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Abstract In this paper, we introduce a new labeling called one modulo three mean labeling. A graph G is said to
be one modulo three mean graph if there is an injective function ¢ from the vertex set of G to the set {a | 0 <a < 3¢-
2 and either a=0(mod 3) or a=1(mod 3) } where g is the number of edges of G and ¢ induces a bijection ¢ * from the

edge set of G to {a|1<a<3q-2anda=1(mod3)} given by ¢ *(uv) = V(u);qﬁ(v)] and the function ¢ is called

one modulo three mean labeling of G. Furthermore, we prove that some standard graphs are one modulo three mean

graphs.
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1. Introduction and Definitions

All graphs considered here are simple, finite, connected
and undirected. We follow the basic notations and
terminologies of graph theory as in [1].Given a graph G,
the symbols V (G) and E (G) denote the vertex set and the
edge set of the graph G, respectively. Let G= G(p, q) be a
graph with p = |V(G)| vertices and q = |E(G)| edges. A
graph labeling is an assignment of integers to the vertices
or edges or both, subject to certain conditions. There are
several types of graph labeling and a detailed survey is
available in [2].

V. Swaminathan and C.Sekar introduced the concept of
one modulo three graceful labeling in [5]. S.Somasundram
and R.Ponraj introduced mean labeling of graphs in [3]
and further studied in [4]. Motivated by the work of these
authors we introduce a new type of labeling known as one
modulo three mean labeling and prove that some standard
graphs are one modulo three mean graphs. We use the
following definitions in the subsequent sections.
Definition 1.1: A comb graph is a graph obtained by
joining a single pendant edge (vertex with degree one) to
each vertex of a path.

Definition 1.2: A caterpillar is a tree with the property
that the removal of its end vertices (vertices with degree
one) leaves a path.

Definition 1.3: Bistar By, is a graph obtained from K, by
joining m pendant edges to one end of K, and n pendant
edges to the other end of K,. The edge of K, is called the
central edge of By, and the vertices of K, are called the
central vertices of B, .

Definition 1.4: Let T be a tree with at least four vertices.
Let uy and v, be the two adjacent vertices of T and let u
and v be the leaves of T with the property that the length

of the ug-u path is equal to the length of v,-v path. If the
edge ugvy is deleted from T and u and v are joined by an
edge uv, then such a transformation of T is called an
elementary parallel transformation (or an ept) and the edge
UoVo is called transformable edge. If by applying a
sequence of ept’s, T can be reduced to a path, then T is
called a Ty-tree (transformed tree) and such a sequence
regarded as a composition of mappings (ept’s) denoted by
P, is called a parallel transformation of T. The path, the
image of T under P is denoted as P(T).

For any integer n, [ﬂ denotes the smallest integer not
less than n.

2. One Modulo Three Mean Labeling

Definition 2.1: A graph G is said to be one modulo
three mean graph if there is an injective function ¢ from
the vertex set of G to the set {a | 0 <a < 3¢-2 and either a
= 0(mod 3) or a = 1(mod 3) } where q is the number of
edges of G and ¢ induces a bijection ¢ * from the edge set
of Gto{a |1l <a<3g-2and a=1(mod 3) }given by ¢

*(uv) = V(u);qﬁ(v)" and the function ¢ is called one

modulo three mean labeling of G.

Remark: If G is a one modulo three mean graph with

more than two edges then 0, 1, 3(g-1) and 3g-2 must be

the vertex labels.

Theorem 2.2: Let G be a one modulo three mean graph

with one modulo three mean labeling ¢. Let t be the

number of edges whose one vertex label is even and the

other label is odd then z d(v) ¢(v)+t=q(3g-1)
ve V(G)

where d (v) denotes the degree of a vertex v.
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Proof: Since ¢ is one modulo three mean labeling of G,

we have ¢*(xy) = {w—‘

Now 3 > f(xy)—%} -

ve V(G) xyeE(G)
A{Ll+4+7+...+(3g-2)}-t=q(39-1)-t.
Y, dWg(W)+t=0(3q-1).
ve V(G)
As an illustration, we consider the cycle graph
C5: V1V2V3V4V5V1

d(V)4(v) = 2{

Hence,

12

Define ¢: V (Cs)—> {0,1,3,4,6,7,9,10,12,13} by ¢ (v;)

=0, 9(vy) =1 9(v3) =76 (v4)=12, ¢ (vg) = 13.
Clearly ¢ is one modulo three mean labeling. Here t=4.
Now

d(v)d(v1) +d(v2)e(v2) +d(v3)p(v3)
+d (Vg )P(v4) +d(V5)p(V5) +t
= 2(0)+2(1)+2(7)+2(12) +2(13) + 4
=70=q(3q-1).

