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Abstract  In this article a new control chart to monitor the compound fraction defectives is developed. The 
variability in the sample sizes and fraction defectives in the process are jointly monitored by using a single chart. 
The newly developed chart has good advantages over other charts by maintaining a single chart for two variable 
characteristics. This chart can monitor and control the fraction defectives in a process and at the same time will 
control the variability in the sample sizes. The ARL values are determined which is compared with other charts. It 
was found that the ARL of the proposed control chart better performed than the other control charts. 

Keywords: Process Control, control limits, control charts, compound defectives 

Cite This Article: DevaArul S, and Arunthadhi N, “Design of Process Control Charts to Monitor Compound 
Fraction Defectives with Variable Sample Sizes.” American Journal of Applied Mathematics and Statistics, vol. 
11, no. 3 (2023): 83-88. doi: 10.12691/ajams-11-3-1. 

1. Introduction 

Statistical Process Control (SPC) is a powerful quality 
control technique used to monitor and control processes in 
various industries, ensuring they consistently meet 
predetermined quality standards. SPC tools and techniques 
are employed to monitor and examine the activities of 
quality control processes in industries. A Control chart is 
one of the primary tools for controlling product quality 
and improving the production process. The primary 
objective of process control is to distinguish between 
common cause variation and special cause variation 
within a process. Dr. Walter A. Shewhart developed the 
Process Control Chart in 1920. These control charts are 
graphical representations of process data over time, with a 
center line representing the process average and upper and 
lower control limits indicating the acceptable range of 
variations. Process data points are plotted on the control 
chart, and their distribution helps identify trends, shifts, or 
abnormal patterns in the production process. 

Various types of attribute control charts are available 
for different applications, such as the c chart, np chart, p 
chart, q chart, and u chart, as found in the literature. 
Shewhart control charts are used to monitor shifts in the 
mean or variance of a single quality characteristic. In 
modern industries, it is necessary to monitor the fraction 
of defectives in the process while controlling variable 
sample sizes. However, there are no control charts 
available in the literature to monitor compound fraction 
defectives. Therefore, this paper proposes a new control 
chart based on the Compound Binomial Distribution to 
monitor both fraction defectives and sample sizes known 

to be compound fraction defectives. The compound 
fraction defectives chart is useful for monitoring process 
parameters, as it can control both the fraction of defectives 
and the variability of sample size in a single chart. This 
may provide an added advantage for both producers and 
consumers. The Average Run Length (ARL) is derived for 
this new chart. Illustration and comparison are given. The 
parameters, control charts and control limits are derived 
and provided.  

The article is structured as follows: Section 2 provides a 
comprehensive review of the relevant literature on control 
charts. In section 3, the proposed methodology of the 
research is given. The findings are outlined in Section 4, 
which includes tables and graphs displaying the derived 
control limits and control charts and also ARL with 
illustration. Section 5 contains the derivation of ARL and 
a comparison of the proposed control chart with other 
charts. Section 6 gives the conclusion of the present 
research work. 

2. Review of Literature 

Shewhart [1] introduced the concept of a control chart 
to monitor the quality of processes in the industry. [2] 
Page introduced a CUSUM chart an alternative to X� and R 
chart which monitors the process mean in small shifts. 
S.W. Roberts introduced the control chart based on 
geometric moving averages to monitor the process mean 
of a normal distribution. This chart is more sensitive for 
detecting small shifts [3].  

Edna and Roger [4] developed a Simultaneous control 
chart that controls the process level and variability and 
also supplies information about the process distribution 
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and specifications in a single control chart. Kaminsky et al 
[5] proposed a control chart based on geometric 
distribution. Chao and Cheng [6] developed a semicircle 
control chart to plot a single plotting character to indicate 
the mean and standard deviation by plotting two 
parameters on each other. [7] Spring and Cheng designed 
a single control chart for multivariate processes which 
shows both process mean and standard deviation on the 
same chart. α-cuts fuzzy X� – R and X� - S control charts are 
developed by Senturk and Erginel [8] together with the α-
cuts fuzzy midrange techniques.  
Chan, Xie & Goh [9] proposed a Cumulative Quantity 
Control (CQC) chart to monitor the high-yield process. 
[10] Muhammad et al developed an attribute control chart 
based on Weibull distribution using accelerated hybrid 
censoring to show that this chart is better than the 
Shewhart np chart. Based on attribute inspection Roberto 
et al developed a new control chart to evaluate the stability 
of the process means [11]. Shafqat et al proposed a control 
chart based on the time –truncated life test [12]. Linda et 
al [13] said that depending on the data set it is essential to 
fit the distribution and then develop the control chart. Bhai 

and Choi designed a new method for constructing X
−

 and 
R charts based on the WV method [14]. Devaarul and 
Arunthadhi [15] designed a Truncated Poisson 
Exponentially Weighted Moving Average (TPEWMA) 
control chart for an un-stabilized production process. 

