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Abstract In this work, the complete moment convergence and L, convergence for asymptotically almost

negatively associated (AANA, in short) random variables are investigated. As an application, the complete
convergence theorem for weighted sums of AANA random variables is obtained. These theorems obtained extend

and improve some earlier results.
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1. Introduction

Definition 1.1 A finite collection of random variables
X1, Xa,..., X, is said to be negatively associated (NA, in

short) if for every pair of disjoint subsets A and A, of
{12,...n},

Cov(fi(X;:ieA) fp(Xjiich))<0  (11)

whenever f; and f, are any real coordinatewise
nondecreasing functions such that this covariance exists.
An infinite sequence {Xn;nzl} of random variables is
said to be NA if for every finite sub-collection is NA.

The concept of NA was introduced by Joag-Dev and
Proschan [4], and its probability limit properties have
aroused wide interest because of their numerous
applications in reliability theory, percolation theory and
multivariate statistical analysis. By inspecting the proof of
maximal inequality for NA random variables in Matula [7],
one can also allow negative correlations provided they are

small. Primarily motivated by this, Chandra and Ghosal
[1,2] introduced the following dependence.

Definition 1.2 A sequence {X,;n>1} of random
variables is called AANA if there exists a nonnegative
sequence q(n)— 0 as n— oo such that

Cov(f(Xn). f2 (Xnsai Xnsk )
vo (1.2)

< q(n)(Var( f1(Xn)) Var(f2 (Xpig:-oo Xn+k))) ,

for all n>1, k=1, and for all coordinatewise
nondecreasing continuous functions f; and f, whenever

the variances exist.
The family of AANA sequence contains NA (in

particular, independent) sequence (with q(n)=0, n>1)

and some more sequences of random variables which are
not much deviated from being NA. Chandra and Ghosal [1]
once pointed out that NA implies AANA, but AANA does
not imply NA. Namely, AANA is much weaker than NA.
Since, NA has been applied to the reliability theory,
multivariate statistical analysis and percolation theory, and
attracted extensive attentions. Hence, extending the limit
properties of NA random variables to the wider case of
AANA random variables is highly desirable in the theory
and applications.

For recent various results and applications of AANA
random variables, we can refer to that Chandra and Ghosal
[1] obtained the Kolmogorov type inequality and the
strong law of large numbers of Marcinkiewicz-Zygmund,;
Chandra and Ghosal [2] established the almost sure
convergence of weighted averages; Wang et al. [10]
obtained the law of the iterated logarithm for product
sums; Ko et al. [5] studied the Hajek-Rényi type
inequality; Yuan and An [14] established some Rosenthal
type inequalities; Yuan and Wu [15] studied the limiting
behavior of the maximum of the partial sum under
residual Cesaro alpha-integrability assumption; Wang et al.
[11,12], Huang et al. [3] studied the complete convergence
of weighted sums for arrays of rowwise AANA random
variables and arrays of rowwise AANA random variables,
respectively; Yang et al. [16] investigated the complete
convergence of moving average process for AANA
sequence; and Tang [9] studied the strong law
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of large numbers for general weighted sums, Shen
and Wu [8] obtained some new complete convergence
results and Feller-type weak law of large numbers, and so
forth.

Recently, Liang and Su [6] obtained the following
complete convergence result for weighted sums of NA
random variables.

Theorem A Let {X,;n>1} be a sequence of NA random

variables with EX,, =0, {a;;1<i<n,n>1} be an array

n
of real numbers such that > a2 =O(n“) and a,; =0(1)
i=1

for O<u<£,p22. If supE|Xi|p<oo, then for Ve >0,
p i>1

D an X

LJ<n| =1

Zn 1P{max

>gn1/pJ<oo (1.3)

Wang et al. [13] extended the result of Liang and Su [6]
to AANA random variables as follows.

Theorem B Let 1<r <2, {X,;n>1} be asequence of

AANA random variables with EX,, <o and E|X,|" <o

for n>1. Let {a,;1<i<nn=>1} be an array of real

n
numbers  satisfying Z|ani|rE|Xi|r=O(n“) and
i1

qu/p(n)<oo for 0<u<Z  and

n=1
pe(3x2k‘1,4x2k‘1), where integer number k>1.

some

Then for ar >1 and Vg >0,

Zn“r ZP[ max Zam

LJ<”| =1

>en ] 00, (1.4)

This paper is motivated by Liang and Su [6], Wang et al.

[13]. We further study the convergence properties for
AANA random variables and establish the complete

moment  convergence theorem and L,(1<p<2)

convergence theorem. As an application, the complete
convergence and strong law of large numbers for weighted
sums of AANA random variables are obtained. The
obtained results extend and improve the above Theorem A
and Theorem B.

