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1. Introduction

The objective of this article is to investigate the Hyers-
Ulam-Rassias Stability for the nonlinear differential
equation

Y +2f )y +y+g(t,y)=0, te RT (1)

and the perturbed nonlinear differential equation of second
order

y't)+2f )y’ +y+g(t,y) =h(t) @)

by fixed point method under assumptions: f(t) >0,
g(t,y) are continuous, and that

t

[[f(s)|ds > as t—oo,, 3

0

t

¢ —2] f(u)du

fe S (t-s)ds<Z (4)

o 2

where o <1, t>0.
Suppose that there is L > 0such that if |x|,|y| <L, then
|9t )~ g(t,y)| < Ld(®)|x-y], t>0, (®)

where d(t) >0, d(t) >0 as t—o0, and g(t,0) =0.
Furthermore, we assume that there is a positive constant
A suchthat A<L, and h(t):[0,0) > R with

t

¢ —[ f(u)du
[(t—s)e S In(s)|ds< A, t>0 (6)
0

In 1940, Ulam [1] posed the stability problem of
functional equations. In the talk, Ulam discussed a

problem concerning the stability of homomorphisms. A
significant breakthrough came in 1941, when Hyers [2]
gave a partial solution to Ulam's problem. During the last
two decades very important contributions to the stability
problems of functional equations were given by many
mathematicians (see [3-11]). More than twenty years ago,
a generalization of Ulam's problem was proposed by
replacing functional equations with differential equations:

The differential equation F(t, y(t),y'(t),...,y(n) t)=0
has the Hyers-Ulam stability if for given ¢ >0and y a
function such that

F(ty(®), y'@)... YV @) <&

there exists a solution y,of the differential equation such
that

ly(t) - Yo () < K(e)

and lim K(g)=0.
e—>0
The first step in the direction of investigating the
Hyers-Ulam stability of differential equations was taken
by Obloza (see [12,13]). Thereafter, Alsina and Ger [14]
have studied the Hyers-Ulam stability of the linear
differential equation y'(t) = y(t). The Hyers-Ulam stability

problems of linear differential equations of first order and
second order with constant coefficients were studied in the
papers ([15,16]) by using the method of integral factors.
The results given in [17,18,19] have been generalized by
Popa and Rasa [20,21] for the linear differential equations
of nth order with constant coefficients. In addition to
above-mentioned studies, several authors have studied the
Hyers-Ulam stability for differential equations of first and
second order (see 22-26). The Hyers-Ulam-Rassias
Stability by Fixed Point Technique for Half-linear
Differential Equations with Unbounded Delay has been
established by Qarawani [27]. Burton in [28] has used
fixed point theory to establish Liapunov stability for
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functional differential equations. Some researchers have
used the fixed point approach to investigate the Hyers-
Ulam stability for differential equations [e.g. [29,30]].
Definition 1 Let

S={¢:R" >RI4(0) = y.|¢# < L}

on RT, 4cC} where RT =[0,0) . We say that
equation (1.2) (or (1.1) with h(t) = 0) has the Hyers-Ulam-
Rassias (HUR) stability with respect to ¢ if there exists a
positive constant k >0 with the following property: For

each y(t)es , if

y'®+2ft)y
+y+g(t,y)-h(t)
then there exists some y(t) of the equation (4) such that
y(®) - yg () I<ke(t) .

Theorem 1 The Contraction Mapping Principle.
Let (S,p) be a complete metric space and let

P :S—S. If there is a constant o <1 such that for
each pair ¢,¢, €S we have p(Pg,Pgy) < ap(d,é),
then there is one and only one point g ¢S with Pg = 4.

< p(t), (7

2. Main Results On Hyers-Ulam-Rassias
Stability

Theorem 2 Suppose that y(t)eS satisfies the
inequality (1) with small initial condition y(0) =y . Let
o(t) :[0,00) — (0,%0) be a continuous function such that

t - —fLfu)du

(j)go(s)e (t—s)ds < Co(t), Q)

vt>0.

