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1. Introduction 

The univariate exponential distribution which is 

analytically very simple plays an important role in 

describing the life time of a single component [see, e.g., 

Balakrishnan and Basu (1995)] [1]. The reliability is the 

domain in which most of the bivariate distributions with 

exponential marginals arise. Several versions of this 

bivariate exponential distribution are encountered in the 

literature and have been used for modeling the two 

components systems. Indeed, a complete class of bivariate 

distribution respectively with normal and exponential 

conditional were identified, Castillo and Galombos (1987a) 

[4], Barry C. Arnold and David Strauss (1988) [3]. 

The marginal densities of the bivariate exponential may 

not be exponential. It can be a mixture of exponential. In 

such case the bivariate distribution is often called a 

bivariate exponential mixture distribution (see, Kotz et al. 

[8]). Many authors proposed the multivariate form of the 

exponential distribution (see, Johnson et al. [7]). 

Recently Filus and Filus [6] have proposed for 

modeling lifetimes of multi-component system, a new 

class of probability distributions based upon a linear 

combination of independent random variables. 

In this paper, we define a bivariate distribution with a 

two-parameters (a, b) exponential conditional which can 

be used for modeling lifetime of two component system. 

The bivariate distribution with conditional a two-parameters 

exponential distribution is introduced in section 2 below 

with some characteristics such as the marginal densities, 

the moments, the product moments, the conditional 

moments, the moment generating function, the survivor 

distribution and the entropies. In section 3, we infer about  

 

the parameters of our bivariate distribution by giving their 

maximum likelihood likelihood estimators (MLEs) and 

intervals of confidence. 

In section 4, we introduce the distribution of the 

concomitants of the order statistic. Finally in section 5 the 

multivariate case is studied with its related properties. 

2. The Bivariate Distribution with 

Conditional a Two-parameters 

Exponential Distribution 

Let X be a two-parameter exponential distribution 

random variable. The probability density function (p.d.f ) 

of X is given by 

 

2

1
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 (2.1) 

The cumulative distribution function of X  is given by 
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XF x a b e x a b
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

     (2.2) 

Now, let Y  be a random variable such that the 

distribution of Y  given X  is a two-parameters  ,x c  

exponential distribution. The p.d.f of |Y X  is given by 

 |
1

( | , ) , , 0 ( ).

y x

c
Y Xf y x c e y x c c b

c




    (2.3) 

Thus the joint density of the random variables X  and 

Y  defined above is given by 
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It can be easily verified that equation (2.4) integrates to 

1, so it is a joint probability distribution. 

The plot of this joint distribution for different values of 

a, b, and c is given in Figure 1. 

 

Figure 1. Graphs of , ( , )X Yf x y  

Thus the cumulative distribution of the random 

variables X and Y is 
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2.1. Marginal and Moments of Y 

As the marginal of X is given by (2.1), the marginal of 

Y is derived as follows 

Theorem 2.1. 
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 (2.5) 

Consequently the cumulative distribution of Y is 
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Remark 2.2. The marginal ( )Yf y  of , ( , )X Yf x y  is not 

an ( , )Exp    but a mixture of exponential, so , ( , )X Yf x y  

is a bivariate exponential mixture distribution. 

The 
thm  moments of Y  are given by 

Theorem 2.3. The 
thm  moments of Y  are: 
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By analogy 
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Remark 2.4. From (2.6) we deduce that: 

1. ( ) .E Y a b c    

2. 2 2( ) .V Y b c   

The (p, q)th joint moment of (X, Y) can also be obtained 

as follows 

Theorem 2.5. 
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Proof. 
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2.2. The Moment Generating Function 

The moment generating function of (X, Y) is given as 
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as ( , ) 0X Y  , X and Y are positively correlated. 