The structure of this paper is as follows. In Section 2,
some important lemmas are firstly provided and the
complete  moment convergence theorem for AANA
random variables is presented. In Section 3, the L,

convergence theorem is provided.

Throughout this paper, let {X,;n>1} be a sequence of
AANA random variables with the mixing coefficients
{q(n);nzl}. Let 1 (A) be the indicator function of the
set A. The symbol C will denote a positive constant
which is not necessarily the same one in each appearance,
a, =0(b,) will stand for a, <Chb,.

2. Complete Moment Convergence

In order to prove our main results, the following
lemmas are needed.

Lemma 2.1 (Yuan and An [14]) Let {X,;n>1} be a
sequence of AANA random variables with the mixing
coefficients {q(n);n>1},  f;,fp..,f, fo be all
nondecreasing (or all nonincreasing) continuous functions,
then { f, (X,);n>1} is still a sequence of AANA random

variables with the mixing coefficients {q(n);n=>1}.

p

E| max (2.1)

n
< E|x;|P
max | <C E[Xi[",

i=1

Zx

Theorem 2.1 Let {X,;n>1} be a sequence of AANA

o0

random variables with Zqz (n)<e and EX, =0 for
n=1

all n>1. Let {a,;n>1} be a sequence of positive real

numbers. For some constant 2 >0 and 1<q<?2, if

0 n
Dan > E|Xi T 1(|Xi]|>4) < (2.2)
n=l =l
0 n
S a2 EX (%] > 4) <o (2.3)
n=l =1
SE|1(|Xi|>4) > 0asn<m  (2.4)
n=1
Then for Ve >0,
o j a
ZanE£maX DX —g] <o, (2.5)
= +

Theorem 2.2 Let {X,;n>1} be a sequence of AANA

random variables with > g?(n
n=1

)<oo and EX,=0,

E[Xp|P <0 for 1<q<p<2 al nx1 Let

{api;1<i<n,n>1} be an array of real numbers such that

n
> [ani]” EIXi|° =
n=1

for ap>1and Ve >0,

O(n“) for 0<u<1 as n—oo. Then

Z anj X

q
Xi|—en® | <. (2.6)
i=1

+

Zn“p 2= “qE[max

n=1 Kj<n

Corollary 2.1 Under the conditions of Theorem 2.2, then

Zn“p 2P{max Zam

Kj<n|iZ

>gna]<oo. 2.7
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Proof of Theorem 2.1 For i >1, define

Y =—A1(X; <=A)+ X (| X[ < 2)+ 21 (X > 2),
Z =X -Y,
=(Xi—/1)I(Xi >/1)+(Xi+/1)I(Xi <—ﬂ,).

From Lemma 2.1, the sequences of {Y;;i>1} and

{Z;;i>1} are still AANA random variables. For Ve >0,
then

—51 > g/d ]ds

=Zan_[ P| max in >4 2 lds

0 (=isnfig

0 o g
+r§anth{£1%] > Xi|>s +s}ds (2.8)

0
<CA9y a,P [max

n=1 I<j=n

o

:
)

To prove (2.5), it needs only to show that 1; <o, and
I, <oo. When |X;|< 2, X;=Y;, for Ve >0,

SR

i
+Czanjq {Lj<n X
A
=|1+|2.

j
P| max
[Kj<n Z

ZX

Xi

Lj<n

< P( max
i=1

(2.9

ZX

+P| max
L]<n

o=

i=1
> 8]
It follows from (2.2) that

zqianip(|xi|>z)=zqian§n:a (1Xi]> 2)

n=l i=1 n=l i=1

<CZP(|X |>/1)+CP{]r_nax
i=1 <Jsn

ZY

<Cﬂ,q2a ZE' '|q 1(|Xi|> 4)

n=l =l

=C2anZE|Xi|q L(|Xi|> 2) <o

n=l i=1

Note that |Z;|<|X;|I(]X;|>4), it follows from

EX; =0, X;=2Z;+Y; and (2.4) that

ZEZ

i=1

EY
Z = max

Lj<n
SZE|Xi|I(|Xi|>/1)—>Oasn—>oo.
i=1
By Markov inequality, (2.1) and c, inequality, we can
obtain that

0
A9y a,P [max
n=1
o0
ﬁCAannz EY, —EY;[

ZY

Kj<n|iZ
n=l n=1l

0 n
<cYa, Y EXi[P 1(|xi|<2)
n=l n=1

0 n
+CY a, » P(|Xi|> 1) (2.10)
n=l n=1
0 n
<cYa, Y EXi[P 1(|Xi]<2)
n=l n=1
00 n
+C Y an Y EX; [T 1(|xi] > 2)
n=l n=1
< 00,

Hence, the desired result of 1; <o follows from (2.10)
immediately.