If (3)-(6) hold, then the solution of (1) is stable in the
sense of Hyers-Ulam-Rassias.
Proof. Let C be the space of all continuous functions

from RY — R and define the set S by

|4 RToRIgO) =y,
l#|<L onR*,peC

S

Then, equipped with the supremum metric (|{,s) , is a

complete metric space. Now suppose that (3) holds. For
L and «, find appropriate constants &,a and B such

that

(1+a)5+L—a+&§ L.
2 2

t

2[f(s)ds
Multiplying both sides of (1) by e 0
integrating once with respect to t yields

, and then

2} f(s)ds t 2} f (u)du
e 0 y=y(0-[y@s) O ds
0 t ©)
t 2[f(u)du
~Jg(s,y(s)e © ds
0
t
—-2[f(s)ds
Now, we multiply Eq. (9) by e O , and

integrate with respect to t to obtain

s
¢ —2[f (u)du

y() =y +y'(0)fe O ds
0

t
t —2[ f(u)du

“ft-s)y(e S ds
0

t
—2[ f(u)du

t
—[(t—s)g(s,y(s))e S ds.
0
Define P : S— S by

s
¢ =2 f(u)du

(Pg)(t) = y(0)+y'(O)fe O ds
0

t
t —2[ f(u)du

—[(t-s)y(s)e S ds (10)
0

t
t —2] f(u)du
—[(t=s)g(s,y(s)e S ds
0

It is clear that for ¢S, P¢g
#(t) €S with |¢| <L, for some positive constant L .
Then §>0 with |¢(0)|<s. Since

is continuous. Let

there is a

t
[|f(s)|ds — o, as t — oo, then we can find a constant

a > 0 such that

s
t =2[f(u)du

y'(0)fe 0
0

ds| < ad.

Then using (3),(4) in the definition of (P¢)(t) , we
have



228 American Journal of Applied Mathematics and Statistics

t —ZTf(u)du
|Pg]<|y@|+|y'©]e O ds
0

t
—ZI f (u)du

+j|(t s)y(s)|e ds

t
—2[ f(u)du
S ds

t
+|[(t=s)g(s, y(s))|e
0

t
¢ ~2[ f(u)du
<(1+a)s+Lj(t-s)e S ds
0
t
t —ZI f(U)du
+LBf(t—s)e S
0

Since d(t) >0, as t - o, we can choose a number

d(s)ds

B sufficiently small such that 0<d(t)<B, on RT and
with

LB<1 1

Then from (4) we obtain

1+a 5+_a+I_B_a
2 2

[Pe]=<(
which implies that |Pg| < L.

To see that P is a contraction under the supremum
metric, let ¢,n7 € S, then

I(Pg)®) - (Pm))|
t
—2J f (u)du

< J (t=3)[g(s)-n(s)[e ds

t
~2] f(u)du

t
+[]9(s,4(s) - g(s.n(s))| (t-s)e S ds
0

t
t —2[ f(u)du

<[(t-s)e S ¢ —n]ds
0

t
t -2 f(u)du
+LB[(t—-s)e S | -] ds
0

From this and in view of (4) and (11) we get the
estimate

[(P#)® ~ P)®)| < a6~ ], with & <1.

Thus, by the contraction mapping principle, P has a
unique fixed point, say yq in S which solves (1) and is

bounded.
Next we show that the solution y, is stable in Hyers-

Ulam-Rassias. From the inequality (7) we get

—p(O) <y'O+2F @)y +y+aty) <o) (12
t
2] f(u)du
Multiplying the inequality (12) by e 0 . we
obtain
t
2] f(u)du
—p(t)e O
t t
2] f(u)du 2 f(u)du
<e 0 y'(t)+2f @)y’ (t)e O
t t
2] f(u)du 2 f(u)du
+y(s)e O +9(s,y(s)e 0
t
2] f(u)du
<gp(t)e 0