3. Methodology 

3.1. Compound Binomial Distribution 
The probability density function of the binomial 

distribution is 

P(X=r) = r n rn
p q

r
− 

 
 

; r= 0,1,2……...n (1) 

But in industries n is considered as a random variable. 
Let n follow the Poisson distribution. 

P(n=k) = 
λ ke λ
k!

−
; k = 0,1,2,3……  (2) 

The joint probability of X and n is given by, i.e. the 
joint probability of equations (1) and (2) is 

 
P(X=r) ∩ P(n=k) = P(n=k)P(X=r ǀ  n=k) 

P(X=r) ∩ P(n=k) = 
λ k

r k rke λ p q
rk!

−
− 

 
 

 

Here, X is said to be a compound binomial distribution. 
Since P(X=r ǀ n=k) is the probability of r successes in k 
trials. Such that r k k r.≤ ⇒ ≥  

 P(X=r) = 
k
r

k k r
λ r λ qe p

k r k!

∞ − −
 
 =∑  (3) 

On solving the above equation we get, 

P(X=r) = 
( )rλpe λp
r!

−
 (4) 

Hence, the above equation is the probability density 
function of Compound Binomial distribution. 

3.2. Moment Generating Function of 
Compound Binomial Distribution 

XM (t) = E( tXe ) 

XM (t)= 
tλp(e 1)e −  (5) 

Equation (5) shows the moment generating function of 
compound binomial distribution. 

Now differentiate MX(t) with respect to ‘t’ 

( )XdM t
dt

 = 
tλp(e 1)d e

dt
− 

 
 

 

( )XdM t
dt

  = λp
tλp(e 1) te − +  

Putting t = 0, we get 

( )X

t 0

dM t
dt =

 = λp 

Similarly, we get 

( )2
X
2

t 0

d M t

dt =

= ( 2λp) +  λp 

( )3
X
3

t 0

d M t

dt =

 = ( 3λp) + 3( 2λp) +  λp 

( )4
X
4

t 0

d M t

dt =

 = ( 4λp) + 6( 3λp) +

7( 2λp) +  λp 

3.3. Characteristic Function of Compound 
Binomial Distribution 

Xφ (t) = E( itXe ) 
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Xφ (t) = 
itλp(e 1)e −    (6)  

Equation (6) shows the characteristic function of the 
compound binomial distribution. 

3.4. Moments of Compound Binomial 
Distribution 

Hence the moments of the compound binomial 
distribution are, 

΄
1μ  pλ=  

΄ 2
2μ λp( )= pλ+  

΄
3μ  = ( 3λp) + 3( 2λp) +  λp 

΄
4μ  = ( 4λp) + 6( 3λp) + 7( 2λp) +  λp 

3.5. Central Moments of Compound Binomial 
Distribution: 

2μ λp=  

3μ  = λp  

4μ  = 3( 2λp) +  λp 

Hence, 
Mean = λp   (7) 

Variance = λp   (8) 

3.6. Theorem 1 
The UCL (Upper Control Limit) for Compound fraction 

defective is  + 3 . 
Proof 
Let X be the random variable that follows Binomial 

distribution. Then the probability density function is 

P(X=r) = r n rn
p q

r
− 

 
 

  

Then the mean and variance of the Binomial 
distribution is  

E(X= r) = np and V(X= r) = npq 
Now, n is the random variable that follows the Poisson 

distribution. Hence, the probability density function is 

P(n=k) = 
λ ke λ
k!

−
 

Then the mean and variance of the Poisson distribution 
is  

E(n= k) = λ and V(n=k) = λ 
Then the probability density function of compound 

binomial distribution is derived from Binomial and 
Poisson distribution is 

P(X=r) = 
( )rλpe λp
r!

−
 

λ is the average of the Poisson which is equal to np in 
Compound Binomial distribution.  

Then from (7) and (8) we get 

Mean = λp =  n 2p  

Variance = λp = n 2p  
Then, UCL = E(X) + 3 S.E(X) 

E(X) =   

S.E(X) =  

Therefore, UCL is  + 3 .  

3.7. Theorem 2 
The LCL (Lower Control Limit) for Compound fraction 

defective is  − 3  . 
Proof 

Let X be the random variable that follows the Binomial 
distribution. Then the probability density function is  

P(X=r) = r n rn
p q

r
− 

 
 

  

Then the mean and variance of the Binomial 
distribution is  

E(X= r) = np and V(X= r) = npq 
Now, n is the random variable that follows the Poisson 

distribution. Hence, the probability density function is 

P(n=k) = 
λ ke λ
k!

−
 

Then the mean and variance of Poisson distribution is  
E(n= k) = λ and V(n=k) = λ 
Then the probability density function of compound 

binomial distribution is derived from Binomial and 
Poisson distribution is 

P(X=r) =  
( )rλpe λp
r!

−
 

λ  is the average of the Poisson which is approximately 
equal to np in Compound Binomial distribution. Then 
from (7) and (8) we get 
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Mean = λp =  n 2p  

Variance = λp = n 2p  
Then, LCL = E(X) - 3 S.E(X) 

E(X) =  

S.E(X) =   

Therefore, LCL is np2����� − 3 . 

