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1. Introduction

Fixed point theory is an important part of modern
analysis. In particular, Banach contraction mapping
principle [1] is an effective method to solve the problem
of the existence and uniqueness of fixed points in
complete metric space, and plays an important role in
nonlinear analysis. About a century ago, Banach started as
an abstract successive approximation method for solving
differential equations, and later defined it as the concept of
contraction mapping. Thus, the first fixed point theorem
was produced. Later, many scholars gave some important
generalizations of this result by changing the space type or
contractive conditions. Istratescu [2,3] provided one of the
most important ideas of convex contraction and proved
some fixed point results. Another interesting extension of
fixed point theory, known as "almost contraction map",
was introduced by Berinde [4]. In contrast, there are
multiple ways in which this concept of measurement has
developed. In 1993, Czerwik [5] gave a generalized

concept of metric spaces, called b — metric spaces, by
changing the form of trigonometric inequality defined by
metric spaces, and the author also proved some new fixed
point theorems in this kind of spaces. Afterwards, many
scholars carried out researches and got a lot of excellent
results in this kind of space (see [6,7,8,9]), and the
literatures cited therein. In 2012, Wardowski [9] gave a
new type of compression mapping in complete metric
space. That is, F —type contraction, and some sufficient
conditions for the existence and uniqueness of fixed point
of this type of mapping are obtained. Recently, Gordji et
al. [10] introduced the concept of orthogonality, and
proved the fixed point theorem in orthogonal complete

metric space. In 2022, Eiman et al. [11] introduced the
concept of orthogonal L — contraction mappings and
proved the fixed point theorem. Also in 2022, Dhanraj et
al. [12] adopted the orthogonal Geraghty type for o —
admissible contraction mapping, fixed-point theorem are
proved on orthogonal complete Branciari b — metric
spaces. In 2023, many researchers have deeply studied
different types of contraction mapping based on complete
orthogonal spaces, and have given applications (see
[13,14,15,16]). In addition, many researchers have
improved and generalized the concept of orthogonal
metric spaces (see [17,18,19]).

In this paper, we propose a new class of contraction for
double mappings of square and quadratic forms, and prove
some fixed point theorems in an orthogonal complete b —
metric space. Meanwhile, we provide a specific example
to demonstrate the effectiveness of the result.

2. Preliminaries

Definition 2.1. Suppose S >1is a constant and X is a
nonempty set. A function d : X x X — [0, +00) is said

to be a b — metric if for any X,Yy,z2e X,
@Qd(x,y)=0ifandonlyif x=y;
(2)d(x,y) =d(y,x);
(Ad(x,y) <s[d(x,y)+d(y,2)].
Generally, (X,d) iscalled a b —metric space.
Definition 2.2. Suppose (X, d)is a b —metric space,
X € X and{X,}is asequence in X .
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(a) {x,} is convergent in (X, d) and converges to X ,
if for each £>0 , there exists N, € N such that
d(x,,X)<e& for all n>n_. We denote this as
limx, =X or X, = X as N — oo,

nN—o0
(b) {X,}is a Cauchy sequence in (X,d), if for each
& > O there exists N, € N such that

d(X,,X,) <é&forall n,m>n_.

Definition 2.3. Let X be a nonempty set and
1c X x X be a binary relation. If L holds with the
constraint

Ix, e X1 (Vxe X, xLx))or (Vxe X, X, LX),

then (X, L) is said to be an orthogonal set (briefly O —
set).
Definition 2.4. Let(X,_L,d)be an orthogonal metric

space. Then, X is said to be O— complete if every
orthogonal Cauchy sequence is convergent.
Definition 2.5. A tripled (X,L,d) is called an

O, —MS if (X, L) is an orthogonal set and (X,d)is
a b —metric space.

Definition 2.6. Let (X, 1) be an orthogonal set. A
sequence{Xn}neN is called an orthogonal sequence (O —
sequence) if

(¥vn, x, L x,,,)or (Vx, X,,; L X,).

Definition 2.7. Suppose (X,L,d) is an O, —MS.

Then, f : X — X is said to be orthogonally continuous

at Xe X if, for each O — sequence {Xn}neN in X with

X, = X ,we have f (X,) = f(X). Also, f issaid to be

orthogonal continuous on X if f is orthogonal

continuous at each X € X.
Definition 2.8. Let X be a nonempty set, and f, g be

two self mappings on X . f and g are called a pair of
weakly compatible mappings, if they are commutative at
each coincidence point, thatis, fx = gx = fgx = gfx.

Definition 2.9. Let (X, L) be an orthogonal set. A
function f : X — X is called an orthogonal-preserving
mapping if fx L fy whenever x L.

