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Abstract In 1742, Euler found the generating function for P(n). Hardy said Ramanujan was the first, and upto
now the only, Mathematician to discover any such properties of P(n). In 1952, Macmahon established a table of P(n)
for the first 200 values of n. This paper showed how to find the number of partition of n by using Macmahon’s table.
In 1742, Euler also stated the series in the enumeration of partitions. This Paper showed how to generate the Euler’s
use of series in the enumeration of partitions. In 1952, Macmahon also quoted the self-conjuate partitions of n. In
this Paper, Macmahon’s self-conjugate partitions are explained with the help of array of dots. This paper showed
how to prove the Euler’s Theorems with the help of Euler’s device of the introduction of a second parameter z, and
showed how to prove the Theorem 3 with the help of Euler’s generating function for P(n), and also showed how to
prove the Theorem 4 with the help of certain conditions of P(n).
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1. Introduction

In this paper, we give some related definitions of P(n),
PE(n), Q°(), Q%(n), X(n), Y(n), P(n, p, *), Qn(n),Qx,
o (n)v SZm(n'm(m+I))l P(n, pl < q)v P(n1 < p’ < q)’ P(n, < p,
*), and establish the Remark 1: X(n) =Y (n) with

numerical example when n=8, and also formulate the
generating functions for

P®(n), X (n).Y (n),Q%(n),Q°(n),Syy (n—-m(m+1))
and Qp (n)-Qn (n)

We prove the Euler’s Theorems with the help of Euler’s
device of the introduction of a second parameter z, when
z=1 and z=x respectively, and describe elaborately all self-
conjugate partitions of n [5].We prove the Theorem 3 in
terms of o (n), and prove the Theorem 4 with numerical
example when n=11.

2. Some Related Definitions

P(n) [3]: The number of partitions of n. Example: 4,
3+1, 2+2, 2+1+1, 1+1+1+1 .. P(4)=5.

P®(n): The number of partitions of n into even parts.

Q°(n) [6]: The number of partitions of n into distinct

Q%(n): The number of partitions of n into distinct even
parts.

X(n) [2]: The number of partitions of n with no part
repeated more than twice.

Y(n): The number of partitions of n with no part
divisible by 3.

P(n, p, *): The number of partitions of n into p parts.

o(n) [4]: The sum of divisors of n including 1 and n.

Qm (n): The number of partitions of n into an even
number of distinct parts no greater than m.

Q2 : The number of partitions of n into an odd number
of distinct parts no greater than m.

Som(n-m(m+1)): The number of partitions of n-m(m+1)
into even parts not exceeding 2m.

P(n, p, < q): The number of partitions of n into p parts,
none of which exceeds g.

P(n, < p, < q): The number of partitions of n into p or
any smaller number of parts, none of which exceeds g.

P(n, < p, *): The number of partitions of n into p or any
smaller number of parts.

3. Construction of a Table of Values of
P(n, p,*) ([1] and [3])

Table of p-partitions of n (i.e. values of P(n, p, *)).

odd parts.
n= 1 23] 4715 6 7 8 9 10 [ 11 [ 12 13 14 15 16 17
p=1 1 1 [ 1171 1 1 1 1 1 1 1 1 1 1 1 1
2 1 112712 3 3 4 4 5 5 6 6 7 7 8 8
3 1 [ 1 ]2 3 4 5 7 8 10 | 12 14 16 19 21 24
4 1|1 2 3 5 6 9 1 | 15 18 23 27 34 39
5 1 1 2 3 5 7 10 | 13 18 23 30 37 47
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6 1 1 2 3 5 7 11 14 20 26 35 44
7 1 1 2 3 5 7 11 15 21 28 38
8 1 1 2 3 5 7 11 15 22 29
9 1 1 2 3 5 7 11 15 22
10 1 1 2 3 5 7 11 15
11 1 1 2 3 5 7 11
12 1 1 2 3 5 7
13 1 1 2 3 5
14 1 1 2 3
15 1 1 2
16 1 1
17 1
Total 1 2 3 5 7 11 15 22 30 42 56 7 101 135 176 231 297

We get P(n, 1, *) = 1, P(n,2,*)=%(n—1) or g,when

n is odd or even Also P(n, n, *) =1 P(n, n-1 *) = 1. From
above table; (n, k) is denoted by the n-th space of kth row,
and the set of spaces (n, 1), (n+1,2),(n+2,3),(n+3,4)
the n th diagonal.