Theorem 2.3: Let G be a one modulo three mean graph
containing a cycle Cs=uvwu. If ¢ is an one modulo three

{#(U), (v), p(w)}
#{3x+1,3x+6y+13x+6y}
{(u), (v), p(W)} = {3x,3x +1,3x+6Yy +1} for any x,y.

{9(u), (v), p(w)}
={3x+1,3x+6y+13x+6y}
¢ (u) = 3x+1, ¢ (v) =3x+6y+1, ¢ (w) =3x+6y then the

edges u v and u w get the same label 3x+3y+1 which is not
possible.

Suppose  {#(u), $(v), p(w)} = {3x,3x+1,3x+6Yy +2}
Assume ¢ (u) =3x, ¢ (v) =3x+1, ¢ (w) =3x+6y+1 then

the edges u w and v w get the same label 3x+3y+1 which is
not possible.

Theorem 2.4: Let G be a one modulo three mean graph
then (i) 3x and 3x+4 cannot be the labels of the adjacent
vertices and (ii) 3x+1 and 3(x+1) cannot be the labels of
the adjacent vertices (iii) 3x and 3y cannot be the labels of
the adjacent vertices and (iv) 3x+1 and 3x+4 cannot be the
labels of adjacent vertices.

mean labeling of G then and

Proof: Suppose . Assume

Proof: (i) Suppose that uv is an edge of G with ¢ (u) =3x
and ¢ (v) =3x+4 then the induced edge label of uv is 3x+2.

This is a contradiction to the fact that the edge labels are
congruent to one modulo three. Therefore, 3x and 3x+4
cannot be the labels of the adjacent vertices.

(i) Suppose that uv is an edge of G with ¢ (u) =3x+1
and ¢ (v) =3x+3 then the induced edge label of wuv is

3x+2. This is a contradiction to the fact that the edge

labels are congruent to one modulo three. Therefore, 3x+1

and 3(x+1) cannot be the labels of the adjacent vertices.
On the same line, we can prove (iii) and (iv).

3. One Modulo Three Mean Labeling of
Some Trees

Theorem 3.1: The path P, is a one modulo three mean
graph if n is even.

Proof: Let V (P) = {uj,up,..upj and E(P,)=
{& = (Uj,Uj,1) :1<i<n-1} . Define the vertex labeling ¢ :
V (P)— {0,1,3,4,..,3n-6,3n-5} by ¢(usi_1) = 6(i-1),

1<i< g and §(uy;) = B(i-L)+1, 1< i < g then the

induced edge labels are 1,4,7,...,3n—5. Hence ¢ is a one
modulo three mean labeling of P,,. Therefore, P,(n is even)
is a one modulo three mean graph.

An example for one modulo three mean labeling of the
graph Pgis given in Figurel.

Figure 1.

Theorem 3.2: The star graph Ky, ,is a one modulo three
mean graph if and only if n = 1.

Proof: If n = 1, the star graph Ky is a path P,. Hence K
is a one modulo three mean graph.

Conversely assume that n > 2. Suppose K; is a one
modulo three mean graph with one modulo three mean
labeling ¢. Let (Vi, V,) be the bipartition of K, , with
Vi={u} and Vp={uy,Uy,...,up}. To get the edge label 1,
we must have 0 and 1 as the labels of the adjacent vertices.
Therefore, either ¢(u)=0 or ¢(u)=1. In both the cases there
is no edge with the label 3n-2. This contradiction proves
that Ky , is not a one modulo three mean graph for n> 2.
Theorem 3.3: The caterpillar G obtained by attaching n
pendant edges to each vertex of the path P, is a one
modulo three mean graph if m=0(mod2).

Proof: Let G be a caterpillar obtained from the path P,
=uy,U,,...,Uy, by attaching n pendant edges to each of its

vertices. Let uj, 1< j < n be the vertices attached to the
vertex u;, 1<1i<m of Py, then G is isomorphic to P, o nK;
and it has m(n+1) vertices and m(n+1)-1 edges.

0,1,3,4,...,3m(n+1) -6,

Define ¢: V (G)— {3m(n+1)—5

} as follows:
For 1I<i<m, 1<j<n

. [3(-D(+D+1 if iisodd
¢(u')_{3(i—2)(n+1)+6n if iiseven
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if iisodd

if iiseven

~[6(j-1)+3(n+1)(i-1)
¢Oﬁ)‘{6j+1+%n+00—2)

then the induced edge labels are 1,4,7,...,3m(n+1)-5.

Hence, ¢ is one modulo three mean labeling. Therefore,
the caterpillar G obtained by attaching n pendant edges to
each vertex of the path Py, is a one modulo three mean
graph.

