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1. Introduction

Huang and Zhang [9] introduced the concept of a cone
metric space, they replaced set of real numbers by an
ordered Banach space and proved some fixed point
theorems for contractive type conditions in cone metric
spaces. Later on many authors have (for e.g.,
[1,2,3,5,6,8,12]) proved common fixed point theorems for

different contractive type conditions in cone metric spaces.

Some of the authors have studied fixed point theorems on
partially ordered cone metric spaces (see, e.g., [3,4,11]).
In 2011, Y. J. Cho, et. al. [7] introduced a concept of the
c-distance in a cone metric spaces and proved some fixed
point theorems in ordered cone metric spaces. In this
paper, we obtained some fixed point theorems on
c-distance in ordered cone metric spaces. Our results are
improved and extended the results of Y. J. Cho, et. al. [7].

2. Preliminaries

2.1 [9] Definition

Let E be a real Banach space and 6 denotes the zero
element in E. P be a subset of E. The set P is called a cone
if and only if:

(a). P is closed, non—empty and P # {6};

(b). a, beR, a,0>0, x,yeP implies ax+byeP;

(c). P (-P) = {6}.
2.2 [9] Definition

Let P be a cone in a Banach space E, define partial
ordering * <’ with respect to P by x <y if and only if
y-x€P. We shall write X<y to indicate X <y but x #y
while x<<y will stand for y-xeint P, where int P denotes
the interior of the set P. This cone P is called an order
cone.
2.3 [9] Definition

Let E be a Banach space and P < E be an order cone.
The order cone P is called normal if there exists L>0 such
that for all x, y€E,

0=<x=y= <]y

The least positive number L satisfying the above
inequality is called the normal constant of P.
2.4 [9] Definition
Let X be a nonempty set of E. Suppose that the map d:
X x X— E satisfies:
(d1). 6< d(x,y) for all x, yeX with x = y and d(X, y) =
Oifandonly if x = y;
(d2). d(x, y) =d(y,x) forall x, yeX;
(d3). d(x, y) < d(x, z) + d(z, y) for all x, y, zeX.
Then d is called a cone metric on X and (X, d) is called
a cone metric space.
It is clear that the concept of a cone metric space is
more general than that of a metric space.
2.5 [9] Example
Let E = R?% P = {(x, y)eE such that : x, y > 0} R?,
X:]Randd:XXX—>Esuchthatd(x,y):(|x-y|,
a | X-y | ), where a > 0 is a constant. Then (X, d) is a cone
metric space.
2.6 [9] Definition
Let (X, d) be a cone metric space. Then {x,} is said to
be
(i) a convergent sequence if for any ¢>>0, there is a
natural number N such that for all n>N, d(x, x) <<c,
for some fixed x in X. We denote this x, — x (as
n — ).

(ii) a Cauchy sequence if for every c in E with ¢>>6,
there is a natural number N such that for all n, m>N,
d(Xn, Xm)<<C.

(iii)a cone metric space (X, d) is said to be complete if
every Cauchy sequence in X is convergent.

2.7 [9] Lemma

Let (X, d) be a cone metric space and P be a normal
cone with normal constant L. Let {x,} and {y,} be two
sequences in X with x, —» x and y, — y. Then d(X,, y,) =
d(x, y) as n—oo.
2.8 [7] Remark

(1) If E is real Banach space with a cone P and a < Aa,

where acPand 0 <A <1, thena=0.

(2) If c € int P, 6 < a, and a, —0, then there exists a

positive integer N such that a, << ¢ for all n > N.
The concept of c-distance introduced by Y. J. Cho, et. al.
[7], which is a cone version of o-distance of Kada et. al. [10].
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2.9 [7] Definition
Let (X, d) be a cone metric space. Then a function
g: X x X — E is called a c-distance on X if the following
are satisfied
(91) 6 < q(x,y) for all x, yeX;
(92) a(x, 2) < q(x, y) + a(y, z) for all x, y, zeX;
(q3) for each x € X and n > 1, if q(x, y,) <u for some
u = Uy € P, then q(x, y) <u whenever {y,} is a
sequence in X convergent to a pointy e X.
(g4) for all ce E with 6 << c, there exists e € E with
0<<e such that q(z, x) << e and q(z, y) << e imply
g(x, y) <<c.
2.10[7] Lemma
Let (X, d) be a cone metric space and g be a cone
distance on X. Let {x,} and {y,}be sequences in X and X,
y, Z € X. Suppose that {u,} is a sequence in P converging
to 6. Then the following are holds:
(1) If g(%n, y) <upandq(X,,z) <up,theny=z.
(2) If (X, Yn) < Up and q(Xn, z) < Up, then {y.}
converges to z.
(3) If g(%n, Xm) <u, for m > n, then {x,}is a Cauchy
sequence in X.
(4) If gy, X < up,, then {x,}is a Cauchy sequence in
X.

3. Fixed Point Theorems on c-distance

In this section we have extended the Theorem 3.1., and
Theorem 3.3. of [7].
3.1. Theorem. Let (X, E) be a partially ordered set and
suppose that (X, d) is a complete cone metric space. Let g
be a c-distance on X and f: X— X be a continuous and
non-decreasing mapping with respect to =. Suppose that
the following assertions are hold:
(i) there exists a;, a,, a3, a4: & >0 with a; + a,+ a3 + a4 < 1
such that

q(fx,fy) = a1q(x,y)+aq(x,fx)
+agq(y, fy)+asa(x.fy),

forall X,y e X withy E x;

(ii) there exists Xo € X such that x, Ef X,. Then f has a
fixed point x™ € X. If v = fv, then q(v, v) = 6.