We first complete the first and second rows and the first
and second diagonals.

The integers of the (n+ 1) th diagonal are the sums of
one, two, three, four, terms of the n th column,
starting from the top.

That is, the second column is 1,1 0,0 ----, so that the
third diagonal is 1, 2, 2, 2, 2,---- ----- . The third column is
1,1,1,0,0,0, ----, so that the fourth diagonal is 1, 2, 3, 3,

The fourth columnis 1, 2, 1, 1, 0, ------- , SO that the
fifth diagonal is 1, 3, 4, 5, 5, 5, 5, ----- , I. e. the fifth
diagonalis1,1+2,1+2+1,1+2+1+1,1+2+1+1
+0, ----- , and so on to any extent.

4. \We Discuss now about the Generating
Functions for P°(n), x(n), Y(n), Q°(n),
Q°(n), Sam(n-m (m+1)) and Q5 (n) - Q5
[These are Euler’s use of series in the
enumeration of partitions]

We consider a function, whose denominator is the

product of infinite factors (I-x?), (1-x*), ------- oo and it is
written as
1
(1— G )(1— x4)(1— XG)
=1+ %2 +2x* +3x8 +5x8 + .00 6))

:1+Z Pe(n)x",..
=1

where P®(n) is the number of partitions of n into even parts.
It is convenient to define p®(n) = 0, if n is an odd integer.

We consider a function, which is the product of infinite
factors, one of which is (I+x" +x*") and it can be written as

(1+x+x2)(1+ X2 + x4)(l+ X3 +x6)...oo

(2

=1+ X+ 2% + 23 +4x* +5x° +7x8 + -0

o0

=1+ X (n)x", ...

n=1

Each element of the product comes from multiplying
together one term from each bracket either x° or x" or x™*"
from 1+x" +x*". So in the corresponding partition no part
occurs more than twice.

Therefore we can say that the coefficient X (n) of x" in

the above expansion is the number of partitions of n with
no part repeated more than twice.

The generating function for Y (n) is of the form

e (g N R

=14 x+2¢ + 2 +4x* +5° +7x8 0

(3

=1+ Y (n)x",..

n=1

where the coefficient Y (n) is the number of partitions of
n with no part divisible by 3. From (2) and (3) we have

1+ X (n)x"
n=1
:(1+x+x2)(1 +x%+ x4

)
")

(1+x3+x6)...(1+x”+x2 1100

3 1-x8 1-x8 18
TIx 102 1% 1=y o
_ 1
_(1_X)(l_X2)(1—X4)(1—X5)...(1—X3n72)<1—x3n’1>“oo
—14 3V ().

n=1

Equating the coefficient of x” from both sides, we get
the following remark.

Remark 1[8]: X(n) = Y(n), i.e. the number of
partitions of n with no part repeated more
than twice is equal to the number of partitions of n with

no part divisible by 3.
Proof: We develop a one-to-one correspondence

between the partitions enumerated by X(n) and those
enumerated by Y(n) . Let n=a +a,+..+a, be a

partition of n with no part is repeated more than twice. We
transfer this into a partition of n with no part is divisible
by 3. If a part a,, of the partition, which is divisible by 3,
enumerated by X (n) can be expressed into three equal
parts, such that: 6 = 2+2+2, 3 = 1+1+1. Rearranging the
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parts of the partition, we can say that the parts are not
divisible by 3. Clearly, our correspondence is one-to-one.

