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Abstract

In this paper, we establish some recurrence relations satisfied by single and product moments of

Generalized Order Statistics from Extreme Value Distribution. These recurrence relations are independent of left
truncated point and therefore are also applicable for Logistic as well as for half Logistic distributions studied in
Balakrishnan (1985) and Saran and Pandey (2012). For a particular case these results verify the corresponding

results of Saran and Pandey (2004) and Kumar (2010).
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1. Introduction

Generalized order statistics (GOS) have been
introduced and extensively studied in Kamps (1995 a,b) as
a unified theoretical set-up which contains a variety of
models of ordered random variables with different
interpretations. Examples of such models are: Ordinary
order statistics, Sequential order statistics, Progressive
type Il censored order statistics, Record values, k™ record
value and Pfeifer’s records. There is no natural
interpretation of generalized order statistics in terms of
observed random samples but these models can be
effectively applied in life testing and reliability analysis,
medical and life time data, and models related to software
reliability analysis, etc. The common approach makes it
possible to define several distributional properties at once.
The structural similarities of these models are based on the

similarity of their joint density function.

2. Standard Extreme Value Distribution

A random variable X is said to have an standard
extreme value distribution if its probability density
function is of the form

ax

f(x)=ae®xe™® ", —o<x<w, >0 (2.1)

and the cumulative distribution is given by

F(x)=1-e %, —w<x<om, a>0 (22

The extreme value distribution is used in the analysis of
data concerning floods, extreme sea level and air pollution
problems.

The cumulative distribution function and probability
density function of random variable X, respectively, takes
the form

(2.3

% i
f(x){z T ](1—F(x)).

0 j+Hl 0 . j+1

) _ y £ _'X :Zogjxj,whereo;j:“_|
1-F(X) i ! izo j!

The mathematical form of pdf, as given in (2.3), is very

useful to derive the expression for recurrence relations for
single and product moments of GOS.

3. Generalized Order Statistics

Let {X,,n>1} be a sequence of absolutely continuous,

independent and identically distributed random variables
with cdf F(x)=P(X <x)and pdf f(x). Assume k > 0,

ne{23..}, rﬁ:(ml,mz,...,mn_l)eRn’1 :
n-1

My = > mj, such that , =k+n—r+M,>0 for all
j=r

re{12..n-1}.Then X(r,nmk), r=1,2...n, are
called GOS if their joint pdf is given by
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fX(l,n,rﬁ,k),X(Z,n,m,k), ...,X(n,n,rﬁ,k)( .

where F1(0+) <X <Xy <. <X, < F1(1).

n-1 n-1 _ By choosing appropriate values of parameters, we get
= k( I y; J{ I (1- F(xi))m' f(Xi)] (38.1) the distribution of a few very common statistics as shown
i=1 i=1 in the table given below.
k-1
x(1=F(x)))" ™ f (%),
S.No. Choice of parameters fori=1,2,...,n GOS becomes
1 yp=n—i+l,m=m,=..=m _,=0andk=1 Joint distribution of n order statistics
2 vp=k,m=my=._.=m _,=-1,keN k™" record value
3 7i =(M=-i+Da;, a;>0 Sequential order statistics
4 vi=a—i+l, a>0 Order statistics with non integer sample size
5 7i=p . B>0 Pfeifer’s record values
6 meN, ,keN Progressively type-11 right censored order statistics
The joint pdf of first r, GOS is given by: Also, the joint pdf of X(r,nmk) and
f X(Ln,m,k ), X (2,n,M,k ),..., X(r,n,m,k ) (Xlile---'xr) X ( s, n,m,k ), 1<r<s<nisgivenby
r-1 ' # #
:cr_l[_nl(l—F(xi))’“' f(xi)J (3.2) pX(rnm k) X(snmk) (y gy
i =
s i
k+n—r + M, -1 r 1-F(y)
x(1-F(x,) TTRR(X), =Cs_19 >, & (s)[— (3.7
e o ETR RO
- <X, <. < -
where, F (O+)_ <K<X <. <X <FT(@). ; Nt fw)
We now consider two cases: x> a(n(1-F(x)" :
Case :my=my=..=m,;=m i1 1-F(x) 1-F(y)

