
2
(+12f'; 2j§' d‘{’z) (31100 a4 =—| 4420’6 +25%0° . G114
H 12,243 4i2b
1{ Asi_122% 2
y=—|t—%F —dw¥“ |, 3 2 3.
1 12[ \/6 \/g ] 1247 —36p°ds +£18d i I\/g
6‘1’2 d| $185d2 12%i/6 +18ud? 52 + 25%i/6
, by =Dy, by =Dy ~3643d2 73u52diV6 + 53d%i6
a0=
where, ¥ = 1-6. +4° 6 7456 +6ud
Set 11 a1:0, a2:0,bl:bl,b2:b2;
5 Set 15
A=tul6, =y, 5 =+1\l6, p = pW = +I
A=A u= 1,0 =———(1% -6 — 2418
d=d,a, :iz(yzdhﬂz—zuﬂd—y bz), (3.1.11) 24ﬂ( )
U

5
= W=t—,d=d,a,=-bhy,a,=-D,
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24d2°

J6

242+ ~124%4%d?

2
1442 pd
L | +2022% 1+ 2402 ypa £ AP

248

Substituting Eq. (3.1.1) in Eq. (3.3), along with Eq. (2.8)
and simplifying, our obtained solution becomes, ( if
Cl:tO and C2 ZO)

T oni2 a2 V6 uly(x,t) = +3\/>| ;5
961°43 ) 6 2¥
Nl VY
J6 3. J-0 AN 2
4,2 3 242 2¥ T )T J-O
+36%d% —144.°%d p 8/6Qi tan T £
12,1[3 7248u° ,
% 2 |
1 N
8 = ————| +12up3” ~72f° + d 2" (3.1.15) 3840312 tan?| V-2 ¢
482% 22 4 29
-12dA°u” +364°d
Substituting Eq (3.1.1) in Eq (3.3), along with Eq (2.9)
L ) and simplifying, our exact solution becomes
_ 1 e a0 _ —h-
ay = 9612ﬁ2 (ﬂ’ H ) ) b.l. b_l_i bZ b2’ UL (X t) 6\IJC2 GlPZCZZ
3
Set 16 8 ﬂf(Cl +Cy¢) /12(C1+CZ§)2
2
1 2 2 l(C]_-FCZé) (Cl'l'sz)
A=4, o= A +6u° +24A8|, F
. 24,3( # ) 16¥/6C,  1536W2C2
p=L W= d=d,a,=-by,a;=-b, Similarly, substituting Eqg. (3.1.1) in Eq. (3.3), along
with Eqg. (2. and simplifying, our obtained exact
f ith Eq. (2.10) and simplifyi btained
3; solution becomes, (if C; #0 and C, =0
/l4d2$24ﬂdﬂ I+1212/12d2 ( 1 2 )
5 /A
144742 Bdi 6 0¥ +Atanh| "t
1 +7222 g% — 2422 1pd i ool ul, (x,t) _§
0627 o G
288113% 2 2 2
+ P 144
J6 Hiaaptu 6[d‘¥+ﬂtanh(\/§§jj
+36.d? —144,°%d B + e
122361 _72284°
1| LT gy 0 T 4
ERTry v Ve ’ 1698] d + VA tanh| YA ¢
—728u% +d A% +12d 4% 4% + 3644 N2
1 2 22
aZ:W( 24647), by =by, by =by; (3.1.16) + -
1536[d\P+\/Xtanh[\{§§D
3.2. Solutions

Substituting Eq (3.1.1) in Eq (3.3), along with Eq (2.7)
and simplifying, yields the following travelling wave

solution, (if C; =0 and C, =0)

ulq (x,t) —§+ 3\/_t h[*rg]

6 2¥
+3_taanh2£§§J$ A \/_
24 860 tanh (Q 5}
2V
+ 22
384Q tanh? (@ g}
2%

Substituting Eqg. (3.1.1) in Eg. (3.3), along with Eq.
(2.11) and simplifying, we obtain the following solution,
(if C,#0 and C, =0)

for-am( 2]

uls(xD) = 7 G
2
G[d‘P—\/Xitan(\/‘g?gn
+ 12
_ A
+

16x/5[d\1’ —+/Aitan [\/;?gn
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12
=
1536{d‘11 —/Aitan [*/\;_Agn

where & =x-Wt.

