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Abstract In this paper, we obtain a unique common fixed point theorem for pair of self-mappings of
OWC(Occasionally Weakly Compatible) pair of mappings in C-MS(Cone -Metric Space) and also given the
example for supporting this result. Our result is a generalization and improvement of the some results they are

present in this references.
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1. Introduction

Before 1968 fixed point theorems are used the Banach
contraction principle, but in 1968, Kannan [9] proved a
fixed point theorem for self- mapping satisfying the
contractive condition which did not required the
continuity condition at each point. Later on many
mathematicians studied in this fixed point theory and
established fixed point theorems. In 1997 Huang and
Zhang [7] proved fixed point results in cone metric space
they replaced the real numbers by an ordered Banach
space. Later on many authors (for e.g., see, 1-4, 6, 8, &10-
13) were proved in many ways of fixed point results and
they extended, generalized and improved the results in
different ways. In the like manner, Bhatt and Chandra [5]
proved some fixed point theorems in C-MS using the
OWC. In this paper, we obtained a unique common fixed
point theorem for pair of OWC-mappings in C-MS and
also given one example for supporting of the results.

2. Preliminaries

We need some of useful Definitions and Lemma’s for
our main results, they are in [7].

Definition 2.1. Let a real Banach space S. And subset
Q of Siis called a cone iff

(d1) Q is non —empty and closed and Q # {0};

(d2)au+pveQ, for,a, peR, a,f>0,u,veQ;

(d3) Q N (-Q) = {0}

A cone Q c S, and define a partial ordering ‘< * w. r. to
Qbya<piff f—aeQ.AconeQ issaid to be a normal if
there exists a number L > 0 such that for all a, B € S,

“0 < a<pimplies that ||| < L ||B||”.

Then the least + ve number satisfying the above
inequality is said to be a normal constant of Q, while
a<< [ stands for B — a € interior of Q.

Definition 2.2. Suppose that “X” be a nonempty set of
“S”. And let the map p: X x X — S satisfying

(1).0<p(x,y) forallx,y e X and
p(x,y)=0iffx=y;
(ii). p(x, ¥) = p(y, x) for all x, y € X;
(iii). p (X, V)< p(X, 2) +p (z,y), forall x,y, ze X.
Then p said to be a cone metric on “X” and (X, p) is
said to be a cone metric space.

Definition 2.3. Let (X, p) be a cone metric space.

(i) If {x,} is said to be a convergent sequence if for any
b>>0, there exists a natural number N such that
p (Xn, X) << b, for all n > N and for some fixed
x in X. We denote this X, — X, as n—oo.

(ii) If {x,} is said to be a Cauchy sequence if for every b
in S with b>>0, there exists a natural number N such
that p(Xn Xm) << b, for all n, m > N.

Definition 2.4. A cone metric space (X, p) is said to be
complete if every Cauchy sequence is convergent in it.

Definition 2.5 [8]. Let A and B be self-mappings of a
set X. If u = Ax = Bx for some x in X, then x is said to be
a coincidence point of A and B, and u is called a point of
coincidence of A and B.

Proposition 2.1. Let A and B be OWC-mappings of a
set X iff there is a point x in X which is coincidence point
of A and B at which A and B are commute.

Lemma 2.1. Let X be a set, A, B are OWC-mappings of
X. If A and B have a unique point of coincidence u = Ax =
Bx, then u is the unique common fixed point of A and B.
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3. Main Results

Now we are proving our main result theorem.
Note: Suppose that ®: R* — R" is a function satisfying
the condition ®(t) <t, for each t > 0.

Theorem3.1. Let (X, p) be a C-MS and “S” be a
normal cone. And suppose p and q are two self- mappings
of X and satisfying the following conditions”

() o (px, py) < @(max{ p (9x, ay), p (aX, py)

+ p(ay. px) /2, p(ay, py)}),
forall x,y € X.

(ii) p and g are OWC.

Then, p and g are having a unique common fixed point
in X.

Proof. By the condition (ii) p and g are OWC, then
there exists a point o € X such that pa = qa, pqa = gpa.

