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1. Introduction and Preliminaries

Metric fixed point theory is one of the most important
and fundamental area of analysis. Due to this a flood of
research work have been generated from this area. As a
part of this study generalisation of metric space becomes
one of the most interesting topic in which many researchers
have devoted and continued working. Since the introduction
of metric space by Frachet, there is a lot of generalisation
of this space. Some of them which can be mentioned are
2-metric space, D-metric space, cone metric space, fuzzy
metric space, Menger space, probabilistic metric space,
partial metric space, quasi metric space, b-metric space,
multiplicative metric space, modular metric space, cyclic
metric space, S-metric space, b-cone metric space etc.

In a recent paper, Aghajani et.al. [1] introduced a new
generalisation of metric space. They used the concepts of
both G-metric [2] and b-metric [3,4,5] and generated a
new definition and named it as G,-metric space. They also
pointed out that the class of G,-metric space is effectively
larger than that of G-metric space and G-metric space
becomes a particular case of Gj-metric space. They
claimed that every G,-metric space is topologically
equivalent to a b-metric space. For more results on
G,-metric space one can study the research papers in [6-10]
and references there in.

Definition 1.1 [2]

Let X be a nonempty set and G: X* — R" be a function
satisfying the following properties:

1.G(x,y,z) =0ifand only if x =y = z,

2.0<G(x, x,y) forall x, y EX withx +y;

3.G(x, x, y) <G(x, y,z) forall x, y, z EX withz # y;

4. Gk, y,z) =G,z y) = Gy, z, x) = .. .(symmetry in
all three variables),

5.G(x, y,2) <Gk, a a) +G(a, y, z) forallx, y, z, a €X
(rectangle inequality).

Then the function G is called a G-metric on X and the
pair (X, G) is called a G-metric space.

Following definition was given by 1. A. Bakhtin [3]
Definition 1.2 [3]

Let X be a (nonempty) set and b > la given real number.
A function d: X x X — R" (nonnegative real numbers) is
called a b-metric provided that, for all x, y, z € X, the
following conditions are satisfied:

1.dx, y) = 0ifand only if x = y;

2.d(x, y) =dy, x);

3.d(x, z) <b[d(x, y) +d(y, z)]

The pair (X, d) is called a b-metric space with parameter b.
Definition 1.3 [1]

Let X be a nonempty set and b > 1 be a given real
number. Suppose that a mapping G: X x X x X — R satisfies:

(Gpl) G(x,y,2)=0ifx=y =12,

(Gy2) 0 <G(x, x, y) for all x, y € X with x, y,

(Gu3) G(x, X, y) <G(x,y, z) forall x,y,z € X withy #z

(G G(x, ¥, 20 = G(p[x, y, z]), where p is a
permutation of x, y, z (symmetry),

(GpS) G(x, y, z) £b(G(x, a,a) + G(a, y, z)) for all x, y, z,
a € X (rectangle inequality).

Then G is called a generalized b-metric and pair (X, G)
is called a generalized b-metric space or Gy-metric space.

It should be noted that, the class of G,-metric spaces is
effectively larger than that of G-metric spaces. Following
example given by Aghajani [1] shows that a G,-metric on
X need not be a G-metric on X.

Example 1.4 [1]

Let (X, G) be a G-metric space, and G«x, y, z) = G(x, ¥,
z)l, where p > 1 is a real number. Note that G, is a G-
metric with b = 2.

Also in the above example, (X, G,) is not necessarily a
G-metric space. For example, let X = R and G-metric G
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be defined by G(x, y, z) =1/3(|x -y| + |y-z| + |x -z|), for all
x, v, z €ER. Then G(x, y, z)° = 1/9(|x-y|+|y-z|+|x-z|) is a
Gy-metric on R with b = 2% = 2, but it is not a G-metric
on R. To see this, let x =3,y =5,z =7, a = 7/2 we get,
G«(3, 5, 7) =64/9, G(3, 7/2, 7/2) = 1/9, G(7/2, 5, 7)=
49/9, so G«(3, 5, 7) = 64/9 <50/9 = G«3, 7/2, 7/2) +
G(7/2,5,7).

Following definitions and properties are given in
Aghajani et. al. [1].