Similarly, substituting Eqg. (3.1.3) in Eq. (3.3), along
with Egs. (2.7) - (2.11) and simplifying, our travelling
wave solutions become:

+

2
{2d Y6 + 1 ++/6Q tanh(ﬁf}}

24422

u3(xt) =

2
{Zd‘l’\/gii—@i tan (f;ﬁ}}

e 24422 :
u3s(x,t) = il(C1:C22§)+2\PJ€§;2
24d°¥Y (C1+CZ§)
2
[d‘I’ ++/A tanh (\/‘I’ngj
U34 (X’t) ) dZ\PZ )
2
(d‘P—«/Zi tan (J‘;’_AC’CD
U35 (X,t) = dZ\PZ |

where &= x-Wt.

Similarly, substituting Eq (3.1.7) in Eq (3.3), along with
Eq (2.7) - (2.11) and simplifying, our obtained travelling
wave solutions become:

2d¥\6F 2
d
od¥ +\/@tanh(\2/§§J
60292 _
U?l(X,t)Ziz \IJ \/g y
A 2
{Zd‘}’\/gi/lﬂ/@tanh(fg]}

4

+

20%\6 T4
6d¥

—/6Qi tan (\/5 5]
2¥

29?2
u72(x,t):/1—12 bd™¥ J6 :

2
{Zd‘Px/Eml—\/@itan(féJ}

4

+

2d¥/6(Cy +Cy¢)
6dW¥{FA(Cy +Cyé)

+2¥+/6C,

J6(Cy+Cy¢)

{Zd\P\/E (CL+Cy¢) }2

L |6d?¥% -
u7z(x,t)=—
242

FA(Cy +Cy¢) +2¥/6C,
4(C+Cpé)

u74(x,t)

6d 2 w2 -12d\y(d\y+JZtanh[§§B

1
-7 )
+6{d‘{’ ++/A tanh [gfn
u7s(x,t)
6d 2?2 —12d‘P(d‘I’ —+/Aitan (@5]]
1

2 2
* +6{d‘{f—«/Xi tan [%5}]

where & = x—Wt.

Similarly, substituting Eq. (3.1.9) in Eq. (3.3), along
with Egs. (2.7), (2.9) and (2.11) and simplifying, our
obtained solutions become:

al(Zd\I’\/EJ_r/l ++/6Q tanh (\2/\?5}}
296
2
a, (2d‘{f«/€i A++/6Q tanh [\2/?5}}

2492

. 2dW/6(Cy +Cy¢)
' +(Cy +Cy& )+ 2¥4/6C,
296(Cy +Cy¢)

{Zd‘P\/E (CL+Cy¢) F
a

u9; (x,t)=ag +

+

u9, (x,t)=ag +

+1(Cy +Cy¢) +2¥/6C,
24‘1’2 (Cl + Czé)z

a{d‘l’ —J/Aitan (\/\;—AQZD
b4

2
a, {d‘l’ —+/Aitan (*/\;_Ag]]

\I,Z

u9z(x,t)=ag +

+
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where
1 12d4%? 12dA8 . 2.2
= F +6d°¥Y
0 42( NN
1(, a5 _122? 2
y=—|tio7 —dw? |,
' /12[ 6 6 J
. 6w
2 =T 5
2/2
and & = x —Wt.

Similarly, substituting Eq. (3.1.11) in Eg. (3.3), along
with Egs. (2.7) - (2.11) and simplifying, the following
travelling wave solutions become:

4‘P2(y2d2+ﬁ2—2yﬂd)

ull (xt) = 5
yz {2d‘1’+y+x/§tanh [\/a(fj}
2¥
492 (u?d? + g2 —2upd
ully (x,t)= (,u s )

=,
yz{Zd‘P+u—x/5itan(\/2_\P_Q§J}

ullz(x,t)
292 (2d% + 2 ~2upd )(Cy + Coé )
o, {2d\y(c1 +Cyé) }2

+,L1(C1+02§)+21PC2

‘PZ(yZdZJrﬁ Zyﬂd)

: {d\y+\/Ztanh( \PA 5]}

\yz(;ﬂd%ﬁ —2upd

)
{d‘l’ fltan[ J}
where &= x-Wt.