Or equivalently, we have

t

2 f(u)du
~p(t)e 0
t t

2] f(u)du 2[f(u)du
<|le O y'(t) | +y(s)e 0

t t
2] f (u)du 2 f (u)du

+9(s,y(s)e 0 <o(t)e 0
Integrate the last inequality from 0 to t, and then
t

—-2[f(s)ds
multiply the obtained inequality by e 0 to get
t ot
_lp(s)e stf(u)duds
0
t
—2[f(s)ds
<y'-y(0e 0
t t
t —2[f(u)du ¢ —2[f(u)du
+[y(s)e S ds+g(s,y(s)e S ds
0 0
t 2t f(uydu
< [p(s)e S ds
0

Integrating again with respect to t, we have
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t t
jt-s)yp(s)e st WMy
0
<y(t)-y(0)
S t
t —2_[ f(u)du ¢ _2J f (u)du
-y©Ofe O ds+jt-s)y(s)e S ds
0 0
t
t —2 f(u)du
+[(t—s)g(s,y(s))e S ds
0
t —2[Lf (u)du
<J(t-s)p(s)e S ds

0
Hence from (8), (20) we infer that |[Py—y|<Cgp. To

show that y, is stable we estimate the difference
lv® -y @] < [Py -yl +[Py-Pyy|
<Coraly-y

Thus

v -yo0]= 2%

which means that (7) holds true (withh(t)=0) forall t>0.

Example 1 Consider the differential equation
siny

(1+1)2 -0

y'(t)+(4+2sint)y' +y+

Let us estimate the integrals

t t t
[[f(s)|ds = [(2+sint)ds> [ds >t — oo,
0 0 0

ast — oo,

and for all t >0 we obtain

t
¢ —2/ f(u)du
I
0

(t—-s)ds

t
—[(4+2sinu)du
s

t
=Je (t—s)ds
0

Since  g(t, y(t))) =ﬂ,

1 t)2 then |g(t,x)-g(t.y)|
+

=| sinx___siny |s 1
a+0? (1?2 @+

Therefore, we take d(t)=

2 |X_y|'

, Which tends to

1
(1+1)?
zeroas t — oo,
Now, if we set ¢(t) = et, then we have
t
[(t=s)p(s)e
0

—jtsa(u)du ds

t
t  —J(4+2sinu)du
= [eSe S (t—s)ds
0

t
(1— 3t g3t ) < % <Co(t),

IA
©|

withC 2%,VI >0.

Let us take L=1, a:%,B:O.l. Then for the

corresponding coefficients by (1.3), we can choose small
positive constants a,s such that

(1+a)5+ﬁ+£s L
2 2

and so
29
1 S<—.
(tra)d=s

Thus, all the conditions of Theorem (3.1) are satisfied,
hence the Eqg. (3.6) is HUR stable for t > 0.

Theorem 3 Suppose that y(t)eS satisfies the

inequality (7) with small initial condition y(0) =yq. Let
@(t) :[0,00) — (0,%0) be a continuous function such that
t —Lf (u)du
[o(s)e Jst)
0

If (3)-(7) hold, then the solution of (2) is stable in the
sense of Hyers-Ulam-Rassias.

Proof. Define S = {¢ L RY S RI(0) = yg. | < L.

(t—s)ds<Cep(t), vt>0. (13)

on R+,¢6C} where || is the supremum metric.

Then (S,|{) is a complete metric space.
Now suppose that (3) holds. For L, A and « we find
constants J,a and B o) that
Lo, LaB <
(1+a)d+ > T 5 +A<L.

Applying the same approach used in Theorem 1 we
define P : S— S by
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s
t =2[f (u)du

(Pg)(®)=y(0)+y'(Q)fe 0 ds
0
t
t -2 f(u)du

—[(t-s)y(s)e S ds

t
-2 f(u)du

t
=[(t-s)g(s,y(s)e 3 ds
0

t
t —2.[ f (U)du
+[(t-s)h(s)e S ds
0
Then from (4) we obtain

1+a 5+_a+£ A
2 2

[Péll=<(

which implies that |Pg| < L.

