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1. Introduction and Preliminaries

In 2007, Huang and Zhang [1] introduced the idea of
cone metric space, which is a generalization of metric
space by replacing the real numbers by ordering Banach
space. Consequently, several originators consider the
development of cone metric space for mappings that
satisfying different contractive conditions [2-14].

The concept of S — metric space was initiated by
Sedghi et. al. [15] in 2012, which is distinct from other
spaces and established some fixed point results in
S - metric space. Many authors enlarged the idea of
S - metric space and obtained some fixed point theorems
in various contractive conditions [16-22].

A notion of Sy,-metric space was initiated by Souayah
and Mlaiki [23] in 2016. Dhamodharan and krishnakumar
[24] expanded the idea of S - metric space to cone
S-metric space in 2017 and established various fixed point
results. Several authors developed the idea of cone
S-metric space in fixed point theory. [1,23-33].

The concept of cone Sy-metric space was initiated by
Singh and Singh [34] in 2018 and obtained some fixed
point results. Nabil Mlaiki [31] introduced the concept of
extended Sy,-metric space and proved some fixed point
theorems for mappings satisfying the different contractive
conditions [34,35,36,37].

In this paper, we introduce the notion of extended
cone Sp-metric space which is a generalization of cone
Sy - metric space and prove some fixed point theorems in
extended cone S, - metric space.

Definition 1.1. [15] Let X be a nonempty set and a
function I X® — [0, «0) satisfies the following conditions.

1. I (vq, v, v3) > 0.

2. " (vq, Vo, V3) = 0 if and only if v;= v =vs,

3. F(Vl,Vz,Vg) <rI (Vl,Vl,t)"'F (V2,V2,t)+F (V3,V3,t) for all
V1,Vo, V3t € X,
Then I"is called S- metric on X and the pair (X, I) is
called an S-metric space.
Example 1.1. [15] Let X be a non-empty set and the

metric #on X. Then
Ty, v v) =d (v, vg) +d (v, v3)

is an S-metric on X.

Definition 1.2. [23] Let X be a nonempty set and let
b>1 be real number. Define a function I}, : X3 — [0,0) is
called an Sp-metric if it is satisfies the following
conditions.

1. Fb (Vl, Vs, V3) =0 iff V1=Vo= V3,

2. Ty (V1,V1,Vo) = T'y(Va, Vs, vq) for all vy, v, € X.

3.1, (vy,v2,v3) < b (I}, (vy,v1, ) + [, (v, 15, 8) +
Iy (v3, v3,1))

Then the pair (X, I) is called S,-metric space.
Definition 1.3. [31] Let X be a nonempty set and
¢ X® — [1,:0). A function Iy : X* — [0,00) satisfies the
following conditions.

(i) I'Av1,v2,v3) = 0 if and only if vi=v,=vs,

(i) TAvivavs) < (Vo VaVa) (T AV Vet) + TAvaVvpt) +
I'(v3,V3,1))

Then the pair (X, 77) is called extended S,— metric
space.

Definition 1.4. [1] Let E be the real Banach space and M
be a subset of E is called a cone if it is satisfies the
following conditions.

1. M is closed and non-empty M # 0,

2. pvy + qv, € M for all v¢, v, € M and non-negative real
numbers p, d.

3. M N (-M) =0.

For a given cone M c E, define a partial ordering
< on E with respect to M by v; < v, if and only if
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V, - vV € M, while vy < v, will stand for v, - v; € int M
(interior of M).

The cone M is called normal if there is a constant K > 0
such that for all vy, v, € E, 0 < vy < v, implies ||v||< K ||vo|.

Then K is called the normal constant of M.

The cone M is called regular if every increasing
sequence which is bounded from above is convergent.
Example 1.2. [1] Let E be the real vector space and K > 1
then,

E={pvi+0:p,qeR;y e[l—%,l}}

with supermom norm and the cone M = {pv; + q € E:
p>0,q>0}inE. The cone M is regular and normal.
Definition 1.5. [1] Let X be a non-empty set and I X x X
— E satisfies the following conditions.

1.0< 7" (v, vp) forall vi, v, € X and I” (v4, V) = 0 if and
only if vi-v,.

2. " (Vq, Vo) = I" (v, vq) for all vq, v, € X.

3. I (Vy, Vo) ST7(va, Va) + 17 (V3, Vo)
for all v4, v, v3€ X. Then I"is called a cone metric on X
and (X, I) is called a cone metric space.
Definition 1.6. [24] Let M be a cone in E (real Banach
space) with int M # 0 and < is a partial ordering with
respect to M. Let X be a non-empty set and define a
function I X ® — E, if I"satisfies all the conditions,

1. I'(vq, Vo, v3) >0

2. I'(vy, Vo, v3) = 0 if and only if vi=v,= v3

3. T(Vy,Vo, Vo)< (Vv D)+ (Vo Vo, 1)+ (v3,v3,t)  for  all

V1,Vo,Vs,t € X.