Similarly, substituting Eq. (3.1.14) in Eqg. (3.3), along
with Egs. (2.7), (2.9) and (2.11) and simplifying, our
solutions become:

uldy (xt)

ully (x,t)=

ulls(x,t) =

2¥(a_q+b)

=ap +
(2d‘1’+y+\/6tanh(\2/§§]]
4\P2 (a_2 +b2)

2
[Zd‘l’ + y+x/§tanh(\2/§§B

+

uld, (x,t)

2¥ (a_g +by)(C +Cy¢)
{2dW (Cp +Cpé) + u(Cy +Cpé) +2WC, |

=3y +
497 (a_y +1,)(Cy + CoE )
{2dW(Cy +Cp&)+ u(Cp +Coé) + 2\}/C2}2 ,
Y(a_;+h)
dW —+/Ai tanh (\/\;_Aé:J]
“PZ (a._2 + bz)

7
(d‘l’ —+/Aitanh (\/\;_AQZD

+

ulds(x,t)=ag +(

+

where
18d 1> —364%d %5 +18ud 352
+36,3d° +18d° 136 + 136
7185d° 1,2 \/6 73152 di/6 £ 5%d%i/6
ag =

+13\/6 $dS5/6 + 6

o - 1 +45d3yx/7$4,u2d2x/7 2d,u2
T 2 +asud? —262d3 ~124%d3 — 12, )

. 1 [ +2ud*siv6 7 24°d%iN6 — 1d?
_2:_
2| —62d* +25d3 1 +62d* - 1iPb,

and &=x-Wt.

4. Discussions

Various methods have been used to investigate for
the solutions of Fisher Equation, such as Kudryashov [35]
investigated by using simplest equation method, Wazwaz
et al. [36] studied by using the Adomain decomposition
method, in Ref. [37] Ozis et al. implemented by the
Exp-function method, the homotopy analysis method
executed by Tan et al. [38], and Ablowitz et al. [39]
investigated solutions for a special wave speed. To the
best our awareness the Fisher Equation has not been
investigated by the new generalized and improved

(G'/G)—expansion method. It is important to point out
that our some obtained solutions are new, simple,

straightforward, and precise compared to the solutions
obtained in the open literature.

5. Graphical Representations

With the help of the computational software, Maple,
we have illustrated some of the obtained solutions for
travelling waves solutions in below.
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1
Figure 1. Eq.-Ulg, for A =5, §=15, g = —E(ﬂz +4d2‘I’2),

d=10, W = 5 and X =-500..500, t=-250..250

NG

A
Figure 2. Eq.- U3, for A=3, =—, =0,
3 =T B
A 1 5
S=—|d+—|, d=2, W=— and x=-1.1,
d( «/Ej J6
. A
Figure 3. Eg- U3g, for 1 =—-4, ¢, =0.521 ,u=—6, £ =0,

A 1

o=—|d+—|, d=1 W=—, =0.7, and
d( JEJ N
x =-50..50, t=-50..20

Figure 4. Eg- U9,, for 4 =8.5, 5=i

%

p=0, d=04,

W=—5;,q=2l ¢, =95 and X = -50..50, t =-50..20
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6. Conclusions

In this article, the new extension of the generalized and
improved (G'/G)—expansion method has been applied

successfully in the Fisher Equation. The auxiliary equation
used in the method that involves many arbitrary parameters
and those can take any real values then the NLODE produces
many new solutions. The obtained solutions show that the
method is effective and gives precise and direct solutions.
Therefore, we conclude that this method could be implemented
for constructing various types of wave solutions of NLEEs
those arise in the application of mathematical field.
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