4. The matrix of Variance-Covariance of X and Y is 
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2.3. Conditional Moments 
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Using (2.11) we get the pth conditional moments of X as 
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(2.13) 

Similarly, using (2.12) we get the qth conditional 

moments of Y as 

Theorem 2.7. 
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205 American Journal of Applied Mathematics and Statistics  

 

Remark 2.8. From (2.13) and (2.14) we can easily obtain 

the conditional means and variances of |X y  and | .Y x  

2.4. The Joint Survivor Function 

For the mixture distribution (2.4) the joint survivor 

function ( , ) ( , )S x y X x Y y    which can be used in 

the reliability study of systems, is given by 
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(2.15) 

The failure rates of the random variables X and Y 

having p.d.f fX(x) and fY(y) given by (2.1) and (2.5), 

respectively, are 
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The plot of the failure rate of Y for different values of a, 

b, and c is given in Figure 2. 

 

Figure 2. Graphs of ( )Yr t  

2.5. Entropies 

In this section we introduce the entropy between X and 

Y which is defined as ( , ) [ { ( , )}]H x y E ln f X Y   and 

interpreted as the quantity of information on X we gain by 

learning Y. So, for the bivariate mixture distribution the 

entropy is 
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 (2.16) 

3. Inference 

3.1. Parameters Estimation For the Bivariate 

Distribution with Exp(a,b) Conditional 

We introduce here, the maximum Likelihood estimation 

for the bivariate model. 

Let ( , )i ix y  for 1,...,i n  be a sample of size n from 

the bivariate distribution defined in (2.4). Then the log 

likelihood function is 

  

 
1 1
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1 1
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l a b c
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  (3.17) 

We have to maximize this function under the constraints 

i ia x y   for 1,...,i n  (5.14), b > 0, and c > 0. 

Theorem 3.1. The maximum likelihood estimators of a, b, 

and c are given by 

 (1) 1 (1)
ˆˆ ˆmin , , and .i n ia X X b X X c Y X        

Proof. From (2:4) we deduce that (1) .x x y   

More, it will be assumed that 

1. ,i j n   such that i jx x  not all ix  equal 

2. k n   such that k ky x  (which means k ky x ). 

So (1)x x y  , and the unique constraint on a  

is ia x \,for all 1 i n  , which can be written as 

(1)a x . 

The function ( , , )l a b c  is increasing linear with respect 

to the variable a when we fixe b>0 and c>0. Therefore its 

maximum is attained for (1).a x  So we have just to 

maximize the following function with respect to the 

variables b and c 
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 (3.18) 

This function g can be written as 1 2( , ) ( ) ( )g b c g b g c    

with 
(1)

1( ) ln( ),
x x

g b b
b


   2 ( ) ln( ).

y x
g c c

c


   

Maximize g with respect to (b, c) is equivalent to 

minimize g1 with respect to b and minimize g2 with respect 

to c. 

Those two functions g1 and g2 are of the form 

 ( ) ln( ), 0.h x x
x


    

( (1)x x    for 1,g and x y    for 2g ). 

We can easily prove that h has a unique global 

minimum on ]0, [  attained at 0x  such that 

0 02
00

1
( ) 0 i.e. : .h x x

xx


       

So 0 (1) 0b x x    and 0 0c y x    are the global 

minimum for 1( )g b  and 2 ( )g c  respectively. 

Therefore the function l has a global maximum (under 

the constraints) attained at 

 0 0 0 (1) (1)( , , ) ( , , ).a b c x x x y x    

So (1) (1),X X X  and Y X  are the MLEs of a , b , 

and c  respectively. 

Lawless (1982) [6] proved that (1)â X  and 

(1)b̂ X X   are independent with 

 2 2
2 2 2

ˆˆ2 ( ) 2
~ and ~ .n
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
 (3.19) 

Using (3.19) and ĉ Y X   we get the following 

results: 

1. ˆ( ) .
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E a a
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n
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5. ˆ( ) ( ) ( ) ( ) .E c E Y X E Y E X c      ( ĉ  is an unbiased 

estimator of c) 

6. 
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Remark 3.2. 

1. ˆˆ ˆlim ( ) lim ( ) lim ( ) 0
n n n

MSE a MSE b MSE c
  

   , then 

â , b̂  and ĉ  are consistent estimators of a, b and c 

respectively. 

