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Abstract The advantage of financial assets and their return rates lie in economic investments which accumulate
wealth daily, monthly, yearly and probably periodically, etc. For that reason, this paper considered the problem of a
system of Stochastic Differential Equations (SDEs) for economic investments whose rate of returns and asset
valuation follow series price index, periodic additive effects and periodic multiplicative effects; which are used as
major parameters in the model. The problems were accurately solved independently by adopting Ito’s theorem
which presented closed-form diverse investment results for proper investment decisions. Finally, we presented
graphical results which represented the behaviour of the economic investments and discussed the effect of the
relevant parameters.
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1. Introduction

Basically, one important factor in the financial market
which an investor does not downplay is an asset, because of
its advantages to the investor. Consequently, the estimation
of an asset is a process of determining the market value of
asset prices. Asset valuation has become so instrumental for
impelling economic variations, distributing economic
resources to subdivisions with time and controlling the
assets of the whole system that produces different returns.
Return on investment for the capital market is an estimate
which correctly examines the profit of an investment.
Return on investment is useful to the investors in the
regulation of gains made out of the expenditure.

On the other hand, looking at this kind of problem, an
analytic method that gives an exact solution for appropriate
mathematical prediction is therefore required. Problems that
are related to asset valuation, proper formulation and exact
solutions are necessary requirements for the estimation of
accurate valuation of results, thus, following the specific
feature of the problem, the analytic solution is utilized.

However, stock market prices have been studied in a
wide manner by many researchers. For instance,[1]
studied the stochastic analysis of the stock market price
model, and considered the stochastic analysis of the
behaviour of stock prices using a proposed log-normal
distribution model. Their results showed that the proposed
model is efficient for the prediction of stock prices. [2]

studied the stochastic analysis of stock market expected
returns for investors. Their results of comparing the
variances of four different stocks indicated that stock 1 is
the best among the stocks of different companies, which is
consistent with the work of [3]. Also, [4] investigated a
stochastic analysis of stock market expected returns and
growth rates. In trying to analyse the unstable nature of
stock market forces stochastic, [5] considered the stability
analysis of a stochastic model for stock market prices and
did an analysis of the unstable nature of stock market
forces by applying a new differential equation model that
can impact the expected returns of investors in stock
exchange market with a stochastic volatility in the
equation. While [6] suggested in their study, some
analytical solutions of stochastic differential equations
with respect to Martingale processes and discovered that
the solutions of some SDEs are related to other stochastic
equations with diffusion part. The second technique is to
change SDE to ODE that is tried to omit the diffusion part
of the stochastic equation by using Martingale processes.
On the other hand, [7] looked at the numerical
techniques of solving stochastic differential equations like
the Euler- Maruyama and Milstein methods based on the
truncated Ito-Taylor expansion by solving a non-linear
stochastic  differential equation and approximated
numerical solution using Monte Carlo simulation for each
scheme. Their results showed that if the discretization
value N is increasing, the Euler-Maruyama and Milstein
techniques were close to exact solution. [8] worked on the
stability of both analytical and numerical solutions for
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non-linear stochastic delay differential equations with
jumps and they observed that the compensated stochastic
methods inherit the stability property of the correct
solution. [9] studied the solution of differential equations
and stochastic differential equations of time-varying
investment returns and obtained precise conditions
governing asset price returns rate via multiplicative and
multiplicative inverse trend series. The proposed model
showed an efficient and reliable multiplicative inverse
trend series than the multiplicative trend in both
deterministic and stochastic systems. [10] studied a
stochastic model of the fluctuations of stock market price
and obtained precise conditions for determining the
equilibrium price. The model constrains the drift parameters
of the price process in a manner that is adequately
characterized by the volatility. [11] examined the stability
behaviours of stochastic differential equations (SDES)
driven by time-changed Brownian motions. A connection
between the stability of the solution to the time-changed
stochastic differential equations and their corresponding
non-time-changed stochastic differential equations was
shown using the duality theorem. [12] studied stochastic
methods in the practical delineation of financial models and
suggested the Euler-Maruyama method as the stochastic
differential equation expression as potentially useful for
delineation of asset stock price and volatility.