Casell: yj =y si#],1,j=1,2,...,n-1

For case I, the GOS will be denoted by X(r, n, m, k).
The pdf of X(r, n, m, k) is given by

fX(r,n|m,k)(x) .
Cr_ . 3.3
= o PV 00 0 (F ). xeR

and the joint pdf of X(r, n, m, k) and X(s, n, m, k), 1 <r <
s<nisgiven by:

fX(r, n,m, k), X(s, n,m,k)(xl y)

B Cs-1
C(r=D!(s-r-1!

g5 (FOO) M (F(9))=hey (FOO)]* "
(A-FyY sy, x<y,

o),

.
where, ¢, =11 Vi i =k+(n-j)(m+1),r=12,..,n,
j=1

Im (X) = iy (x) =y (0), x € (0,1)

and
(1_X)m+1
- -1
hin (X) = m+1 m»=% (3.5)
—log(1-x), m=-1.

For case I, the pdf of X ( r,n,rﬁ,k) is given by
fX(I’,n,m,k)( X)

r . (3.6)
=c,g f(X) D a(N(@-FX)" f(x), xeR.
i-1

S
Where, cg_; = II Yi7j =k+n—j+Mj,s=1, 2,...,N..
j=1

Further it can be proved that

(i) Eali(r)=j(¢1ir1)=l (7’j_7i)71 , 1<i<r<n
(ii) a{(s):j(iifq=r+1 (yj—yi)’l , r+l<i<s<n.

(iii) a;(r) = (rrs1-7) & (r+1)
(V) & =Crarrua

r+1
(v) D a(r+1)=0
i=1
(vi)
r . (1-F())"
D (N (1-F ()" :%g;ﬁ(ﬂx)) (3.9)
i=1 :
(vii)
S ora[1-FmY!
2 o)
=(1‘F(X))7(m+l)(57r71) LFW VS (549)
(s—r-1n! 1-F(x) ’

s—r-1

x(h (F(¥)) =i (F(3)))

The moments of order statistics have generated
considerable interest in the recent years. The expressions
for several recurrence relations and identities satisfied by
single as well as product moments of order statistics have
been obtained by several authors in the past. These
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relations help in reducing the quantum of computations
involved. Joshi (1978, 1982) established recurrence
relations for exponential distribution with unit mean and
were further extended by Balakrishnan and Joshi (1984)
for doubly truncated exponential distribution. For linear-
exponential distribution, Balakrishnan and Malik(1986)
derived the similar type of relations which were extended
to doubly truncated linear exponential distribution by
Mohie EI-Din et al. (1997) and Saran and Pushkarna
(1999). Nain (2010 a, b) obtained recurrence relations for
ordinary order statistics and k™ record values from p"
order exponential and generalized weibull distributions,
respectively.

The recurrence relations for the moments of generalized
order statistics based on non identically distributed
random variables were developed by Kamps (1995 a, b).
Pawlas and Szynal (2001) obtained recurrence relations
for single and product moments of generalized order
statistics from Pareto, generalized Pareto and Burr
distributions. Saran and Pandey (2004, 2009) obtained
recurrence relations for single and product moments of
generalized order statistics from linear-exponential and
Burr distributions. Saran and Nain (2012) obtained
recurrence relations for single and product moments
generalized order statistics from doubly truncated p™ order
exponential distribution. Saran and Nain (2013) also
obtained explicit expressions for single and product
moments of Generalized Order Statistics from a new class
of exponential distribution.

In this paper, we have established recurrence relations
for single and product moments of GOS from Extreme
Value Distribution. This distribution has many
applications in analysis of data concerning floods, extreme
sea levels and air pollution problems.

The results so obtained are generalized versions of
some of the recurrence relations obtained by Kumar
(2010), Saran and Pandey (2004).

Notations
For n = 1, 2, 3, .. 1<r<s<n,k=>1 and
u,ve{ 0,12,..},we denote by

() ,Uy:m, n, k :E(Xu( r,n,m, k))
(ii) ,ur Sm o I(_E(X“(r, n,m k)X'(s n, m, k))
(i) 48,k =E(X (1, 0, m, k)

(V)i ¢k = E(X“( r,n, m k)X'(s,

n, m, k)

4. Recurrence Relations For Single and
Product Moments

Casel: mp=my =...=my_y=m
Theorem 1.