Definition 2.10. Let (X,d) be a complete b —metric
f,g: X > X and
Then, f is said to be

space with parameter S>1,
a, X xX > R"
O - fg™ —a, —admissible, if VX, y e X with x Ly,

a, (%, fy) 2" = o (g™ fx, fgfy) = s”.

Hypothesis 2.11. Let (X,d) be a complete b —metric

space with parameter s>1,let ¢, : X x X — R" be a
function.
(H,) 1f {x,} is a sequence in X such that

gX, — gX as n — oo, then there exists a subsequence

{ox, } of {gx,} with a(gx, ,gx) > s’ forall k e N.

(U,) For all uveC(f,g), we have
a(gu,gv) >sP®, a(gv,gu) >s”.
(V,) For al uvweX, afuv)=s’

a,(v,w) > s”, we have o (u,w) >s".

Definition 2.12. Let A denote the family of all functions
F :R" — R satisfying the following properties:

(F,) F isstrictly increasing ;

(F,) for each sequence {X,}._, of positive numbers,
we have !I_Tc X, =0, !I_TO F(X,)=—0;

(F,) there exists k € (0,1) such that XILT X“F (x)
=0;

(F,) 1f VneN,z+F(s°x ) <F(x,,), we have

r+F(s*"x,) <F(s*"Px ).
Lemma 2.13. Let (X,d) be a b —metric space with

parameter S>1. Assume that {X } and {y } are b—
convergentto X and Y, respectively. Then, we have

s?d(x,y) < lill‘oi”f d(x,,y,)
<limsupd(x,,y,) <s’d(x,Y).
In particular, infﬂzz y, then we have lI1irrc1od(xn, y,)
= 0. Moreover, for each z € X, we have ;
s?td(x,z) < liminf d(x,,2)
< !ijpcsupd(xn, z) <sd(x,z).
sd(x,2) < liminf d(x,,2)

<limsupd(x,,z) <sd(x,z).

3. Main Results

Theorem 3.1. Let (X, d) be an orthogonal complete
b — metric space, with parameter S > 2. Suppose f,g:

X — X satisfy the following conditions:
(1) f is orthogonal continuous, f,g are weakly

compatible ;
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2) f(X)cg(X),and g(X) isclosed ;

(3) fisaO- fg‘l —Q, - admissible mapping ;

4 f, g_l are orthogonal preserving ;

(5) there is an orthogonal element X, € X satisfying
a(fx,, fx,)>s ;

6)If X,y e X,x Ly, d(X,Yy)=0,we have :

7+ F(a,(fx, gy)d*(fx, fy)) <F(N(x,y)), (1)

where

N(x, y) = max{d*(fx, gx),d*(gx, gy),d*(fy, gy),

%d(fx, gx)d (1, fy), d( fx, gx)d (gx, gy)},

F:R" >R js a function such that F-F, T2 0,

p=3 is a constant, a, i XxX >R satisfying that
(X, y) > s, and properties (H_,),(U_)and (V).
Then f and g possess a common fixed point in X .

Moreover, f, possess a unique common fixed point in
y*r={x|xLy(or)y Lx,xeX}.

Proof : By the definition of orthogonality, we find that
Xo with X, Ly or y L X,, for all ye X . Since
f(X)cg(X) , there exists X, € X ,
fX, = 0%, In turn define sequences {X } and{y } in
X by y =fx =09x,,forneN.

n+1

such that

Since X, € X and f is orthogonal-preserving, without
loss of generality, then we obtain X, L X, fx, L X,
and Y, Ly, 0% L gX,. It follows from g "and f are
orthogonal-preserving that g ~'gx, L g7"g%,, X, L X,.
Thus, we have fX L fX,,y, LYy, , which imply that
{x,}.{y,} are orthogonal sequences.

For orthogonal element X, € X , in light of condition
(3),(5), we obtain e ( fx,, fx,) >s",

a (X, %) = a(yy, o) = a(fx), 9% ) = s,

a(fg™fx,, g7 gx) = a(y,, y,) > s°,
a(yy, Y,) = a(fx, 9x,) > s°,
a(fg™ix, fg7gx,) = a(y,,y,) 2 s".