Secondly, we will show that I, <. For s>A9,
define that

v = s (g <=sY9 )4 g1 (|| < 59)
+sY9 (Xi >—sllq),
20 = %, -4 = (x; =¥ )1 x; <s¥9)
+(Xi +sllq)l (Xi <—sllq).

By the similar argument as the proof of (2.9), we can
obtain that

J
lomfr
<CZP(|X |>51/q)+CP[£nax >y ’q].
<J=nfj

By (2.2), it follows that

CZanZI

(|Xi|>s”q)ds

o 2.11)
SCZanZE|Xi|q L(|Xi]>2) <o
n=l =1
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Note that ‘Zi(')

EX; =0, z!) = X; -v) and (2.4) that

j
> EZ
i=1

i .
ZEYi() — max s~ /9 max
SZlq ]SJSn

i=1

max s 9 max
SZlq ]S]Sn

n
<maxs /9y E[X;|1 (| x| > ")
s224 =1

n
<27y EX|1{|Xi]>$9) > 0asn o,
i=1

which implies

i
()] 5 gVa
P Y,
L0 gy O s
< AT f S
<P E%E(Y, EY, )> 5
L0 ey O
-2lq () _pyl
<Cs E[E%]E(Y, EY, )}
n , a2
<cs2ay E(Yi() - EYi())
i=1

—2/qn 2 1/q
<Cs Y [xi[* 1 (|| < 579)
i=1

n
+CY P(|xj] >s"9).
i—1
For convenience, let K =|2|+1, denote

A n
V=§lan§j; s 29, 1] < 59 Jos
n=l i<

0 N o B
< Zlan-ziqus 29X 1(]%;| < K) ds
n=. =

n
+§:anzj:; s/ 1 (K <[] < 579 s

n=l i=1
Hence,
A © n . —2/q 2
Vi=X a0 [Lqs ZUEX [T (|Xi| < K)ds
n=l =l
0 n
<cYa, Y EX [ 1(%|<K)
n=1 i=1l

0 n
=cYa, Y EX [ 1(]Xi]<2)
n=l i=l

0 n
+CYa Y EXi[P 1(4<|Xi|<K)
n=l i=1

s|Xi||(|Xi|>51’q), it follows from
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0 n
<cYa, Y EX [ 1(Xi|<2)
n=l =l

0 n
+CKZIY an Y EX[T1(|Xi] > 2)
n=1 i=1

(2.13)
i(')

< 0,

Let s=uY, it follows from 1<q<2, K> and (2.2)
that

n
2 % s 2oelf 1 <<
i=1
n q
=2 [ s OEDG 1K <[ <579 os
i=1
n
+i§j;:q SB[ 1 (K <[xi[ <59 )ds
n
<Y [ ut e X1 (K <[xi| <u)ay
i=1

n
oY Y [ X P 1 (K <[] <u)du
(2.12) K
<C3 Y mPE | 1(K <|X;| <m+1)
i=1m=K

n o
-cy. 3" m?3

i E|X[*1(k <|X;|<k+1)
i=lm=K k=K

n oo
<CY Y KIZE|X [ 1 (k<X | <k +1)
i=1k=K

n
<CYE[X;[M1(]xi]> 2).
i=1

(2.14)

Hence, the desired result of 1, < follows from (2.2)

and the above statements immediately. The proof of
Theorem 2.1 is completed.

Proof of Theorem 2.2 Let a, =n*P2  and
Xi :aL;(i in Theorem 2.1, then
n
0 n
2 an 2 E[Xi[ (][> 2)
n=l =1
n v |
:inap_zzE am—xl‘ I(|aniXi|>ina)
n=1 i1 | n”
0 n
= 3 nPaa-23 g X[ (|ani Xi| > /1n“) (2.15)
n=1 i=1
0 n
<29PY 7Y Jani|” E[Xi[P 1 (JaniXi| > 20
n=1 i=1

o0
<CATPY n Y <o,

n=1
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ZanZE|Xk| L[ X]> 4)

n=1 =1l

n
:Znap_ZZE
<IEPY 2z|an,|p E[Xi[” 1 (Jani Xi| < an* )
n=1 i=1

<Ca*P z N2 <o,
n=1

a,i X [?
L I(|anixi|s/1n"‘)

(2.16)

It follows from EX,, =0 and Z|am|p E|X;|° =
n-1

o(")

that

> E[x|1 (%[> 2)

n=1

= n_ai E|aniXi|I (|aniXi|>ﬂna)

] (2.17)

< AP S o EXf 1 fanXi| > n)
n=1
<Ca PP 0,

The proof of Theorem 2.2 is completed.