Definition 1.5 [1]

A Gy-metric G is said to be symmetric if G(x, y, y) =
Gy, x, x) forall x, y € X.

Definition 1.6 [1]

Let (X, G) be a Gy-metric space then for xy€X, r > 0,
the Gy-ball with centre xy and radius r is Bg(xg, r) = {y €
X|G(xy y, y)<r}.

For example, let X = R and consider the G,-metric G
defined by

G (x,,2)=1/9(| x = y#|y—z|#}x—z )’
for all x, y, z € R. Then
Bg (3.4)={ye X :G(3,y.y)<4}
—{yeX:1/9(|y-3+|y-3]) <4}
={yeXi|y-3[<9
~(0,6).

By some straight forward calculations, we can establish
the following.
Proposition 1.7 [1]

Let X be a Gy-metric space, then for each x, y, z, a €X
it follows that:

(1) ifG(x,y,z)=0thenx =y =12,

(2) G(x, ¥, 2) < b(G(x, %, ¥) + G(x, %, 2),

(3) G(x, ¥, )< 2bG(y, x, X),

(4) G(x, y, 2)<b(G(x, a, 2) + G(a, vy, 7))

Definition 1.8 [1]

Let X be a Gy-metric space, we define dg(x, y) =
G(x, y, ¥)+G(x, x, y), it is easy to see that d;defines a b-
metric on X, which we call it b-metric associated with G.
Proposition 1.9 [1]

Let X be a Gy-metric space, then for any xy € X and
r> 0, if y € Bg(xy, 1) then there exists a 6 > 0 such that
Bg(y, 5) gBG(X(), I").

Definition 1.10 [1]

Let X be a Gy-metric space. A sequence {x,} in X is said
to be:

1. Gy-Cauchy sequence if, for each ¢ >0, there exists a
positive integer npsuch that, for all m, n, | > ngy, G(x,, X, x) <&,

2. Gy-convergent to a point x € X if, for each ¢ > 0,
there exists a positive integer ngsuch that, for all m, n > ny,
G(xp X X) <e.

Proposition 1.11 [1] Let (X, G) be a G,-metric space,
then the following are equivalent:

1. the sequence {x,} is G,-Cauchy.

2. for any ¢ > 0, there exists ng€ N such that
G(xy, Xpy X)) <&, for all m, n > n,.

Proposition 1.12 [1] Let (X, G) be a G,-metric space, then
following are equivalent:

1. {X,} is Gy-convergent to X.

2. G(Xp, Xp, X)— 0 asn — oo,

3. G(Xy, X, X)— 0 asn — oo,
Definition 1.13 [1] A Gy-metric space X is called
Gy-complete if every Gy-Cauchy sequence is G-
convergent in X.
Definition 1.14 [1] Let (X, G) and (X, G') be two G-
metric spaces. Then a function f : X — X' is G,-continuous
at a point x € X if and only if it is Gy-sequentially
continuous at x, that is, whenever {x,} is Gy-convergent to
x,{f (x,)} is G'y-convergent to f (x).
Lemma 1.15 [1] Let (X, G) be a Gy-metric space with b>1,
and suppose that {x,}, {v,} and {z,} are G,-convergent to
x, vy and z respectively. Then we have

1/DG(x,7,2) SinfG (%32,
<sup G(xn,yn,zn)§b3G(x,y,z).

In particular, if x =y = z, then we have lim G(x,,Y,,2,) = €.

Jungck [11] introduced the concept of compatible
mappings in metric spaces. Jungck, Murthy and Cho [12]
introduced the concept of compatible mappings of type (A)
on metric spaces and proved some common fixed point
theorems for compatible mappings of type (A). In 1995,
Pathak, Kang and Beak [13] introduced the concept of
weak compatible mapping of type (A) and proved some
common fixed point theorems for weak compatible
mappings of type (A) on Menger spaces. Readers can see
about various forms of compatible mappings in the
research papers in [14-33] and references therein. We state
the following definitions in the setting of G,-metric space.
Definition 1.16 Let (X, G) be a Gy-metric space. A pair
U, g} is said to be compatible mappings if lim G(fgx,,