Conversely, we start any partition of n into with no part
is divisible by 3, say n=4a +a, +...+a, , we consider the
same part not less than thrice, it would be unique sum by
same three parts by taking a group, such that, 5+1+1+1 =
5+3 and 2+2+2+1+1 = 6+1+1.

This gives n as a partition with no part is repeated more
than twice. Thus, we have the one-to-one correspondence.
The corresponding is onto, so that X (n)=Y (n). Hence
the Theorem.

Example 1: When n = 8, the listed partitions of 8 with
no part repeated more than twice is given below:

8 = 7+1 = 6+2 = 6+1+1 = 5+3 = 5+2+1 = 4+4 = 5+3+1
= 442+1+1 = 442+2 = 3+3+2 = 3+3+1+1= 3+2+2+1. So,
there are 13 partitions i.e., X (8)=13. Again, the list of

partitions of 8 with no part is divisible by 3 is given below:

8 = 7+1 = 5+2+41 = 5+1+1+1+1 = 4+4 = 4+2+1+1 =
4+2+2=  4+1+1+1+1 = 2+2+2+2  =2+2+2+1+1=
242+1+1+1+1 = 2+1+1+1+1+1+1 = 1+1+1+1+1+1+1+1.

So, there are 13 partitions ie, Y(8)=13

~X(n)=Y(n).

Here we formulate the generating function[3], which
enumerates all self-conjugate partitions of n.

We can represent the partition 15 + 5 + 1 of 21
graphically by an array of dots as in A,

Ay

Here we have a square of 3 points and two tails, each
representing a partition of % (21-3%) = % 12 =6 into 3

parts at most.
Generally a self-conjugate partition of n can be read as
a square of m? dots and two tails representing partitions of

%(n-mz) into m parts at most.

2
xM

(1—x2)(l—x4)...(1—x2m)

enumerates the partitions of n-m? into even parts not

So we can say that

exceeding 2m or of % (n-m?) into parts not exceeding m

1 .
or of > (n-m?) into at most m parts. Now each of these

corresponds represents a self-conjugate partition of n
having a square of m? points. Hence we have

2
Xm

1+ enumerates all self-

Y iy ey

conjugate partitions of n. Thus for n = 10: 7 + 3 = 9+1 has
two partitions, which have distinct odd parts. These two
partitions are self-conjugate partitions and their graphs are
as follows

o0

The generating function for S,,,(n-m(m+1)) is of the
form

Xm(m+l)

(1— x? )(1— x4)...(1— sz)

= xm(m1) i Som (n=m(m+1)) x"(™D (4

n=m(m-+1)

= i Som (n=m(m+1)) x",...

n=m(m-+1)

where the coefficient S,,(n-m(m+1)) is the number of
partitions of n-m(m+1) into even parts not exceeding 2m

or of %(n-m(m+1)) into parts not exceeding m.

Example 2: If m = 3 the above expansion becomes;

X12

(l—xz)(l—x4)(l—x6)
= x12{1+ X2 +2x% +3x8 + 4x8 +...00}

= Sg(n -12) x"

n=12

It is convenient to define Sg (0) =1 and Sg (n) = 0, if n
is odd integer.
The generating function for Q°(n) is of the form

(1+ x)(l+ x3)(1+ x5)...oo

14X+ X e x 28 0 (B)
o0

=1+>.Q°%(n)x",..
n=1

where the coefficient Q°(n) is the number of partitions of n
into distinct odd parts.
The generating function for Q° (n) is of the form

(245245 )(245°) (24,0

14Xl axt 28 e 2x83x0 rax? 40 (B)

=1 +iQe(n)x",..
n=1
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It is convenient to define Q%(0) =1 and Q° (n) = 0, if n
is odd positive integer.

The coefficient Q° (n) of X" in the above expansion is
the number of partitions of n into distinct even parts.

From above expansions we get the following
remarks.