This paper examines a system of stochastic differential
equations for economic investments whose rate of returns
during periodic events are assumed to follow: series price
index, additive effects and multiplicative effects; all
having quadratic functions over time. These investment
equations were solved independently by adopting Ito’s

theorem which presented a closed-form analytical solution.

2. Purpose of This Paper

The aim of this paper is to adopt an analytical solution
to investment equations. This type of analysis is important
because it presents an opportunity for the regular
assessment of asset value. It helps investors to make
informed decisions about buying, selling or holding unto
their investments. More so, periodic valuations help
investors identify potential risks and steps to be taken to
mitigate them. This paper extends the works of [13] and
[14] by incorporating series price index parameter in SDE
domain and investments during periodic events which was
not considered by the previous efforts.

This paper is prescribed as follows: Section 2 presents
the mathematical preliminaries, the method of solution is
seen in Subsection 2.2, Results and discussion are seen in
Section 3 and the paper is concluded in Section 4.

3. Mathematical Preliminaries

At this juncture, we present a few basic definitions as
touching this dynamic area of study, hence we have as
follows:

Definition 1: Probability space: This is a triple (Q,F,0)

where ¢ represents a set of sample space, F represents a
collection of subsets of o, while ., is the probability

measure defined on each event A < . The collection
isa o -algebra or ¢ -field such as @ < and F is closed
under the arbitrary unions and finite intersections. Hence
it is called probability measure when the following
condition holds.

6) P(A)>0 forall AcQ (1)
(i) P(Q)=1 (2)
Gii) MBS AnB=4then P(AUB)=P(A)+P(B) (g

Definition 2: A ¢ -algebra is a set F of subsets of O
with the following axioms:

@ P Qe (4)
(1) If AeF,then A°eF (5)

(i) If A, A,,.. eF, then CJ/&ﬁ&eF ©

Clearly a°:— - A is the complement of A.

Definition 3: A random variable X is said to be a
function if X : QQ — 2 that is[F -measurable if for all

BeB(2),

-1
f (B)EF -

Theoreml.(O'—algebI‘a) :there exists a o — algebra
suchthat o(X ) :={X*(B): B e B(R)}.

Proof: We want to show that the o — algebra
generated by X .

Now, we have that @ = X (@) , So there exists

B € B(R) such that Xfl(BK ) = K. We note that:
c _ -1 ¢ _ -1 c

K®=(X"(B,)) =X(Bg)ea(X). ®

Let us assume K,,K,,..,€ o(X) . Now, there

exists:
B,,B,,....e B(R) such that X *(B,) =K
We find that

K =UL[X7(8)]= X7 (ULB ) e o). )

' (9)

Therefore o(X) is o — algebra generated by X

having satisfied the axioms.
Definition 4: A stochastic processy (y) is a relation of

random variables{xt(y),t eT,yeQ}, i.e, foreach t in
the index set T, X (t) is a random variable. Now we

understand t as time and call X(t) the state of the

procedure at timet. In view of the fact that a stochastic
process is a relation of random variables, its requirement
is similar to that for random vectors.

Definition 5. Random Walk: There are different
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methods to which we can state a stochastic process. Then
relating the process in terms of movement of a particle
which moves in discrete steps with probabilities from a

point X=2a to a point X=D0. A random walk is a
stochastic sequence {S n} with S 0= 0, defined by

S, zzn:Xk
k-1

where X, are independent and identically distributed

random variables
Definition 6: A standard Brownian motion is simply a

(11

stochastic process { Bt }ter with the following properties:

i). With probability 1, B, =0.

ii). For all 0<t <t,<---<t , the increments
Bi,-By, B By By By =By are
mdependent.

iii). Fort>s>0, B —B, ~N(0,t-s).

iv). With probability 1,
continuous.

Theorem 1.2: (Ito’s formula) Let (Q,ﬂ,,u, F(,B)) be
z{X,t 20} be an
adaptive  stochastic process on (Q,ﬂ,,u, F(,B))

the function — B, is

a filtered probability space X

possessing a quadratic variation(X) with SDE defined
as:

dX (t)=g(t, X (t))dt+ f (t, X (t))dW (t)
teR andfor u= u(t,X (t)eC1X2 (HXR))
Details of the above can be seen in [15,16,17].