n—>0

gfx,, gfx,)=0, whenever {x,} is a sequence in X such that

lim fx,= lim gx,=t for some t in X.
n—»0 n—>0

Definition 1.17 Let (X, G) be a G,-metric space. A pair
i, g} is said to be compatible mappings of type (4) if
lim G(fgx,, ggx, ggx,)=0 and lim G(gfx,, fix, ffx,)=0,
n—o0 n—»0

whenever {x,} is a sequence in X such that lim fx,= lim
n—>0 n—»0

gx,=t for some t in X.
Definition 1.18 Let (X, G) be a Gy-metric space. A pair
!, g' is said to be weak compatible mappings of

type (A) if lim G(fgx, ggx, ggx,)=0, whenever {x,}
n—»0

is a sequence in X such that lim fx,= lim gx,=t for
n—>0 n—>0

some tin X.
The following propositions are easy to prove and hence

we omit their proofs.
Proposition 1.19 Let £, g: (X, G)—(X, G) be mappings. If
f and g are weak compatible mappings of type (4) and
ft=gt for some t in X, then fgt=ggt.
Proposition 1.20 Let f, g: (X, G)—(X, G) be mappings. If
f and g are weak compatible mappings of type (4) and

lim fx,= lim gx,=t for some t in X. Then we have

n—>0 n—»0
lim gfx,=ft, if f is continuous.
n—>0
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The aim of this paper is to prove a common fixed point
theorem for two pairs of weak compatible mappings of
type (A) in G,-metric space.

2. Main Results

Our first result is the following common fixed point
theorem.
Theorem 2.1 Suppose that £, g, M and T are self-mappings
on a complete G,-metric space (X, G) such that fX) €

TX), g(X) € M(X). If
G(fx,gv,8v)

G(Mx, Ty, Ty),G( fr, Mx, Mx),
<b%max G(gy. Ty, Ty),

%(G(Mx, gy, @)+ G (f. Ty, Ty))

holds for each x,y e X with 0 < ¢ <1 and b}%, then f,

g, M and T have a unique common fixed point in X
provided that M and T are continuous and pairs {f, M}
and{g, T}are compatible.

Proof. Let xoc X. As f(X) € T(X), there exists x; ¢ X such
that fxo = Tx;. Since gx; e M(X), we can choose x, ¢ X
such that gx; = Mx,. In general, x,,+; and x,,are chosen
in X such that fx,,= Tx,+ and gx,+1 = Mxy,4,. Define
a sequence y, in X such that y,= fx,,= Tx;,, and
Vant1 = EXon+1 = Moo, for all n > 0. Now, we show that y,
is a Cauchy sequence. Consider

G(y2n>Yans1>Yan1) =G (g 820115 8%2n41)
G( My, Ty 1, TX2041 )
G( fryn, M, Mxyy, ),

Sb%max G(&%2n41> T2 115 P01 )

1/2{G(Mx2n >&X2n+1>8X2n+1 )J
+G(fxz,1 X241, TX05 41 )

G(Yan_t1sY2nYn )s
G(Yan>Yan-1>Y2n-1)s
=bi6max G(yans1>Y2nY2n)-
1/2[G(J’2n—1 s Yone1s Yontl )J
+G (Y21 Y205 Y2n)
G(¥2n-1>Y2n5Y2n)>
Sb%max 2bG(y2n-1>Y205Y20 )sG (V20415 Y205 Y21 )

1 2G(y2n-1>Yons15Y2n+1)

G(Y2n-1>Y2n5Y2n)>

2bG(¥2p-15Y20>Yon)s

max{ G (V2n+1>Y205 Y21 )s

b/Z(G(JQn—l’yZn’yZn) ]
+G (V215 Yon+15Y2n41)

IA
% |

G(Van-15Y2nsY2m )
ZbG(YZn—l’yZn’y2n)’
S%max 2bG(yZn’yZnH’erHl)’
b/z[G()’Zn—laJQnaJQn) ]
+G(J’2nay2n+lﬂy2n+l)

Now, since G(vau-1, Yan, Y2u) < 26G(yan1, Yan, Y2u) and
G Yontt, Yonr1) L2bG(Vap, Yanti, Yans1) We have

2bG(yZn >V 2n+1>Y2n+ )’}

G(y .Y ,V <max
2n>Y2n+l 2n+1) {sz(yzn_l,yznayZn)