An example for one modulo three mean labeling of the
graph P, o 4K, is given in Figure 2.

7
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Figure 2.

Corollary 3.4: The comb graph and the Bistar B, , are one
modulo three mean graphs.

Theorem 3.5: The bistar By, ,, is a one modulo three mean
graph if and only if m=n.

Proof: If m = n, by Corollary 3.4 By, is a one modulo
three mean graph. Conversely assume that By, is a one
modulo three mean graph with m # n. Without loss of
generality, assume that m > n. Let the vertex set V(Bnn)

= {u,v,ui,vj;ls i<ml<j< n} and the edge set E(Bmn)

={uv,uuj, wjil<i<m1< j<n}. Clearly By, has m+n+2
vertices and g = m+n+1 edges. Let ¢ be the one modulo

three mean labeling of By, .
First, we prove that ¢ (u) = 39-2 and ¢ (u) = 39-3.

Suppose that either ¢ (u) =3g-2 or ¢ (u) =3g-3. 39-2 =

3q0-2
2

3m+3n+1 > 6n+1. Therefore, > 3n+l1 and

3q-3

> 3n. Hence, the labels of the edges

uu; (L<i<m) and uv are greater than 3n+1. But the set
{3n+4,3n+7,...,3n+3m+1} contains only m elements,
whereas the edges u u; (1<i<m) and uv are m+l in
number. Hence, ¢ (u) = 39-2 and ¢ (u) = 39-3.

Next, we prove that ¢ (v) = 39-2 and ¢ (v) = 30-3.
Suppose that either ¢(v) =3g-2 or ¢(v) =3q-3. Since q >
2 there is an edge with label 1. Hence, either ¢ (u) = 0 or
¢ (u;) = 0 for some i.

If ¢ (u) =0 then the labels of the edges u u; (1<i<m),
3q-2

2

uv are less than or equal to { —‘ Since m > n, m+1 >
30-1 .
T . Therefore, the number of elements in the set

{1, 47[3“—2_2—‘} is less than m+1whereas the edges

uu; I<i<m) and uv are m+l in number. Hence,
¢ (V) #3g-2 and ¢ (v) =39-3.

If ¢ (u;) =0 for some i then ¢ (u) must be 1. Hence, the
labels of the edges u u; (1<i<m) and uv are less than or

30-1
2

equal to [ —l But the number of elements in the set

{147[%—‘} is less than m+1 whereas the

edgesu u; (L<i<m) and uv are m+1 in number. Hence,
¢ (V) #3g-2and ¢ (v) =30-3.

Also 3g-2 or 3g-3 cannot be the label for any of the
vertices u;,1<i<m since otherwise 30-2 or 3g-3 will be

the label for u. Similarly 3g-2 or 3g-3 cannot be the label
for any of the vertices vj,1< j<n. Therefore, 3¢-2 is not

a label for any vertex. Hence, By, m > n is not a one
modulo three mean graph.

Theorem 3.6: A T,-tree with even number of vertices is a
one modulo three mean graph.

Proof: Let T be a Ty-tree with [V(T)| = n where n is even.
By the definition of a transformed tree there exists parallel
transformation P of T such that P(T) is a path. For the path
P(T) we have (i)V(P(T)) = V(T) (i)E(P(T)) = (E(T) \ Ey)
U Ep where Eq is the set of edges deleted from T and E; is
the set of edges newly added through the sequence P =
(P1, Py,..., Py) of the epts P used to arrive the path P(T).
Clearly E4 and E, have the same number of edges. Denote
the vertices of P(T) successively as vi,vy,...,v, starting
from one pendant vertex of P(T) right up to the other.

Define ¢ : V(P(T)) > {0,1,3,4,...,.3(q—1),3q - 2} by

(3(-1)
#4) _{3(i—2)+1

if i isodd
if i iseven

for 1 <i<n. Clearly ¢ is one modulo three mean labeling
of the path P(T).

Let viv; be an edge of T for some indicesiand j, 1 <i<
n and let P; be the ept that deletes this edge and adds the
edge vi.vj where t is the distance from v; to vi, and also
the distance from v; to vj. Let P be a parallel
transformation of T that contains P; as one of the
constituent epts. Since vi.vj.¢ is an edge of the path P(T), it
follows that i + t + 1 = j - t which implies j =i + 2t +1.
The induced label of the edge viv; is given by,

¢ (ViVj ) =4 (Vivisati1)

:¢ (Vi)+¢ (Vi+2t+1)
3(-2)+1, 30420 it s even
2 2
3(|—1)+3(|+2t—1)+1 i i is odd
2 2
= 3i+3t-2

6*(VietVjt ) = @* (VistVirtan)

= ¢(Vi+t ) + ¢(Vi+t+l)
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(i +t2—2)+1+ 3(i2+t) if iisevenandt iseven
) 3(i +2t_1) LS +t2_1)+1 if i isevenandt is odd
K +2t_1) L3 +t2_1)+1 if i isodd and t is even

i +t2—2)+1+ 3(i2+t) if iisoddandt is odd

=3i+3t-

Hence, we have ¢ “(viv})= ¢ *(Visvj.) and therefore ¢
is one modulo three mean labeling of the T, -tree T.