3.1. Mathematical Formulation of the
Problem

Though, the price evolution of a risky assets are
usually modelled as the trajectory of a risky assets that
are usually of a diffusion process defined on some
underlying probability space, with the geometric
Brownian motion the paramount tool used as the
established reference model, [10].Therefore, we assume
economic investment whose rate of return grows in the
form as follows: series index price function, periodic
additive effect series and multiplicative effect series
respectively at time t. Hence the rate of return is defined
following the method of [9] and [14]:

o 2
R =Cos(4,+4,) (12)

Where t =1,2,...,N
R, :=Sin(44,)° 13

Where t=1,2,...,N

Thus, the stochastic process describing the process is of
the form:

dS(t) = Adt + SdZ @ (t) (14)

where A is an expected rate of returns on stock, S is the
volatility of the stock, dt is the relative change in the price

during the period of time and Z® is a Wiener process.
Using (12)-(14) gives the following mathematical
structure:

ds, (0 =a,S,Odt+0S,MdZ0 -

dS, (t) = Cos(a, +a, )’ S, ()dt + oS, (1)dZ ()

(16)
dS,(t) = Sin(aa,)’S, (t)dt + oS, () dZ (1) )

where S, (t),S,(t)and S,(t) are underlying stocks with
the following initial conditions;

S,(0)=S,(w),t>0 (18)
S,(0)=5,(8),t>0 (19)
S,(0)=S,(¢),t>0 (20)

2 4 6 8
Where, :[ﬁJ +(§J +(Ej +(Ej +ey
rt rt rt rt
[13], is the drift which is the expected rate of returns and
o the volatility of the stock, dz(t) is a Brownian

motion or Wiener’s process, S (t) be the price of some

risky asset at time tand dt as a relative change during the
trading days

3.2. Method of Solution

The models (15)-(17) are made up of a system of
variable coefficient stochastic differential equations whose
solutions are not trivial. We implement the methods of
Ito’s lemma in solving for S, (t),S,(t)and S,(t) . To

grab this problem, we note that we can forecast the future
worth of the asset with sureness. The expression dZ
which contains the randomness that is certainly a
characteristic of asset prices is called a Wiener process or
Brownian motion.

dZ? > dtasdt—0

(21)

So, the smaller dt becomes, the more certainly dz?
is equal to dt. Suppose that f (S,) is a smooth function

of S, and forget for the moment that S, is stochastic.

If we vary S, by a small amount, dS_ then clearly f

also is varied by a small amount provided we are not
close to singularities of f . Applying Taylor series

expansion, we can write
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d*f
ds?

df = idS + 1
ds 2
3.2.1. Series Price Index

From (15) and squaring both sides
dS? = (oSdx + uSdt )’

(22)

ds? +...

= 0°S2dx’ + 20uS*dtdx + x4 2S2dt?

But
dx = o(ﬁ)
dS? = o2S2dx® +...
Since

dx? - dt, dS? - o2S%dt
Substituting (22) and retain only those terms which are

at least as large as O(dt)using the definition of AS
from (15), we find that

df 1, d2f
df =9 (oSdx+ usdt )+ 202529 gt
gg (oS pSat )2 0"8%

2
:asidx+ ,uSi+EO'ZS2d z dt
ds as 2 ds (23)

Thus, generalizing from (15) and considering a function
f (S, (t),t), of the random variable S, and of time,t

There are two independent variables S, and, T, hence it
has to do with partial derivatives. Expansion of

f(Sw(t),dSw(t),t-l-dt) in a Taylor series about
(Sw(t),t) gives

__ s @)+ Tt
as, (t) ot

2
l#ds{i(t)f..
235 7(t)

df
(24)
Substituting (15) in (21) gives;

_of
- as,(t)
1 0°f

+Emdsw (t)dS? (1)

df

{asm ()dZ () +a,S, (t)dt |

of

dt =08,

dz ()

o° f
as,’(t)

Now considering the SDE in (15) and letting

+ [awsw t) o, iazsj, (t)

%02 ds? (t)jdt

f(S,(t)=1InS,(t) the partial derivatives becomes

of 1 o f 1 o

5,00 5,0 %0 SO g

Following Theorem 1.2 (Ito’s), substituting in (25) and
simplifying gives;

df :{am i&}dtwdz
2 (26)