[These are known as Euler’s Theorems]

Theorem 1:
(1+x)(1+x3)(1+x5)...oo
=1+ X 2 + x* +...00
o )
i.e.

o m? (7

Theorem 2:
(1+ xz)(1+ x4)(1+ XG)...OO

(1 2 )(1+ x4)(1+ x5 )oo
Xm(m+1) (8

:1+i 2 4 2m\
mzl(l—x )(1—x )...(1—x )

Proof of Remarks:
We have

1
(1—x2) =1+ X2+ x4+ x8 x84 oo, (9

(1—x2)71 (1— x4)71 =1+x%+2x* +2x8 + 2x8 +..0,.. (10)

(1— x? )_l (1— x* )_1 (1— x° )_l

=1+ x2+2x +3x8 + 48 + .0

(11

and so on.

These are used in proving the Theorems.

Now we shall convert the function into the another
function. We have the function

(1+ zx)(1+ zx3)(1+ zxs)(l+ ! )oo
(where z e (-1,1] and | x |<1)
l+z(x+x3+x5) . o
= g (x4 s x8)+ 5.9 (l+ X )(l+ ZX )oo
=1+ XA+ X2 + x4 + X8 +....0)
+22x4(1+ x2 +2x% +2x8 + 3x8 +...00)

+z3x9(1+ x2 +2x* +3x8 + 4x8 +..0)+...0

=1+ zx(l— G )_l +2%x% (l— xz)_l (1— x4 )_l
+23x° (1— xz)_1 (1— x4 )_1 (1— x5 )_1 +..00

(by (9),(10),(12))
2,4

ZX "X
=1+ +

(1— x2) (1— x? )(1— x4)

22x°

+(1—x2)(1—x4)(1—x6)+m+oo
If z =1, then (12) becomes
(1+ x)(l+ x3)(1+ x5)...oo

(12)

+(1_X2)(1_X4)(1_X6)+...+OO

(1+ x)(1+ x3)(1+ xs)...oo

2

i.e. 0 m

=1+ X

D3l o e

Hence the Theorem.
If z = x, then (12) becomes;

(1+ xz)(1+ x4)(l+ xe)...oo

X12

)i )
where the indices in the numerators
1.2,2.3,34,....

(1+ xz)(l+ x4)(1+ XG)...oo

Xm(m+1)

i.e. © . Hence the

) ]
Theorem.

We also get that Theorem 1 represents the following
statement.

The number of partitions of n into odd and unequal
parts is equal to the numbers of it self-conjugate partitions.

We consider a function ¢, (x), which is the product of
m factors

(1-x), (1-x%),----(1-x") as in the form ¢, (X)= (1-x) (1-
x%) (1) (L")

m(m+1)

> =§(an(n)—Qﬁ1(n))x”.

It is convenient to define QF, (0) =1, Q3 (0) = 0.
Example 3: If m = 4, the above expansion becomes
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@4 (X) =(1—x)(1—x2)(1—x3)(1—x4)

=1-x—x2+2x> = x® —x% 4+ x10

-3 (0 (-0 )

=1+ 3 (Qf (n) Q8 (n))x"

n=0

Since Qg (1) =0, Qg (1) = 1 with relevant partitions is
1.SoQf(1)-Q; (1)=-1

Q3 (2) =0, QF (2) = 1 with relevant partition is 2, so
Qi(2)-Q (2=-1

Q3 (3) = 1 with relevant partition is 2+1, Q7 (3) = 1
with relevant partition is 3, So Qg (3) -Qf (3) =1-1=0.

Q3 (4) = 1 with relevant partition is 3 +1 and Qg (4) =
1 with relevant partition is 4, so Qg (4) - Q7 (4)=1-1=0.

Q3 (5) = 2 with relevant partitions being 4+1, 3+2 and
Q7 (5)=0, Q5 (5)- Q7 (5) =2.

Q3 (6) = 1 with relevant partition is 4+2 and Qf (6) = 1
with relevant partition is 3+2+1, so Qg (6)- Q7 (6) =1 -1
=0.