An example for one modulo three mean labeling of a
T,-tree with 18 vertices is given in Figure 3.

2 ¢ e 2
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Figure 3.

4. One Modulo Three Mean Labeling of
Cycle Related Graphs

In this section, we prove that some cycle related graphs
are one modulo three mean graphs.
Theorem 4.1: Cycle C,is a one modulo three mean graph
if n=1(mod4).
Proof: Let n = 4k+1. Letvy v, ...,
Define ¢: V(C,)—>{0,1,3,4,...,

v, be the vertices of C,,.
3(n-1),3n-2} by

$vs)= 6(i-1)  if 1<i<k

2717063 -1)+1 if k+l<i<2k+1
[B(i-D+1 if 1<i<k

¢(v2i)_{6i if kel<i<ok

The induced edge labels of the cycle C, are
1,4,7,..,3n—2 . Hence, C, is a one modulo three mean
graph if n=1(mod4).

An example for one modulo three mean labeling of the
graph Cyzis given in Figure4.

30 25 24

19

31 13

36 12

Figure 4.

Theorem 4.2: The ladder graph L, =P,xP, is a one
modulo three mean graph if n is odd.
Proof: Let the wvertex set of L, be

{ug,Up,...,Up, Vg, Vp,...,Vy | and the edge set of L, be
{ujup,g 11<i<n-1}U{vyvi g /1<i<n-1}U{uy; /1<i<n}.
Clearly L, has 2n vertices and 3n-2 edges.

Define ¢ : V( C, )— {0,1,3,4,.,9n-9,9n-8} by ¢
(u1)=0, ¢ (un)=9(n-1),¢ (u2)=18i-11

if 1 <i <[2J HUzi+1)=18i+6 if 1 < i <L2J -1 and ¢

(v1)=1, ¢ (vn)=9n - 8,4 (v2))=6(3i-1)
if1<i< [—J yH(Voirg)=18i-5 if 1 < i <[2J -1. Hence,

the induced edge labels of L, are 1,4,7,...,9n—8 then ¢ is
one modulo three mean labeling. Hence, L, is a one
modulo three mean graph.

An example for one modulo three mean labeling of the
graph L-is given in Figure 5.

0 T 24 25 42 43 54
1 12 13 30 31 a8 55
Figure 5.

If G; and G, are two graphs then G; x G, is the
Cartesian product of [1] G; and G,.

Theorem 4.3: The graph Ky, x K; is a one modulo three
mean graph if n is even
Proof: Let the vertices of K;, x K, be

{U,V,Ug,Up, o, Up Vg, Vo, Vb and edges are {u vjU
{uvi 11<i<n} U {uu; /1<i<nfU{w; /1<i<n} Clearl
y Kin x K, has 2n+2 vertices and 3n+1 edges. Define ¢ :
V(Kin x Ko )— {0,13,4,..,9n,9n+1} by ¢ (U)=0, ¢

(V)=Z9n+1, ¢ (Uner)=12i - 5 if 1 <i < g B (U)=12i - 11 if 1

<i %and ¢ (Vner.) =00 - 6(-1) if 1 <i 5 . 4 (v)=6n -

6(i-1)if 1 <i <

g. The induced edge labels of K;, x K,
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are {1,4,7,..,9n+1} then ¢ is one modulo three mean
labeling. Hence, K;, x K, is a one modulo three mean
graph.

An example for one modulo three mean labeling of the
graph K 4 x K, is given in Figure 6.

0

36
25

37

Figure 6.

Theorem 4.4: The complete graph K, is a one modulo
three mean graph if and only if n < 2.

Proof: Suppose K, is a one modulo three mean graph. To
get the edge label 3g-2, we must have 3g-2 and 3g-3 as the
vertex labels. Let u and v be the vertices whose labels are
30-2 and 3g-3 respectively. Again, to get the edge label 1,
we must have 0 and 1 as the vertex labels. Let w and z be
the vertices whose labels are 0 and 1 respectively then the
edges uw, vz receive the same induced label

{—3q2_2—‘which should not happen. Hence K, is not a one

modulo three mean graph for n >3. If n = 2, the complete
graph K, is a path P,, which is a one modulo three mean
graph.
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