Since the RHS of (26) s independent of

f (Sw (t)) ,the stochastic is computed as follows:
t 1 t
f(S, )= f0+jo{aw—502}dt+joadz (t)
1.
= f, +{aw —5° }t +odZ (1),

Since f(S“’(t))zlnS“’(t)’ a found solution for

@ (t) becomes

IS, (t)=Ins, (t)+{aw —%az}tJrO'dZ (t),
s, (t)-Ins, (t)={aw —%az}tJradZ (1)
|n£20((:))] ={aw —%az}tJradZ (t)

S, (t)=S,(t)exp {(aw —%szt +o0dzZ (t)} .

(ksjz (ksj4 (ksj6 (ks]8
where, o, =|— | +| — | +|— | +| — | +....,
rt rt rt rt

This is the complete solution of investment equation
whose rate of returns and asset price valuation follows
series price index.

3.2.2. Periodic Additive Effects

From (16), Thus, generalizing and considering a
function (S, (t),t) , of the random variable S, and of
time,t There are two independent variables S, and, 1
hence it has to do with partial derivatives. Expansion of
f (Sg (t),ds, (t),t+dt) in a Taylor series about

(So (t),t) gives

df =—0 g5 )+
s

2
+%6Sa zft dS?(t) +...
0 © (28)

Substituting (16) in (28) gives;
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of
" a5, (t)
L1 o
25 o ()

of
as (t)

[%5 (t)aS 0 2° SHO e

{0S,(t)dZ (t) +,S, (t)dt }
———dS2(t)dS2(t)

df =

as (t) ds? (t)]dt

Now considering the SDE in (16);
Let f(S,(t))=InS,(t) ,the partial derivatives becomes

of 1 &Pf 1 o
3S,(t) S,(t)" 6SZ(t)  Si(t) ot

(29

following Theorem 1.1(Ito’s), substituting in (29) and
simplifying gives

df = {Cos(oz1 ta,) —%Gz}dt +odZ
(30)

Since the RHS of (29) is independent of

f (Sg(t)) ,the stochastic is computed as follows:
f (Se (t)) -

t > 1 t
+IO{Cos(al+a2) —Eaz}dt+foadz (t)
_ fO+{Cos(al+a2)2—%0'2}t+adz (t),

Since f(Sg(t)):mSg(t) a found solution for

0 (t) becomes;

InS,(t)=InS, (t)+{Cos(a1 +a,) —%02}t+0'd2 (1),

IS, (t)-InS, (t) ={Cos(al+a2)2 —%JZ}tmdz (t)

In(z‘:—gg] = {Cos(al +a,) -=

S,(t) =S, (t)exp {(Cos(ox1 +a,)? —%o-zjt +odZ (t)}

02}t+adZ (t)

(31

This is the complete solution of investment equation
whose rate of returns and asset price valuation follows
periodic additive series with quadratic function.

3.2.3. Periodic Multiplicative Effects

From (17), Thus, generalizing and considering a

function f (S¢(t),t) , of the random variable S, and of

time, T There are two independent variables S¢ and 1
hence it has to do with partial derivatives. Expansion of
f (S¢(t),dS¢(t),t+dt) in a Taylor series about

(S¢(t),t) gives;

of 1 2f .,
df =— (t)dS )+ 2st¢m+ "

Substituting (17) in (32) gives;
of
df = s (){as ()dZ (t) + e, S, (t)dt }
1 o° f 2
2 3, (1) ————dS? (t) ds (t)

df =S, () —— as ( ) dz(t)

1 2 2

+(a S,()—= GS (t) 2

Si 07 as (t) ds; (t)]

Now considering the SDE in (16)

Let f(S,(t))=1InS,(t) ,the partial derivatives becomes

of 1 o 1 of
3S,(t) S,(t) aSi(t)  S;(t) ot

(33)

following theorem 1.2 (lto’s), substituting (33) and

simplifying gives;

df = {Sin(alaz ) - o-z}dt +odZ

(34)

Since the RHS of (33) is independent of f (S¢(t)) :
the stochastic is computed as follows:

£(S, ()=, +j0‘{3in(ala2)2 —%az}dt+ﬁadz (t)
_ f0+{8in(ala2)z—%az}t+adz (1),

since f(S,(t))=InS,(t) a found solution for
S, (t) becomes;

IS, (t)=Ins, (t)+{Sin(a1a2 y —%GZ}HO—dz (t),
InS,(t)-InS,(t)= {Sin(alozz)2 —%az}t+0d2 (1),

|n[2:—8j . {Sin(alaz)z —%o-z}tﬂydz (t)

5,(0)=5, (t)exp{(Sin(alaz)z -%ajtmdz (t)}

(35)
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This is the complete solution of investment equation
whose rate of returns and asset price valuation is periodic
multiplicative effects series with a quadratic function.

4. Results

This section presents the graphical results for the
problems in (15) - (17) whose solutions are in (27), (31)
and (35). Hence, the following parameter values were
used in the simulation study:

§,0=128.91,0=0.03,dZ =1.00,t=1,2,...,

Sty

4000 - \ .
\ ' r=10

10,r=2,4,6,8,10,k =2,5,0=128.91,5,0=128.91,
k=2,8=2,0=0.03,5; ,=128.91,dz=1
8000 - | l‘ I'.
| l‘ H = =2
6000 gl
1 ‘l — — r=b
| 1
|

|

|

|

| kY

| ‘.‘ - — =8
|

|

|

2000F ||

Figure 1. The index price function on the value of asset price over time,
{ with variations of interest rates

0=0.03,5;4=128.91,dz=1

20000 -

ay+az=15 /
------ aq+az=30 I
18000~ gy+ap=45 /
% — —  aq+ay=60 !
o
10000 - a+ay=90 /

5000 -

Figure 2. The value of asset price profiles, against time (t) with
variations of additive periodic effect parameter (0{1 +a,

0=0.03,5;5=128.91,dz=1

100000 4 T

ajaz=15 ' /
80000 - — - - gya=30 i 7
— — maz=45 i J J
i — — @yay=60 1] ¥ /

L)

aqap=90 ’ !

Figure 3. The value of asset price profiles with variations of
multiplicative periodic parameter | &; &, )

As a guide in describing the plots, investment in this
work is represented by S (t),Sg (t),S¢ (t) for series

price index, periodic additive series, and periodic
multiplicative series respectively. Time, t, ranges from

zero to 10. So, investment is plotted against time.
The asset value is influenced by interest rate, ,,,
Su(t) ’ 4

as shown in Figure 1. It shows that lm S, (t) =0 that is,

the higher the interest rate, the faster the convergence of
to zero at the shortest time limit. In other words,
S, (1)

an investor stands to benefit if the interest is low.
The plot of the additive periodic effect model is shown

in Figure 2. It shows that asset price Sg (t) obeys the

exponential growth law when ¢, +a, =60 and 15.
The investment when

a,+0a,=60 at time approximately 4.75, while the

reaches optimum  fastest

optimum is achieved at t = 8.5 when o, + @, =15. 1t
however has a linear function with zero growth rate when
a, +a, =30.

In Figure 3, the investment S¢ (t) has a linear growth

function with zero rate of growth  when
a,, =60 and oy, =15, the growth rate becomes

slightly above zero. The model displays the characteristic
of an  exponential growth  function  when

a,a, =30,90 and 45 with a,e, =30 being the fastest.

The investment reaches its optimal value in
the shortest time when gq,=30, followed by

a,a, =90 and then oy, =45. In  general, S, (t)

depends on the values of a,c,.

5. Conclusion

The analysis of asset value and its return rates for
economic investments have been readily established by
means of series price index, periodic additive effects and
periodic multiplicative effects, which was accurately
solved for proper investment for future plans. From the
closed form analytical solution of the investment
equations, we presented diverse results for proper
investments decision making. More so, graphical results
which represent the behaviour of the economic
investments and discussions of the relevant parameters
were achieved. Nevertheless, the implications of this
paper is to aid the tracking of asset values over time, such
that investors could now see their investment
performances and make adjustment as required. Also,
regular asset valuation can investors to plan properly for
taxes and optimize their returns.

Finally, in the next study we shall be looking at the
controllability studies of these investment equations its
further implications in financial markets.
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