3.8. Control Limits 
The Control limits for Compound Fraction Defectives 

are as follows, 

CL =  

UCL =  + 3  

LCL =  − 3  

4. Illustration 

To monitor the quality of the process, 20 subgroups are 
taken. The number of defects and sample size are given 
below. 

4.1. Control Chart 
The control chart for the above data in Table 1 has been 

constructed using the Matlab program. Hence, the centre 
line, upper control limit and lower control limit for the 
data are as follows, CL = 0.42, UCL = 2.39, LCL = 0 

Table 1. Number of defects observed in each subgroup 

No. of defects 
(d) 

Sample size 
(n) 

No. of defects 
(d) 

Sample size 
(n) 

2 100 7 115 
8 120 2 120 

15 150 4 90 
5 80 7 85 
9 130 1 100 
9 125 2 120 
4 140 7 115 
1 90 6 120 

16 100 4 120 
3 110 2 110 

*The data in Table (1) is taken and simulated from “Fundamentals of 
Applied Statistics” [17]. 

 
Figure 1 displays the control chart for compound 

fraction defectives, based on the data from Table 1. The 
compound fraction defective is calculated for the 20 
samples. This control chart effectively manages both the 
fraction defectives and sample size in a single chart. As 
shown in Figure 1, the control chart indicates an out-of-
control condition at sample number 9. Consequently, we 
exclude the sample that exhibits an out-of-control signal 
and create a modified compound fraction defectives 
control chart for the remaining data. The control limits for 
the modified compound fraction defectives control chart 

are as follows, CL = 0.3167, UCL = 2.0049, LCL = 0. 
Figure 2 shows the modified compound fraction 
defectives control chart. 

 
Figure 1. A Compound Fraction Defectives Control Chart 

 
Figure 2. A Modified Compound Fraction Defectives Control Chart 

 
Figure 3. ARL curve for Compound Fraction Defectives 

4.1. Operating Characteristic of Compound 
Fraction Defective Control Chart 

The efficiency measure of a control chart is the average 
run length. The Average Run Length (ARL) can be 
calculated as follows: 

ARL =  
The Upper Control Limit (UCL) for the above data 

using compound binomial is 2.39 and the mean of the 

compound fraction defective is 0.42. 

ARL = 
( )

1
P X 2.0049|0.3167>
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ARL = 
1

1 P(X 2 | 0.3167)− ≤
  

ARL = 239.073 −�  239 
Hence, the in-control ARL of compound fraction 

defectives for the given data from Table 1 is 239. 

Table 2. ARL for Compound Fraction Defectives 

Compound Fraction Defectives 

UCL 0.25 0.42 0.5 0.75 1 2 3 4 5 

1 38 15 11 6 4 2 1 1 1 

2 463 111 70 25 12 3 2 1 1 

3 7498 1077 571 137 53 7 3 2 1 

4 151247 13006 5810 939 273 19 5 3 2 

5 3652120 187751 70597 7660 1683 60 12 5 3 
 

5. Comparison of ARL 

An investigation is carried out to assess the 
effectiveness of the newly designed control chart. The 
primary focus of the investigation is to analyze and 
compare the ARL of compound fraction defectives with 
fraction defective. 

The Table 2 shows that for various values of UCL and 
compound fraction defectives, the ARL is determined and 
given in the body of the table. It shows that when the UCL 
gets increased and defective gets decreased the ARL gives 
a better run in the newly developed control chart.  

The Table 3 the ARL is calculated for various values of 
UCL, sample size and fraction defectives. It shows that 
when the sample size gets increased the ARL gets 
increased and the fraction defective is decreased. 

Table 3. ARL for Fraction Defectives  

n p UCL ARL 
120 0.0500 11 357 
90 0.0444 14 3333 
100 0.0100 10 4653 
100 0.0200 8 5282 
110 0.0182 12 12473 
120 0.0167 14 14327 
140 0.0286 13 18398 
90 0.0111 10 18402 
110 0.0273 13 19815 
120 0.0333 12 19996 

6. Conclusion 

In this article, a new control chart is developed to 
monitor compound fraction defective with variability in 
the sample sizes. The compound control chart is designed 
for monitoring fraction defectives and to control 
variability in sample sizes during the production process. 
The control chart can control both the number of 
defectives and variability of sample size as compound 
fraction defectives in a single chart. The ARL for the 
newly developed control chart is derived and calculated. 
For various values of UCL, the ARL for compound 
fraction defectives is calculated and compared with the 
ARL of the control chart for fraction defectives. The ARL 
results indicate that in the control chart for fraction 

defectives, the ARL increases as the fraction defective 
decreases. However, when using the newly developed 
compound fraction defectives control chart, the ARL 
decreases as the compound fraction defectives increases.  
Therefore, there is an additional advantage when dealing 
with an Average Sample while the process is under 
control. Implementing this chart in the quality control 
section may lead to improved process control and a 
reduction in compound defectives while maintaining 
control over sample sizes. 
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