Q3 (7) = 1 with relevant partition is 4+3 and QJ (7) =1
with relevant partitionis 4 + 2 + 1,50 Q5 (7) - Q7 (7) =1
-1=0.

Q3 (8) = 0 and Qg (8) = 1 with relevant partition is
4+3+1,50Q¢ (8) - Q2 (8)=0-1=-1.

Q3 (9) = 0 and QJ (9) = 1 with relevant partition is
4+3+2,50 QS (9)- Q2 (9)=0-1=-1.

Q3 (10) = 1 with relevant partition is 4+3+2 + 1, and
Q2 (10) =0, 50 Q¢ (10)- Q2 (10)=1-0=1.

Here we give the following Theorem, which is related
to the term o(n).

Theorem 3: If n is any positive integer, then nP(n) =
P(0) o(n) + P(1) o(n-1) + --- + P(r) o (n-r) + --- + P(n-1)

o(1).
Proof: We have the generating function for P(n) is
1

f(x)=

( (1=x)(1-x) (127 )-+-c0

(13)

=Y P(n)x"

n=0

If it gives f(X) = ——

()
i)

. (14)

where ¢(x

or,

logp(x) = Iog(l—x)+Iog(l—x2)+log(1—x3)+...oo
:ilog(l—xk)

Differentiating it w. r. to X we get;

ES) _ka -1
) ¥

(x) 3 1-x

15)

From (14) we get; f'(x)=- 9'(x) 3 p'(x) 1

or, > P(n)nx"* =-
n=1

or, i nP(n)nx"* = i
n=1
(15))
=(P(0)+

o0
SR+ x4 xF 4o0) =
k=1

P(1)X+P(2)X? +---o0)

X+ x2+x3 +x* +-+-00)

6

P(0) +2(x% +x* ++--00) +3(x3 + X8 + -+ 0)

+4(X4+---oo)+--~

3 5

+X4+-~-oo)+2(X3+X
7

(x2+x ++++00)

+P(1)

+3(x4+x +---oo)+4(X5+---oo)+---

2[(x +xt 4 0) #2(x e 00) 4o oo:l

P(3) (X* - 00) + 2(X° 4+ 00) +-- oo:|

(x®+x8+---00) +2(x8 + X8 +-.-0)
+3(x +x90 4 00) +4(x8 4+ 0)

+

xP O)+x2(P( )+2P(0)+P(1))

+x*(P(0)+3P(0)+P(1)+2P(1)+P(2))
(P(0)+ 2P(0)+4P(0)+P(1) }

+3P(1)+P(2)+2P(2)

N
+
o
—
w
~—

n=1 m=0 n-m
© n-1

=2 x" 2 P(m)o(n-m)
n=l m=0

Now equating the coefficients of x" from both sides, we
n-1
n)= > P(m)o(n-m),i.enP(n)
m=0
get; =P(0)s(n)+P(1)s(n-1)+..+P(r)s(n—r) Hence

+..+P(n-1)s(1).
the Theorem.
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5. We also Discuss about the Restricted
Partition Functions [7]. [These are also
Euler’s use of series in the enumeration of
partitions]

The generating function for P(n, p, < q) is of the form.
1
(1- zx)(l— zxz).--(l— zx9 )

:1+ix”{zn: zPP(n, pgq)}m

n=1 p=1

(16)

It is convenient to define P(n, p, <q) =0, if n< p.

The coefficient P(n, p, < q) is the number of partitions
of n into p parts, none of which exceeds g.

Example 4: If q = 3, the above function becomes

1
(1- zx)(l— X2 )(1— zx3)

=l+ZX+X2(Z+ZZ)+X3(Z+ZZ+Z3)

+x4(222+z3+z4)+~-oo

[e'e] n
=1+ x"$ > zPP(n,p<3);.
n=1 p=1

From (16) we have;

1+ix"{zn: zPP(n, pgq)}

n=1 p=1

:1+ix”{zn: zPP(n,<q, p)}

n=1 p=1

Equating the coefficient of x"z” from both sides, we get
the following remarks.
Remark 2: P(n, p, <q) =P(n, <q, p).