For n = 1, 2, 3, .. 1<r<s<n,k=>1 and
U,VE{ 0,1,2,...}

(a)

0

u
My =ay, -
r:m,n, k r E,ou J+1

u+j+1 u+j+1
|::ur: m, n, k ~Hrg: m, n, kj|(4‘1)

(b)
ﬂlrj,ys:vm, n, k (r's)
—ay i J [ u v+ j+l o ou v+ j+l }(4'2)
S j:ov+j+1 r,s:m,n, k r,s=I'm, n, k
Proof (a%:
The u™ order moment of X(r, n, m, k) is given by
/lg:m n, k
C, (1-Fooyr L . (4.3)
X X X X) Jdx.
(rl),j (0)" (%) g H(FO0)
Substituting f(x) from (2.3) we have
,UP: m, n, k
Cr OO u+j togr-t (4'4)
X (1-Fx))T F(x
1 2 ,£ (%) (F00)dx

Integrating by parts, taking x" * 1 as the part to be
integrated, we obtain

0 .
aj

Cr_1 Z

(r—l)!-:0 u+j+1

u
Hrim,n k =

Tx“*“l{ (L-FOOY™ oh H(FOO)F(0 (4)
B

— (=D (L-F OO " g2 (F00) F(9)

On substituting y,+m=y, _1-1,¢_1=yCr_» and

aj = a1 in (4.5), we shall derive the recurrence relation

as stated in (4.1).
Proof (b). By definition

Hesimon, k = (r—1)! (s—r—1!
u m (4.6)
ox'((1-F f
T (a-Fo)" 100) o
Bxgr H(F(x)J (x:v,r,5,m)
where,
J(x:v,r,s,m)
=y [hm(F(y))—hm(F(x))]s_r_ldy (4.7)

=Cs 1
xx(L-F(y) s f(y)

Substituting f(y) from (2.3) we have:

J(x:v,r,s,m)

v hm(F(y)) -t
Ty (4.8)
12 aij ! Lhm(':(x))} dy.
2l
’ <(L-F(y))'s f(y)

Integrating by parts, taking y' *! as the part to be
integrated, we obtain:
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J(x:v,r,5,m)=Cg _ !
(x:v,r,s,m)=Cs_1 JZ:‘,O Vi e

J' Y {75 |:hm (F(y))-

X

he (FOO)]*™ "

x(1-F(y)) s ()~ (s-r-1)
%[ (F(¥)) = (F00)]° "2
x(1-F(y))s™™ f(y) }dy

After using ys+m=y,_;—-1and C5_1 =y;Cs_p, We
get:

J(x:v,r,s,m)

© aj  [I(x:v+j+Lr,s,m)
:75 z _J { . }.

jTovHi+l|—(s-r-] J(x:v+j+1r,s-1,m)

On substituting J(X : v, r, s, m) so obtained in (4.6), we
shall derive the recurrence relation as stated in (4.2).
Casell: yj#yj;i#j,1,j=1,2,...,n-1
Lemma 1.

(a)
g Y. a(r) 7 (1-F(x)"

i=1

¢r1 8 (N (1-F ()"
G

—Cr_p Y 3 (r-1)(1-F(x))"

i=1

(4.9

(b)

S [1-FyY!
Cs1 Z a (S)y'(l—F(x)j

i=r+1

(4.10)

S ra(1-FO)Y!
Cs— 8 (5)[ J
L2 O R

Vs
~ INES IO
Cs— 2|%1 ajf (s )[1 F(X)J

Proof (a): Differentiating both sides of (3.9), with respect
to X, we get:

> a(r) 7 (1-Fx)Y

i=1

1 @-FeY el (FO0)

=D (r - (1-FX)Y" g2 (F(X)) gh (F(X)
1 [n-Feoy et (Fe)

=D (r-n(1-F)Y" ™™ g2 (F(0)

[+ oh(F09)=(-F()")

1| ARy TR (FR)
=D _(r—(1-F ) g2 (F(x))

7e 2, ai(N(1-F(x)"
i=1
1 r-1 '
1=F(9 = a(r-)(1-F(x)"

i=1

which on using the relation ¢, _; =y, ¢,_, leads to (4.9).