2. â  and b̂  are asymptotically unbiased estimators of 

a and b respectively. 

3.2. Intervals of Confidence for the 

Parameters of the Bivariate  

Distribution with Exp(a,b) Conditional 

We introduce here, the intervals of confidence for the 

three parameters a, b, and c. 

We can use the pivotal quantity 

ˆ2nb

b
 in (3.19) to make 

inference on b, and a (1 )  confidence interval for b is 

given by 
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It follows also from (3.19) that 
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By the same way, using the pivotal quantity 
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Also for n enough large ( 30)n  , ĉ Y X   follows 
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So for 
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  as an estimator of ˆ( )V c , a (1 )  

confidence interval for c can be derived and it is given by  
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4. Concomitants of Order Statistics 

In this section we introduce the distribution of the 

concomitants of the order statistic for the bivariate 

exponential mixture distribution. The density of 

probability of the rth concomitant is given by [5] as 

 [ : ] :( ) ( | ) ( )dr n r ng y f y x f x x



   

where : ( )r nf x  is the density function of the rth order 

statistic for the variable X given by 
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Given (2.1), (2.2), and (2.3), the distribution of the rth 

order statistic for X is 
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(4.20) 

Theorem 4.1. The density of the rth concomitant is given 

by 

 

[ : ] :

( 1)

1

0

( ) ( | ) ( )d

!

( 1)!( )!

1
( 1)

.
( 1)

y

r n r na

y a y a
n r k

k c b

r

k

g y f y x f x x

n

r n r

r
e e

k

c n r k b

 
    





 
 





 

 
  
 
 


   







 

Proof. 
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The pth moment of the concomitant of the order 

statistic is given by 

Theorem 4.2. 
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Proof. Using the same techniques of integrations as in 

theorem 4.1 above we get our result. 

Remark 4.3. From theorem 4.2 we can deduce the 

expected value and variance of [ : ].r nY   

The expression of the survivor function  
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Proof. Obvious. 

5. Multivariate Case 

Let 1, ,..., nX Y Y  be 1n  random variables, the 

multivariate case is built as  

 

1 1 1

2 2 2

: ( , )

| : ( , )

| : ( , )

| : ( , ),n n n

X Exp a b

Y X Exp x

Y X Exp x

Y X Exp x

 

 

 

 

where |iY X  and |jY X  are independent random 

variables for i j  and , 1,2,...,i j n  and 0,i   

1,..,i n . HhUsing the same arguments as in the 

univariate case above, the joint component model is built 

and the marginal density function for each random 

variable iY  is derived. In general, iY  has the following 

density 

 

1
( ) ,

1,2,..., with , 0, 0.

y ai i y ai i

i b
Y i

i i

i i i

f y e e
b

i n a y b

 


 

 

  
 
 

 
   
 

   

 (5.21) 

Based on the independence assumption of the above 

model, the joint density of 1,..., nY Y  has the following 

form 

 

, ,..., 11

,..., 1 21

1 2

1

( , ,..., )

( , ,..., | ) ( )

( | ) ( | )... ( | ) ( )

( ) ( | ).

X Y Y nn

Y Y n Xn

n X

n

X i

i

f x y y

f y y y x f x

f y x f y x f y x f x

f x f y x







 

 

The joint density of 1,..., ny y  is obtained by integrating 

the joint density , ,..., 11
( , ,..., )X Y Y nn

f x y y  with respect to 

the variable X . 