To see that P is a contraction under the supremum
metric, let ¢,n7 € S, then

I(Pg) () —(Pm)®)|
t
t -2 f(u)du
<[t-s)|g(s)-n(s)e S ds
0

t
~2] f(u)du

t
+[(t=9)[g(s,¢(s) - g(s.n()le S ds
0

t
t —2[ f(u)du
<[(t-s)e S [[¢—n| ds
0

t
¢ —2[ f(u)du
+LBf(t—s)e S |¢—mn]ds
0

From this and using (4) and (11) we get the estimate
|(P#) () - (Pm)()| < [p 7], with & <1.
Thus, by the contraction mapping principle, P has a

unique fixed point, say yq in S which solves (1) and is

bounded.

Next we show that the solution yj is stable in Hyers-
Ulam-Rassias. From the inequality (7) we get
o) <y"()+2f )y’
pM) <y"t)+2f(O)y'+y (14)
+9(t,y)—h(t) <o(t)

t
2] f(u)du
Multiplying the inequality (14) by e O
obtain

, we
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t
2] f(u)du
—p(t)e O
t
2] f(u)du
<e 0

t
2 f(u)du

+y(s)e O
t
2[f(u)du
~h(s)e O
Or equivalently, we have

t
2 f(u)du

-p(t)e 0

<le O

t
2] f(u)du

y'®)+2f (t)y't)e O

t
2] f(u)du

+9(s,y(s)e O

t
2] f(u)du

<gp(t)e 0

t
2 f(u)du

y'(®)

t
2[f(u)du

+y(s)e 0

t
2[f(u)du
—h(s)e 0

t
2[f(u)du

+9(s,y(s))e O

t
2] f(u)du

<gp(t)e 0

Integrating the last inequality from 0 to t, and then

t
—2[f(s)ds

multiplying the obtained inequality by e 0

get

t t
—j(p(s)e_zjsf (u)duds
0

t
—-2[f(s)ds
<y'-y'(0e O
t
t =2 f (u)du

+[y(s)e ®
0
t
t —2[f(u)du

-fh(s)e S
0

t

0

t

ds < [gp(s)e

0

t
=2 f (u)du

ds+[g(s,y(s))e S ds

~2JLf (u)du is

Integrating again with respect to t, we have

t
—[(t=9s)p(s)e
0

2/t (u)du s

t
-2 f(u)du

t
<y -y +[(t-s)g(s, y(s)e 3 ds

0

we
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t
. —2J'f Wdi

t
0 0

From the definition of Py and in view of (20), we infer
that |Py—y|<Cgp. Now, to show that y, is stable we
estimate the difference

ly®-yo®)|| <[Py -v]+[Py-Pyq|
<coaly-y

Thus

Co
l1-«a

v -yo ] <

which completes the proof.
Example 2 Consider the nonlinear differential equation

i -2t .2
V() + (4+2sint)y’ + y +— y2 _e < cost
(1+t) 1+t

One can similarly, as in Example 1 establish the validity
of conditions (1.3)-(1.6). So, to establish the stability of
this equation, it remains to estimate the integral

t
¢ —[ f(s)ds
[(t-s)e S |h(s)|ds
0
t
¢ ~J(4+2sint)ds _os 2
:j(t_s)e S st
0 1+s
t
< j(t—s)e_z(t_s)e_zsds
0
t 2.2t
= [(t—s)e s ste—siz, vt > 0.
0 2 2e

Letustake L=1, « =l,A:L, and B=0.1.
2 2e2
Then for these coefficients by (3), we can choose small
positive constants a,o such that

(1+ a)6+%+%+A£ L

From which it follows that
< 29 1 53

1+a)6 < >
(ra)os<sg 262 80

Hence the conditions of Theorem 2 are satisfied.

3. Conclusion

We have obtained two theorems which provide the
sufficient conditions for the Hyers-Ulam-Rassias Stability
of solutions of two nonlinear differential equations. To

illustrate the results we provided two examples satisfying
the assumptions of the two proved theorems.
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