Proof (b): Differentiating both sides of (3.10), with
respect to y, we get:

S e, EFO)T
i:rz+1 e (1-F(x))]
B (1_ = (X))—(m+1)(s—r—1)
(s—r-1)}(1-F(x))’s

75 (1=F()*™ (hy (F(y)) -
x4 —(s—r-1)(1-F(y))*

(P (F ()= (FO0))T ™ 1 (F(9))
B (1_ I:(X))—(m+1)(s—r—1)
(s—r-1}(1-F(x))’s

S—r-1

hin (F(x)))

7s (1= F(Y))Vs—l(hm (F(Y)—hpy, (F(X)))S—r—l
s—r-2
x " (F
5D A-F())eT (—h((éy()x)))J

[+ Wh(Fu)=a-F»)")

Vs (1_ F (X))—(m+1)(s—r—1)
(s—r-D1-F(y))
7s
[iigi] (e (FC) oy (FO0))
) (l— E (X))—(m+1)(s—r—2)
(s—r=2)(1-F(y))
_ 7s-1 i
(EROT (PO (Fe0)
S e[ LEFMY
7Si§r:+1 & (S)(l—F(X)j

=(1—F(y)) s1 1-F(y) 7|
_z & (S—l)[m]

i=r+l1
which on using the relation ¢;_; = 5 ¢5_, leads to (4.10).

Theorem 2.
For n = 1, 2, 3,..,

uve{012..}
(@)

1<r<s<n,k>1 and
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o0

i
a |: u+j+l :“ll'JIrJnJrnlkJ(ll'll)

u
M n k =@ ,
r:m, n, k Vr Z U+l Hemn k —
j=0
(b)
w i u v+ j+1
u,v a r,s: m,n,k
4.12
Hrsimnk = 7s Zov+j+1 U v+ j+1 ( )
1= r,s—=1 m,n,k
Proof (a):

The u™ order moment of X (r,n,m,k ) is given by:

Er; 3 (1) (1- F ()™ £ (x)dx (4.13)

o0
u _ u
Hrdion k =Cro1 J.X
g i=1

Substituting the value of f(x) from (2.3), we have

o0
Cry 2

i=0

u —
Heim,on k =

a; {Jx“” a () (1-F(x) dx} (4.14)
i=1

Integrating by parts, taking x* *! as the part to be
integrated, we obtain:

u
Hr:m, n, k

=Cr_ 12

(4.15)

u+J+1

o0 i r )

[x4 551y @)y (1-F )T (0)

Yij i=1

After using (4.9), we shall derive the recurrence relation

given in (4.11).
Proof (b): We know that

'ursmnk__[ zal(r)l F(X))

(4.16)
f(x) J(x:v,r,s,m)dx
1 F(x)
J(x:v,r,s,Mm)
where L-FOY )
—cs_lj y’ Zl a.()(l_F(x)j “rn®

Substltutlng f(y) from (2.3) we have:

J(x:v,r,s,Mm)

© i 1-F(y)Y', | 417
Z {cs_jy iy .()(1 F()] }

i=r+1

Integrating by parts, taking y' * ! as the part to be
integrated, we obtain:

J(x:v,r,s,Mm)

} 3 B yv+j+l
= i (1 7i-1 d
jZ::0V+j+1 Cs-1;[>< i air(s)wf(y) y
iZri1 (1-F(x)"

yv+j+1 f(y)
0 aj © l_F(y)
_jgov‘i'j"‘l I Coy z ar 7|(1 F(Y))yl Ty
i i=r+1 I (1 F(X))yI

_ < v+ j+1 1-F(y)
_7512 V+j+l [s_-[y Izr:‘rla'()(l F(x)j

_ v+ j+1 o 1=F() & f(y)
52 Jy .;ﬂa' (s )[l_F(XJ L‘F(V) dy}
[ by using (22) ]

i aj l:J(x:v+j+1,r,s,n~1) }

VA L= (x:v+ j+Lrs—1m) |

:7/3
j=0

(4.18)
On substituting the above expression of J (x:v, r,s, m)
in (4.16) we get

u,v
/urs m,n,k

s ) _ i F(X)
X iZ‘a,(r)(l F(x)) =

00 j 0 )
= dx
s 2‘ v+j+1£ J(Xx:v+ j+Lr,s,m)
X
-J(X:v+j+1r,s-1,m)

which on using (4.16), leads to (4.12).

5. Conclusion

In the study presented above, we demonstrate the
recurrence relations for single and product moments of
GOS from Extreme Value Distribution. These results
generalize the corresponding results of Kumar (2010) and
Saran and Pandey (2004).
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