If max = 2bG(Vau, Vaus1, Vans1), We oObtain
5
G(¥2ns Y2041 Y2041) 26107 G(¥25 V20415V 2m41)

<G (yzy, >V2nt15Y2n+1 )

which is a contradiction.
So, max = 2bG(yy,.1, Van, Y2u) and we have

G(YansYanit-Vans1 ) <q/b° (2bG(y2p-1:Y205Y20))

i.e., G2 Yaur1s Yanr1) < 2q/b5G(yzn-1, Yans Yan)-
Let 2 =2¢/b>. Since b > 3/2 we have that 0 < 1 <1.
Now,

G(yan>Yons1-Y2n41) SAG(Vau-1>YonsYan)
<2? G(Yan-2-Y2n-1>Y2n-1)

and so on.
Hence, for all n > 2, we obtain

G(Vuts Y ¥n) S-S A" G (vg. 1.1 ). )
Using (G}5), and (2) for all n >m, we have
G(Yms>YnsIn)
<B(G(pYms1-Yms1) TG (Vmst-Vnodn))
<BG (Y- Yms1:Yms1) +°G (st Vms2-Vms2)

+b2G(ym+2’yn ’yn)
<.

G(ym aym+1’ym+l) +b2G(ym+l »Ym+2 >ym+2)
+ ??'an_mG(yn—l’yn syn)
Sb(/l’" +bAM ?%b"*’"*u”*l)c;( Yot

<b

<bG(vo 1) +627 .. )

bA™

<
1-b4
On taking limit as m, n — o, we have GV, V» Vn)
— 0 as bA<l. Therefore {y,} is a Cauchy sequence. Since

X is a complete G,-metric space, there is some y in X such
that

G(yp.31:1).

lim fx,, = im Tx,, . = lim gx,,,; = lim Mx,, ., = y.
n—>0 n—>0 n—>0 n—>0
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We show that y is a common fixed point of £, g, M and
T. Since M is continuous, therefore

lim M> X412 = My and hm Mfx,, = My.

n—>0
Since the pair {f, M} is weak compatible type (A), lim
n—>0

G(fMxy,, Mfxs,, Mfx,,) = 0. So by proposition 1.20, we
have

lim fMx,, = My.

n—»0

Putting x = Mx,, and y = x,,+1 in (1) we obtain
G( M3y, 8%241> 8% 41)
2
G(M X2 1%941. 1% 41 )
2 2
G(Win M X2n M X2n )’

MaxXs G(gxp,11: %2415 X041 )

(3

IA
S|

2
G (M X2,8X2n41 ﬂgx2n+l)
+G (Mg, Tx41: X041 )

Taking the upper limit as n — o0 in (3) and using
Lemma 1.15, we get

1/2

3
G(My,y.y)/b
< lim Squ(f]V[x2n »8X2p+1 sgx2n+l)
n—»0

lim squ(MZXZn 7Tx2n+1 ’Tx2n+l )7
n—»0
lim SUPG(fozn ,szzn ,szzn),
n—»00

S%max lim squ(gx2n+1 TIxop40,T x2n+1),
b n—0
. 2
lim Squ(M X2158%25+1 sgx2n+l)
1/2| =
+ li_ffl SupG( Mx,, 0,11, X041 )
n 00

b G(My,y,y),0,0,

Simax G(M;
6 b{ (My,y,y) ]/2
+G(My,y,y)

=bi6(b3G(My,y,y))
=L G(My, )
b3 b b .

Consequently, G(My, y, y) < qG(My, y,y). As 0 < g <1,

so My = y. Using continuity of 7, we obtain lim T%xy,,;=
n—»0

Ty and lim 7Tgx;, = Ty.

n—»0
Since g and 7 are weak compatible type (A),
lim G(gTx,, Tgx,, Tgx,) = 0. So, by proposition 1.20, we

n—0

have lim gTx,,=
n—»0

we obtain

Ty. Putting x = x,,and y = Tx,,4 in (1),

G(fr2n>8T%41,8TX0041)

2 2
G (szn T X041, " X041 ),
G(ﬁQn ’Mx2n ’MXZn )s

2 2
max G(ngzan Xopi1>T x2n+1)’

(4)

IA
S
o\|’Q

G(Mxy,,8Tx)41,8T%041)

1/2 ) )
+G(fx2n T x0,40.T x2n+l)