If g — oo in (16), such as lim x% =0, [x|< 1 then (16)

g—0
becomes;

1
(1- zx)(l— 2x° )(1— zx3)---oo

:1+zx+x2(z+22)+x3(z+22+z3)

(17)
+x4(222 +7° +z4)+---oo
0 n
=1+ x" {Z zPP(n, p,*)}
n=1 p=1

where the coefficient P(n, p, *) is the number of partitions
of ninto p parts.
From (17) we have;

1
(1- zx)(l— zxz)(l— ZX3)---oo

=1+zx+x2(z+zz)+x3(z+zz+z3)

+X4(222+23+Z4)+---oo

:1+§:x“ {Zn: zPP(n,*, p)}

n=1 p=1

Equating the coefficient of x"z° from both sides, we get
the following remark.

Remark 3: P(n, p, *) = P(n, *, p).

Proof of Remark 3: We can represent a partition of 15
graphically by an array of dots or nodes such as

The dots in a column corresponding to a part. Thus B
represents the partition 6+4+3+1+1 of 15. We can also
represent B by transposing rows and columns in which
case it would represent the partition graphically as
conjugate of B

Conjugate of B

The dots in a column corresponding to a part, so that it
represents the partition 5+3+3+2+1+1 of 15. Such pair of
partitions are said to be conjugate. The largest part in
either of these partitions is equal to the number of parts in
the other. So that we can say that the number of partitions
of ninto p parts is the same as the number of partitions of
n having largest part p, i. . P(n, p, *) = P(n, *, p). Hence
the Remark.

Example 5: The list of partitions of 8 into 4 parts is
given below

5+1+1+1=4+2+1+1=3+3+1+1=3+2+2
+1=2+2+2+2

The number of such partitions is 5, i.e. P(8, 4, *) = 5.

Again the list of partitions of 8 having largest part 4 is
given below

4+4=4+3+1=4+2+1+1=4+1+1+1+1=4
+2+2.

So the number of such partitions is 5. i.e. P(8, *, 4) = 5.

Here4 +4,4+3+1,4+2+1+1,4+1+1+1+1,
and 4 + 2 + 2 are the conjugate partitions of 2 + 2 + 2 + 2,
3+2+2+1,4+2+1+1,5+1+1+1and3+3+1+
1 respectively. Thus the number of partitions of 8 into 4
parts is equal to the number of partitions of 8 into parts,
the largest of which is 4.

Generally, we can say that the number of partitions of n
into p parts is the same as the number of partitions of n
having largest part p.
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The generating function for P(n, < p, < q) is of the form
1

(1- zx)(l—zxz)-u(l—zxq)
:1+ixn{zn: sz(n,g p,< q)}

n=1 p=1

(18)

where the coefficient P(n, < p, < q) is the number of
partitions of n into p or any
smaller number of parts, none of which exceeds g.
Example 6: If g = 2 then the function (18) becomes

1
(1-z2)(a- zx)(l— zx2)

=1+ (z+2% + 2%+ 00) + X(2+2% +2° +++-00)

+x2(z+22% +-0) + X3 (22 + 228 +---0) + -0
[°¢] n
=1+ x"{> zPP(n<p,<2)
n=0 p=1
If g0, suchas  x%=0,/x|< 1, then (18) becomes;
1

(1-z)(1- ZX)(l—ZXz)-‘-oo

=1+(z+22+z3+---oo)+x(z+22+z3+-~~oo)

) ) (19)
+X“(2+22° ++--0) 40

:1+ix”{zn: zPP(n,< p,*)}

n=0 p=1

where the coefficient P(n, < p, *) is the number of
partitions of n into p or any smaller number of parts. From
(19) We have;

=1+ix”{zn: zPP(n,< p,*)}

n=0 p=1

=1+(z+22+23+~--oo)+x(z+22+z3+-~~oo)

+X2(Z+222+~--00)+~-~oo

=1+ix”{zn: zPP(n+p, p,*)}

n=0 p=1

Equating the coefficient of x"z” from both sides, we get
the following remark.