Claim: “pa is a unique common fixed point of p and g.
Now we assert that “pa” is a fixed point of p. For if

ppa # po, then form (i) we get that

P (po,ppa) < ®(max{ p (qa, gpa), P (qa, ppo)

+ p(gpa, pa) /2, p (qpa, ppa)})
< ®(max{ p(po, pqa), P (pa, ppo)
+ p (pqo, pa) /2, p (pqa, ppa)})
< ®(max{ p (pa, ppa), p (pa, ppo)
+ p (ppa, pa) / 2, p (ppa, ppa)})
< ®(max{ p (pa, ppa), 2 p (pa, ppa) /2, 0})
< ®O(max{ p (pa, ppa), p (pa, ppa) })
< p(pa, ppa), which is a contradiction.

Hence ppa = pa and ppa = pqo = gpa = pa. Thus pa is
a common fixed point of p and g.

Uniqueness: Suppose that o, € X such that pa = qo = a
and pp = qp = p and a # B, then by (i) we get that

P (0, B) = p(pa, pp )

< ®O(max{ p (qa, qf), p (qa. pp) +
P (B, pa) /2, p(qB. pP)})
< ®(max{ p (o, B), p (o B) +
pPB.a)/2, p (BB}
< O(max{ p (o, ), 2 p (o, B)/2,0)})
< ®(max{ p (o, B), p (o B) }) <p (o p),
which is a contradiction.

Therefore a = . Therefore p and q having a unique
common fixe point. Hence proved.

Example 3.2. Let B=R?% S = {( a, p)eB/ o, p=>0IR?}

and define p: Rx R — B by

pa, By=(la=PBA|a=PB]|) where A > Ois a
constant.

1+ 6«
7 L
a € X. And clearly (X, p) isa C- MS, p and g are OWC
and p, q satisfy the condition (i) and also 1 is the unique
common fixed point of p and q.

Define p, g: X — X by, p(a)) = % and q(a) =

4. Conclusion

In this research article we obtained some results, these
results are more general and improved than the results of [5].

ACKNOWLEDGEMENTS

The author is grateful to the reviewers to review this
research article and also given great suggestions for
improvement this research article.

References

[1] M. Abbas and G. Jungck, Common fixed point results for non
commuting mappings without continuity in cone metric spaces, J.
Math. Anal. Appl. 341(2008) 416-420.

[2] M. Abbas, B. E. Rhoades, Fixed and periodic point results in cone
metric spaces, Appl. Math. Lett. 21(2008)511-515.

[3] 1. Altun, B. Damnjanovic, D. Djoric, Fixed point and common
fixed point theorems on ordered cone metric spaces, Appl. Math.
Lett. (2009)doi:10.1016/j.amI.2009.09.016.

[4] 1. Altun, B. Durmaz, Some fixed point theorems on ordered cone
metric spaces, Rend. Circ. Mat. Palermo 58(2009) 319-325.

[5] Arvind Bhatt and Harish Chandra, Occasionally weakly
compatible mappings in cone metric space, Applied Mathematical
Sciences, Vol. 6, 2012, no. 55, 2711 - 2717.

[6] Guangxing Song, Xiaoyan Sun, Yian Zhao, Guotao Wang, New
common fixed point theorems for maps on cone metric spaces,
Appl. Math. Lett. 32(2010)1033-1037.

[7] L.G. Huang, X. Zhang, Cone metric spaces and fixed point
theorems of contractive mappings J. Math. Anal. Appl.
332(2)(2007) 1468- 1476.

[8] G.Jungck and B.E. Rhoades, Fixed point theorems for
occasionally weakly compatible Mappings, Fixed Point Theory,
7(2006), 286-296.

[9] R. Kannan, Some results on fixed points, Bull.Calcutta Math.Soc.
vol. 60, (1968) pp. 251-258.

[10] M.Kur, Sayed K. Elagan, O.Ozer, 2019, Fixed point theorem for
contraction of Almost Jaggi type contractive mappings, Journal of
Applied & Pure Mathematics, 1(2019), No. 5 - 6, pp. 329 — 339.

[11] K. Prudhvi, A Study on Fixed Point Results for OWC Self-Maps
on C-Metric Space, Asian Research  Journal of
Mathematics,18(9),(2022),54-57.

[12] K. Prudhvi, A Unique Common Fixed Point Theorem for a Metric
Space with the Property (E.A), American Journal of Applied
Mathematics and Statistics, Vol.11., No.1, (2023), 11-12.

[13] K. Prudhvi, Generalized Fixed Points for Four Self - Mappings
with the property OWC in CMS, Asian Research Journal of
Mathematics, Vol.9, Issue. 5.,(2023), 37- 40.

@ @ © The Author(s) 2023. This article is an open access article distributed under the terms and conditions of the Creative Commons
— Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).