Proof: If fxo= X, then the proof is finished. Suppose that
fXo # Xo then we construct a sequence {x, }in X by
Xn=T" X = fX,.2. Since f is non-decreasing with respect to
C, we obtain by the induction

Xg T fxg Cf2xg C...C %o C " x, ...

We have,
6(%n: Xns1) =0 (F" X0, "x)
=q(f(f”—2x0),f(f”—1xo))
=210 (F"?xo,f" x|+ 220 (F" o, f"x¢ )

+agq (f "xo, "0 ) +ay40 (f “‘Zxo,f”‘lxo)

=230 (Xn_1,Xn ) +220(Xp_1, Xp)

+a3Q(X Xn+1)+a4Q(Xn—1:Xn+1)l
=810(Xp_1,Xn ) +220 (X1, Xn)

+a30 (X, Xns1) +240(Xn_1,Xp ) + 840 (Xp, Xns1),
=(ag +ap +24)0(Xq1.Xp )+ (a3 + a4)A(Xn, Xns1)-

And hence,

1-(ag+ a4)q(Xn, Xns1)- = (a0 + a2+ a4)q(Xn1,Xp ).

dq +ay+ay

Xpi X1 ) S ———209(Xp_1, Xp )-

4(XnsXns1) 1-a5-ay q(Xn-1,Xn)

& +ay+ay

1—a3—a4

= q(Xn » Xn+1) < A q(Xp-1, Xp), for alln> 1.
Repeating this process, we get that

A(Xp, Xns1) = A" (Xg,Xq ) (1)
Let m > n, then it follows from (1) that
9(Xn+Xm) 2 A(Xns Xng)+---+ (X1, Xm)

<(A"+ +aA™ q(Xg.X1),

n

Put 1= <1.

=
1-4

Thus by Lemma (2.10 ) shows that {x,} is a Cauchy
sequence in X. Since X is complete, there exists X eX
such that x, > xasn — . Finally, the continuity of fand
f(f " xo) = f "( x)—> X" implies that f X" = x". Thus we
prove that x” is a fixed point of .

Suppose that v = fv. Then we have

a(v,v)=q(fv,fv)
=y (v, v)+ay0 (v, fv) +agq (v, fv) +aq(v.fv),

= aq(V,v)+aq(v,v)+agq(v,v)+agq(v,v),
= (a+ap+ag+ay)q(v,v).

g(Xg,X1) > qasn —>oosince A <1

Since, (a; + a, + a3 + a5 )<1.

We have q(v ,v) = 0.

This completes the proof.
3.2. Theorem. Let (X, E) be a partially ordered set and
suppose that (X, d) is a complete cone metric space and P
is a normal cone with normal constant L. Let q be a
c-distance on X and f: X— X is a non-decreasing mapping
with respect to =. Suppose that the following assertions
are hold:

(i) there exists a;, ap, a3 , a4, 85>0 with a; + a,+ 2a; +

as+ a5 < 1 such that

q(fx,fy) < aja(x,y)+azq(x, fx)+aza(y.fy)
+ad(x,fy)+asq(y, fx),
forall X,y € X withy E x;
(ii) there exists X € X such that xg = f X,
(iii) inf{|lqx, y)|| + [|ax )]: xeX3} >0, for all

yeX with y # fy, then f has a fixed point X" e X. If
v = fv, then q(v, v) = 6.
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Proof: If we take x, = f "X, in the proof of Theorem 3.1,
then we have

Xg C X EXp T C Xy E Xpyg Co

Moreover, {x,} converges to a point X € X and
n
q(Xn,Xm)jl/l/lq(XO,Xl), for all m > n > 1, where

/,tza1+a2+a4<1.
1—a3—a4
* Al
By (ds), we have q(xn,x )51 /Iq(xo’xl)’ for all
n>1.

Since P is normal cone with normal constant L, we have
n
la(xn, xm )| = Ll/i—l"q(xo,xl)", forallm>n>1 (2)

And
x AN
Hq(xn,x )Hj Lm"q(xo,xl)",forall n=1 (3

If X" = X', then by the hypothesis, (2) and (3) with
m=n+ 1, we have

0<inf {Hq(x x*)H+||q(x,fx)|| X e X}

<inf {Hq(xn, x*)H+||q(xn,xn+1)|| n 21}

: A" A"
<inf Lm”q(xo,xl)"Jr LEHQ(XO’XD" n>1

=0.

This is a contradiction.

Therefore, we have X = f x". Suppose that v = fv holds,
then from the above Theorem 3.1 we can easily prove
q(v, v) = 6.

This completes the proof.

3.3. Remark. If we choose a, = 0 in the above Theorem
3.1, then we get the Theorem 3.1 of [7].

3.4. Remark. If we choose a, = a; = 0 in the above
Theorem 3.2, then we get the Theorem 3.2 of [7].

3.5. Conclusion. In this paper, we have extended the
results of Y. J. Cho, et. al. [7]
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