Hence, for all ne N, we deduce a(y,,Y,)>s".
Replacing X by X, and y by X ., in (1), we have

t+F(a,(fx,,0x,.,)d*(fx,, X .,))

S F (N (Xn ' Xn+1))'
That is,

7+ F (e, (%, 9%,.1)d° (Yo, Vo))
S F (N (Xn ' Xn+1))'

since s?d?(Y,,Y,.,) <a (X, 9%, .)d*(Y,, Y...) -
then

T+ F (szd 2 (yn’ yn+1))

<7+ F(a (%, 0%,,1)d° Yy Viur))
S F(N (Xn’ Xn+1))!

where

N (anxn+1) = max{dz(yn! ynfl)’ dz(ynfﬂ yn)1
1
d* (Y yn),;d(ym Vo)A (Yo Vo) 62 (Vo Yot

Ifd(y,,,Y,)<d(Y.,..Y,), then we have
7+ F(s%d*(Yy, ¥o)) S F(A*(Yy, Vo).
Since 7 >0, F is strictly increasing, and S >1, this is

a contradiction. Thus, d(y,,,Y,)=d(Y,,,Y,), and
the inequality becomes

T+ F (" (Yo, Vo)) SF(A* (Vo Vo))
According to (F,), we get

T+ F(sd?(Y,, Vo)) S F (S Pd?(y, 0, 0)- (2

By calculation, we get

T + F (Sznd ? (yn 1 yn+1)) S F (SZ(H_l)d ? (yn—11 yn))’
7+ F (Y, 4, Y,)) S F (S (Y, 50 V),

T+ F(Szdz(ylv yz)) < F(dz(yov yl))'

Obtained through organization

F(s™d* (Y, Vo)) S F(A°(Yo, V1)) -0z, (3)
In(3), letting N — oo ,we have

Ilm F(Szndz(yn' yn+l)) =—0.
ThUS, !]EQ Szndz(yn’ yn+1) = O

1
According to (F,) , there exists K € (O'E) such that

im(s*"d” (¥, ¥pr))* F (570 (¥, ¥o)) =0.
In (3), multiplying (s*"d?(Y,,Y,.,,))" we have
(5*"d* (Yo Yot )) F(5*"d* (Yo Via)
~(8""d* (Y ¥o)) F(d° (Yo, 1))

< _(Szndz(yn’ yn+1))k nz. (4)
Taking N — o0 in (4), we have

limn(sd’(y, ¥o,) =0 (5)

Hence there exists: N eN such that
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and

n(sznd (yn’yn+1)) <1 Sznd (yn1yn+1) <
n

1
Kk
Sd(yn1yn+l)< asnznl'
n
Next, we are going to prove {yn}is Cauchy. For ease
ofuse,set d, =d(Y,, Y, ..)-
So
dz(yn’ynH)S(Sd +Sd +-

n+l

i
k

i-1 i-1 2
+S dn+i—2 + S dn+i—l)

and
2 i-1
sd, +s°d, ,+- 45 *d ., +sd L
n+l n+i-2 n+i-2
<s"d +s"d  +-+8"d L+
n+l n+i-2 n+i-1
<Ss d +S dn+l+ +S dn+|—2 +S dn+i—1
n+i-1
= Z s'd, <Zs d, <
i=n |2k
1
Since k (0, —) and—>1, Z =0, then
2k — Zk
i
. 2 i-1 i-1
lim(sd, +s°d ,+--+s"d ,,+sd, ,)=0

n—oo
and limd(y,,y,,.) = 0.Therefore, there exists y € X
n—oo

such that
limy, = I|m fx, = I|m X, =y .

n—oo

Since g(X) is closed, there is a Ue X satisfying
gu =Y. Next, we will prove that fu=Yy".In view of
the property(Hsp) , one can get a subsequence{xnk}of
{x.} with ar(gx, ,y")>s",a(fx, ,y)>s" for all
keN.

Since lim fx =y~

n—oo

, and f is orthogonal continuous,

we have Yy~ = lim fx = f lim fx_, = fy. In view of

n—oo n—oo
the condition X, L y* and f is orthogonal preserving,
one can deduce that
fhtx, L fy T ftyT Lyt g Ly

Because g‘l is orthogonal preserving and Yo -1 4L y*,
we have g‘lynk_l Lg™y . since Y =gu, thus
X, Lu.

Replacing X by X, and y by u in @), we have

F(s’d?(fx, , fu))

< F(a,(fx, ,gu)d?(fx, , fu))

<7+F(a,(fx, ,gu)d*(fx, , fu))

< F(max{d*(fx, ,gx, ),d*(gx, ,gu),d*(fu, gu),

%d (%, 9%, )d (1, , fu),d(fx, , gx, )d(gx, . gu)}).

Since F is strictly increasing, 7 > 0, we get
s*d*(fx, , fu)
<a,(fx, ,gu)d*(fx, , fu)
<max{d*(fx, ,gx, ),d*(gx, ,gu),d*(fu, gu),

Zd(t, 0%, )d(f, , fu),d(fx, .o, )d(gx, . gu)}.
S k k k k k k

Letting N — oo, from Lemma 2.13, we obtain
1 * 1 *
s*=d*(fu,y") < (fx, ,gu)=d*(fu,y’)
S ) S

<d?(fu,y”).

This is a contradiction. So d*(fu,y)=0 and
fu=y".