Taking upper limit as » — o0 in (4) and using Lemma
1.15, we obtain

Gy, Ty, T) /b
< lim supG( fxa,,,8T%241,8 %2011

n—»0
G(»,1v,1%),0,0,
Simax b (y g y)
b8 b 12G (3,19, Tv)+G(3,Ty,Ty)
q
:b—3G(y,Ty,Ty)

which implies that 7y = y. Also, we can apply condition (1)
to obtain

G (ﬁ}a EX2n+1-8%2n+1 )

G(My, Txp1. T 11 )
OB My 1) (5)
ﬁb%max G(gxans1:T¥2ni1: P21 )
U 2{G(My,gxzn+1 28%2n+1 )J
+G(f, Teapi1: 041 )
Taking upper limit n — oo in (5), and using My = Ty =y,

we have
G(f,y.y)10°
BG(My,y,y),b>G( fr,My,My),

<i6max G(My,y.y)
b G(».3.),
nyyy

=LG(frp.p),

which implies that G(fy, y, ) = 0 and fy=y as 0 < g <I.
Finally, from condition (1), and the fact My =Ty =fy =y,
we have

G(v.20.29)=G(f9.29.v)
q . G(My,Ty,Ty),G(fy,My,My),G(gy,Ty,Ty),
0 1/2(G(My,gy,gy)+G(ﬁ/,Ty,Ty))

Sb%G(y,g;v,gy)SqG(y,gy,gy),

which implies that G(y, gy, gv) = 0 and gy=y. Hence My =
Ty = fy= gy=y. If there exists another common fixed point
x in X for f, g, M and T, then
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G(x,y,y)=G(fr.gv.gv)
q G(Mx,Ty,Ty), G( fr, Mx,Mx),G(gy, Ty, Ty),

_b6 ax 1/2(G(Mx,gy,gy)+G(fx,Ty,Ty))
_ q G(X,J/aJ’)aG(xyxax),G(}’y}’a}’),

=—max
po 1/2(G(x,y,y)+G(x,y,y))
=bi6G(x,y,y)SqG(x,y,y),

which further implies that G(x, y, y) = 0 and hence, x = y.
Thus, y is a unique common fixed point of , g, M and T.
Example 2.2 Let X = [0, 1] be endowed with G,-metric
Gx(x, y, z) = (ly +z -2x[+]y- z|), where b = 4. Define f, g, M
and 7 on X by

T(x)=(x/8)".

Obviously, fAX) € T(X) and g(X) € M(X). Furthermore,
the pairs {f, M} and {g, T} are weak compatible mappings
of type (A). For each x, y € X, we have

G( fr.gv.2v)=(1gy— fil+| fi-gvl)’
—(21 fx - gy|)2:4((x/4)8—(y/8)4)2
= af(er ) (08 (s (o))

2
3(1/44+1/82) G(Mx,Ty,Ty)
25
44
=—G(Mx,Ty,Ty)
44

where 2—2 <g <1and b=4. Thus, f, g, M and T satisfy all
4

condition of Theorem 2.1. Moreover 0 is the unique
common fixed point of f; g, M and T.

Corollary 2.3 Let (X, G) be a complete G,-metric space
and f, g: X — X two mappings such that

G(fx.g0.2v)
q G(x,y,y),G(fx,x,x),G(gy,y,y),

<—gmax
b l/Z(G(x,gy,gy) +G(fx,y,y))

holds for all x, y € X with 0 < ¢ <1 and b > 3/2. Then,
there exists a unique point y in X such that fy= gy = y.
Proof. If we take M = T = Iy (identity mapping on X), then
theorem 2.1 gives that f and g have a unique common
fixed point.

Note. If we take f and g as identity maps on X, then
Theorem 2.1 gives that M and T have a unique common
fixed point.

Corollary 2.4 Let (X, G) be a complete G,-metric space
and f; X — X mapping such that

i G(x’y’y)’G(ﬁcax’x)’G(fy’yay)’
G fo ) O e 1/2(G(x, o, )+ G( fx..y))

holds for all x, y € X with 0 < ¢ <1 and b > 3/2. Then f
has a unique fixed point in X.

Proof. Take M and T as identity maps on X and = g and
then apply Theorem 2.1.
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