3. L, Convergence

In this section, we will state the L, convergence under
some conditions.

Theorem 3.1 Let {X,;n>1} be a sequence of AANA

random variables with " g% (n
n=1
1< p < 2, suppose that for some A >0

)<oo and EX, =0. For

Z|Ex|ID (|Xi]>4) > 0asn— o, (3.1)
i=1
n
SEX[1(X|<4)>0asns0 (3.2
i=1
Then,
i
maxz |~ 0asn o, (3.3
LJ<n ]

Proof of Theorem 3.1 For V& >0, we use the same
notations of Theorem 2.1,

Yi =41 (Xj <=A)+ X1 (|X{[ < 2)+ 21 (X > 2),

Zi =X, -V,
=(X;—=A)1(Xj > A)+(Xj +A) 1 (X; <=2).

It follows from ¢, inequality and EX,, =0 that

i
E| max X;
{]sjsn E :

]p

; p
J
<E ax Z: —EZ; E
{Lmj<n2( [ I)J + [max

Zj:(Yi —EY; )

<j=nfig 1<j<nij

T

j p
gE[max Z EZ J
<j<n i—1

j

> (Yi—EY;)

+| E| max
i=1

Kj<n

]p
Note that |Z;|<|X;|1(]X;|>2),
Lemma 2.2 and (3.1) that
A p
Lj<n
chE|zi ~Ez|P
i=1 (3.4)

n
<CY E|z|°
i=1

=J1+J2.

it follows from

ZJ:(Zi -EZ;)

i=1

n
<CYE[X;|PI1(|Xi]|>2)>0as N — .
i=1
By c, inequality, Lemma 2.2, (3.1) and (3.2), we can
obtain that
]2

Zj:(Yi ~EY;)

A
J5=E| max
Lj<n

L 2
<CY E|Y; —EY{|
i=1

n
chE|\(i|2 (3.5)
<CZE|X 2 1(X; |</1)+C/122P(|X |>2)

i=1 i=1

n
<CYE[X P[] < 1)+ EX[P (] > 2) >0
i=1 i=1
From (3.4) and (3.5), we can obtain J; >0 and
J, >0 as n—o. The proof of Theorem 3.1 is
completed.
Take X;=X;/a, in Theorem 3.1, we can
immediately obtain the following result.
Corollary 3.1 Let {X,;n>1} be a sequence of AANA

0

random variables with Zqz(n)<oo and EX,, =0. For
n=1

1< p <2, suppose that for some 4 >0



111 American Journal of Applied Mathematics and Statistics

n
a, P> E|X|[P1(]Xi|> 2a,) > 0asn >, (3.6)
i-1
n
aEZZE|Xi|ZI(|Xi|§/1an)—>0asn—>oo. 3.7
Then,
j
aXZ —)Oasn—>oo (3.8)

J<n

Corollary 3.2 Let {X,;n>1} be a sequence of AANA
o0

random variables with Zqz
n=1

1< p < 2, suppose that for some A >0

n)<o and EX, =0. For

n
> P(|Xi|>2)>0asn— . (3.9)
i=1
Then (3.2) and (3.9) imply
max ZX — P ,0asn > (3.10)

J<n|1

Proof of Corollary 3.2 For V& >0, we use the same
notation of Theorem 2.1, It follows from c, inequality
and EX,, =0 that

J
P| max|)» Xj|>2¢

]Sjﬁn i=1

j
<P maXZZ -EZ)

L]<n i1 (311)

i
+P| max Y EY >&
Lj<n§

:K1+K2.

By Markov inequality, Lemma 2.2, (3.9) and (3.2), we
can obtain that
i
(Y -EY;)
i=1

K, <CE| max
Kj<n

L 2 _ e 2
<CY E|Y;—EY|[" <C) Ev]

i i=1 (3.12)

n
<CSEXi[1(]xi|<2)

i=1

n
+CA%Y P(|Xi|> 1) > 0.
i=1
Take into account the definition of Z; and (3.9), we can
obtain that

Ky <P(3j:1< j<n,such that |X;|> 1)

n (3.13)
sZiP(|Xi|>i)—>Oasn—>oo.
i=

The proof of Corollary 3.2 is completed.
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