Since f,g are weakly compatible, one can get

fu=y =gu, fgu=gfu, fy ' =gy. By the

continuity of f we have fy*:y*. Therefore,

fy =y =gy,
fixed pointin X .

Next, we will prove that f and g possess a unique
common fixed point in

y* ={x|xLy (or)y" Lx,xeX}
First, y*L

that is, f and g possess a common

is nonempty set, because {y }< y™.
If there exists t L y", and t= Yy ,t is a common
fixed pointof f,g,then ft=gt=t= y*. Replacing X
by ¥ and y byt in (1),

F(sd*(fy’, 1))

< F(a(fy", gt)d*(fy", ft))

<z+F(a(fy’, g)d*(fy, ft))

< F(max{d*(fy",gy’).d*(gy", gt).d*(ft,gt),

%d(fy*, gy )d(fy’, ft),d(fy", gy )d(gy", gt)}).
We have
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F(s*d*(fy", ft)) < F (e, (fy", gt)d* (fy", ft))

<z+F(a,(fy’,gt)d*(fy’, ft)) <F(d*(gy", gt))
Since ft =gt =t # y", 7 > 0and F is strictly increasing,
then s°d?(y",t) <d?(y",t), a contradiction. It follows
that y* =1. That is, f,g possess a unique common
fixed pointin Y ={x|x Ly (or)y" Lx,xe X}.

Example 3.2 Let X =[0,2] and d: X xX —
[0,+0) be a mapping defined by d(X,Y) = |X— y|2 ,
for all X,y € X. Define the binary relation | on X by
XLy if xy<(x+2vy+2), where

X+2vy+2=X+2 or y+2,

Then (X,d) is an O— complete b— metric space.
Define the mappings f,g: X — X by

XZ,XE[O,l)'g(X ={x,xe[0,1)

)= %,xG[l,z] 2x-1,xe[L2]’

2°+1,x,y<[0,2)
a(x,y)=12+1,x,y<[L3].
0, otherwise

Clearly, f,g’l are orthogonal preserving, f s
orthogonal continuous, f,g are weakly compatible,
f(X)c g(X) ,and g(X) is closed. Now, let us
consider the mapping F defined by

F(t)=Int, r:In(2—17).
1
Let X, :E. If x €[0,1) , we have
ix££+2:>%Lx.

If xe[1,2], we have %XSX+2:>%J_X.SO %is

orthogonal element in X . It is easy to show that

a(f (%), f(%» =a(§,%> > 2,

I N | 1, ,,1
a(fg f(E)’ fg f(E)):a(f(Z)’f(Z))
11
16'16

N 1. .,1
a(fg f(Z)’ fg f(Z)):a(f(E)’f(E)
1 1
167'16%

which

=a( )= 2%,

) > 28,

=af

imply that f isanO — fg N — o, — admissible mapping.

Next we show that f, g’1 are orthogonal preserving.

Case 1: x€[0,1),y €[0,1) . We have
f(x)-f(y)=x*-y*<x+2,

g7 (x)-g (V) =xy<x+2
Case 2: X €[L,2],y €[L,2]. We obtain

11 1
f(X) f(y):;;£;+2,

g1(x)-gl(y)=%(x+1)%(y+1)s§<x+1)+2.

Case 3: X €[0,1),y €[, 2]. Clearly,

f(x)-f(y)=x*-=<x*+2,

< P

_ _ 1 1
9700 g7 =xZ(y+h < (y++2
Case 4: xe[L,2],y €[0,1). Itis obvious that

(9 () =y* - S<y 42

07 (x)-g7(y) = y-%(x+1)s§(x+1)+2.

Hence, f, g_l are orthogonal preserving.
Consider

Case 1. f(x)<€[0,1),9(y)<[0,1). Obviously,
r+In@ [ - y?[ ) <Inx-y["),

1
).

)sln?

<In
‘ (23|x+ y|4

Itis clear that (1) is satisfied.

Case 22 f(X)e[1,2],9(y)e[L2]. It is easy to
show

7 +In(2° ) <In(|(2x-1) - (2y-D)|"),

11
Xy

r< In(2|xy|4) <In2.
That is condition (1) holds.
Case 3. f(x)€[0,2),9(y)e[1,2], or

[1,2],9(y) €[0,1). Then (X, gy)=0.
Hence, (1) fulfills. Therefore, all the conditions of Theorem
3.1 are satisfied. Therefore, one can conclude that f and g

f(x) e

possess a common fixed point in X . Obviously, X=1 a
common fixed point.

4. Conclusions

In this paper, we proved a fixed point theorem of a new
class of orthogonal F — type contractive mappings, in
orthogonal b — metric space. In addition, we also
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provided an example to explain in detail the practicality of
the obtained results.
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