 

min ( )

,..., 11
1

1 1

1
min ( )

1 1

1

( ,..., ) ( ) ( | )d

1

1

yi
ni

i
Y Y n X in a

i

nn
i

i
ii i

n ny ya i i iy ai i in b bi i ii ii

i

f y y f x f y x x

b

e e




  








 

 
      

  






 
 

 
 

 
  

  
 
 
 



 



 

Remark 5.1. For example, substituting 2,n   1,a   

1
,

2
b   1 1,   2 2,   1 3,   and 2 2  , into the 

above formula, we get: 

 

1 21 2
3 2

, 1 21 2 2 1 22 min ( )
3 3 2

1
( , )

2

y y

Y Y y y yi
i

i

e e
f y y

e


 
 

  

 
 
 
 
  

 (5.22) 

that can be rewritten as 

 

1 21 2 22 1
3 2 2

2
1 2

, 1 21 2

1 521 12 2 2
3 3 62

2 1 1

1
,

2

if 1 , 2
2

( , )

1
,

2

if 2 2 , 1

y y y
y

Y Y

y yy
y

e e e

y
y y

f y y

e e e

y y y

 
   

 
  

  
  
  

 


  



 


 
 
 

  


  


 

, 1 21 2
( , )Y Yf y y  integrates to 1 so it's a legitimate 

distribution. 

Using the density of iY  defined by (3.9) and by analogy 

with theorem 2.3, the expression of the 
thm  moments of 

iY  is 

    11

0

( )

1
! .

m
i

m
m k kk

i i i
i i k

E Y

m
k a b

kb
  

 

 



 
 









(5.23) 

Remark 5.2. From (3.11) we deduce that for all 

1,2,...,i n  

1.  ( ) .i i iE Y a b     

2. 2 2 2( ) .i i iV Y b    

The covariance between X  and iY  for 1,...,i n  is 

derived as: 

 

  

    

2 2

2 2

2

2

( , ) ( ) ( ) ( )

| ( ) ( )

( ) ( )

as | : ( , )

( ) ( ) ( ) ( )

( ) ( )

( ) ( )

.

i i i

i i

i i i i

i i i

i i i i

i i

i i

i

Cov X Y E XY E X E Y

E XE Y X E X E Y

E X X a b a b

Y X Exp x

E X E X a b a b

b a b i a b

a b a b

b

   

 

   

  

 



 

 

     

     

    

   



 (5.24) 

Bivariate case will reduce to equation (2.8). 

6. Conclusion 

Unlike the bivariate exponential with conditional 

exponential [3], and the bivariate distribution with normal 

conditional [4], the bivariate exponential distribution with 

( , )Exp a b  conditional has the great advantage of giving us 
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explicit, consistent, unbiased and asymptotically unbiased 

estimators of our parameters a, b and c with reliable 

confidence intervals for them. 

References 

[1] Balakrishnan,N., Basu, A.P. (eds.). The Exponential Distribution: 
Theory, Methods and Applications, Taylor and Francis, 

Philadelphia (1995). 

[2] Balakrishnan, N. & Lai, C.D.. Continuous Bivariate Distributions, 

New York: Springer (2nd ed.), (2009). 

[3] B. C. Arnold, and David Strauss. Bivariate Distribution with 

Exponential Conditionals, Journal of the American Statistical 

Association, Vol. 83, No. 402,522-527, (1988). 

[4] Castillo, E., Galombos, J. Bivariate Distribution With Normal 
Conditional, In: Proceedings of the IASTED International 

Symposium; Cairo, M-H. Hamza (ed.), 59-62. Acta Press, 

Anaheim, California (1987a). 

[5] H.A David, H. Nagaraja. Order Statistics, 3dr ed., John Wiley & 

Sons, New York, 2003. 

[6] J.K. Filus, L.Z. Filus, On Some New Classes of Multivariate 

Probability Distribution, Pakistan J. Statist. 22(1), 21-42, (2006). 

[7] Johnson, N., Kotz, S. & Balakrishnan, N.. Continuous 
Multivariate Distribution, New York: John Wiley, (1997). 

[8] Kotz, S., Balakrishnan, N. & Johnson, N.L.. Continuous 
Multivariate Distributions Volume 1: Models And Applications, 

New York: John Wiley (2000). 

[9] Lawless, J.F.. Statistical Models and Methods for Lifetime Data, 

Wiley New York. (1982). 

[10] S. Nadarajah,. Products and ratios for bivariate Gamma 

distribution, Appl. Math. Comput. 171, 581-595, (2005). 

 