Remark 4: P(n,<p,*)=P(n+p,p,*

Again from (19) we have;

0 n

1+ x"4 > zPP(n< p,¥)
n=0 p=1

=1+ (2422 + 23+ 00) + X(2+ 22 - 0)

+X2(Z+222+-~oo)+X3(Z+---oo)+~-oo
0 n

=1+ ) x"< > z2PP(n*,< p)
n=0 p=1

Equating the coefficient of x"z" from both sides, we get
the following remark.

Remark 5: P (n, <p, *) =P(n, *, <p)
Proof: The generating function for P, (n) is

fp(x)= :

(1—x)(l—xz)(l—x3)--~(1—xp)

Suppose that 0 < x < 1, so that the product is
convergent.
For consider the product

A+ X+ X2+ 0) L+ X2 + X +---00)

6

A+x3+ X8 4-00) e (L4 XP + X% +---00).

Any term out of the first, 2nd,--- pth factors may be
represented by

X%, X, x¥ ---x™ where o, B, y,--0 are any of the
numbers 0, 1, 2, ---, p.

Thus o« = 0, B =

3_+3 =2+2.3 is one partition of 8 and a=1, =2,y
2 times

1, y = 2, the partition

2+

=1, the partition 1+ 2_+2
2 times

+3=1+2.2+3 is also one of

8.

If the product of these terms is X", we have o + 2B + 3y
+ —-ee- + pO = n, which is not unique. Hence the coefficient
of X" in the product is the number of partitions in which n
can be obtained by adding any representation of the
numbers 1, 2 ----, p repetitions being allowed. Now the
coefficient of X" in the product is the number of partitions
of n into at most p parts.

But in Remark 3 we have discussed that the number of
partitions of n into p parts is equal to the number of
partitions of n into parts, the largest of which is p. So we
can say that the number of partitions of n into at most p
parts is equal to the number of partitions of n into parts
which do not exceed p. i. e. P(n, < p, *) = P(n, * <
p).Hence the Remark.

Here we give the Theorem, which is related to the term
P(n, p, *).

Theorem 4: P(n, p, *) = P(n-1, p-1, *) + P(n-p, p *).

where asterisk “*’ means that no restrictions is placed
on the nature of the parts.

Proof: We make the p-partitions of n and then we have
to distribute n elements into p irrelevant parts, whose sum
is n. This can be done by adding a part p to each partition
ofn-pintolor2or3or4,------ , or p parts. Therefore;

P(n, p, *) =P(n-p, 1, *) + P (n-p, 2, *) + P(n-p, 3, *) + -
---+ P(n-p, p *). Changing n into n-1 and p into p-1, we
have;

P(n-1, p-1, *) = P(n-p, 1, *) +P(n-p, 2, *) + P(n-p, 3, *)
+ -+ P(n-p, p-1, ).

From above we get; P(n, p, *) = P(n-1, p-1, *) + P(n-p,
p, *). Hence the Theorem.

Example 6: If n = 11, p = 4, then P(11, 4, *) = 11.
Again if n =10, p = 3, then P(10, 3, *) = 8. Finally ifn=7,
p=4,thenP (7,4,*) =3.

Therefore we get; P(114,*) =11 =8+ 3 =P(10, 3, *)
+P(7,4,%).
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6. Conclusion

In this study, we have found the number of partitions of
n when n =1 to 17 by using Macmahon’s table. We have
verified the remark 1 when n =8, and have found that the

m2

. > X
function 1+ mZ::l(l— " )(1_ x4)...(1— sz)

self-conjugate partitions of n, and have also proved the
Euler’s Theorems with the second parameter z=1 and x
respectively. We have established the Theorem 3 with the
help of Euler’s generating function for P(n) and have
verified the Theorem 4 with numerical example.

enumerates all
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