Then I' is called a cone S-metric on X and (X, I) is
called a cone S-metric space.
Example 1.3. [24] Let E=R? M = {(v4, V;) € R% v; > 0,

V> 0}c R? X=R and J: X X X X X — E be the metric on
X then I X — E defined by

Ivpvyv)=
(3(v,v3)Td(va,va),0(d(vy,va)+ d(va,vs))

is a cone S-metric on X where o> 0 is a constant.
Definition 1.7. [34] Let X be a nonempty set and M be a
cone in E(real Banach space) and define I} : X® —E is
satisfies the following conditions

1. Fb(Vl,Vg,Ve,)E 0.

2. Ip(vq,V2,v3)= 0 if and only if vi=v,= v3.

3. Tp(V1, Vo, Va)<t[ T (V1 Ve, )+ 5(Va, Vo, 1)+ 5(V3,Va, )]
for all v, v,, v3, t € X, where r >1 is a constant then I}, is
called a cone S,- metric on X and (X, 7}) is called an cone
Sy-metric space.

2. Main Result

In this section, we introduce an extended cone
Sp- metric space and prove some fixed point results in
extended cone Sy-metric space.

Definition 2.1. Let X be a non-empty set and { : X° —
[1,:0) be a function. If I, : X° — E (Real Banach Space)
satisfies the following conditions.

1. I (v1,v2,v3)> 0.

2. I'{v1,v2,v3)= 0 if and only if vi-v, 2vg.

3. I—é (171, V2, U3) < Z(vl' U2, 'U3) (I—é (171, U t) +
Fz(vz' V2, t) + Q(Ug, U3, t))
for all V1,Vo, V3t € X,
Then (X, I) is called an extended cone S,- metric
space.
Remark 2.1. If {(vy,V2,v3) = 1, then the extended cone Sp-
metric space reduces to a cone S- metric space.
Remark 2.2. If {(v1,V5,v3) = b > 1 then the extended cone
Sp-metric space is said to be cone Sy -metric space.
Lemma 2.1. Let (X, I) be an extended cone Sy.metric
space. Then we have I'Avy, V1, Vo) = I (Va, Vo,V1).
Definition 2.2. Let (X, I;) be an extended cone S,- metric
space and M be a normal cone.
1) A sequence {v,}€ X converges to w if and only if
w € X such that s ( Vn, Vn, W) — 0 as n —o0. we can
write this lim, ., v, = w.
2) A sequence {v,} is said to be Cauchy sequence if
and only if I+ (Vn,Vn,Vm) — 0 as n, m —oo.
3) If every Cauchy sequence {v,} converges to w € X,
then (X, 7') is said to be a complete extended cone
Sp- metric space.
Example 2.1. Let E = R* and M be a cone in E. Let X =
[0,00) define a function I'; : X* —E such that

Lr(v,v2,v3)
2 2
={[Ivi V3 |+|vo = V3 [I7, all vy = V3 |+|vo = V5 [I},

where a > 0 is a constant and a function  : X i [1,00) by
€(v1,V2,v3) = max{vy,Vo}+ v3 + 1 then (X, I7) is a complete
extended cone S, - metric space

Theorem 2.1. Let (X, I,) be a complete extended cone
Sp- metric space and T be a self-mapping on X satisfying
the following condition

T, (Tvy, Tv,, Tvg)
- Cll"g (Vl,Vz,V3)+C2Fé' (Vl,Tvl,Tvl) (1)
B +03r§ (Vz,TVz,TV2)+ C41"4f (V3,TV3,TV3)
for all vy, vy, v3 € X where 0 <c¢; + ¢, +Cc3+ ¢4 <1 and
limy o, Z(T" %, T"%, T™X) < 2—1b for 0 < b < % then T

has a unique fixed point.
Proof. Let vy € X, define a sequence {v,} by T"v, = v,
from (1)

F;’ (anVn+1vVn+1)

=Ty (TVpg, TV, TV )

3 1l (Vi VoV ) + 62T ¢ (Vaas TVn_1, Vo1 )
+C3T e (Vi TV, TV )+ 64T (Vi TV, TV, )

3 1l (Vna Vo Vn ) +62T ¢ (Vg Vi Vi)

- +C3l (Vs Vg1, Vinaa ) + A (Vs Vns1:Viaa)

< (€1 +C2)T¢ (Vi1 Vin Vi ) +(C3 +€4 )T (Vi Vs, Vit )
r{ (Vn7Vn+1’Vn+1)(1_C3 _C4) < (Cl"'CZ)Fg“(anl’anVn)

CL +Co

I ~(Vy_1,Vn,V,
1—C3—C4j g(nl n n)

Fg (Vn >VYn+1>Vn+1 ) g (
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L'y (Vn V41 Vn+1) < brg (Vh—1:Vn:Vn)

(o +¢,)

where b =
(1-c3—cq)

, 0 <b < 1/2 continue this process
to obtain
T, (vn’vn+1'vn+1) < b4 (Vo v V1)
for all m, n € N and n < m. Hence by triangle inequality
T (Vn Vo Vi )
< g“(vnyvn’vm)(Zb)n T, (voyvoyvl)
+g“(vn’vn’vm)g’(vnﬂ’vnﬂ’vm )(Zb)n+1 T, (VO,VO,Vl)
e
+¢ (Vo Vo Vin )¢ (Vim-1,Yim-1,Vim )(2k)m_1 T (Voo 1)
<Ts(vovovi)
[€ (v, v1, Vi )& (¥, V2,V )~
¢ (Vnt,Yn-1,Vim )?(Vn,Vn,Vm)(Zb)n
+¢ (V1 Vi )€ (V2. V2,V )
C(Vn,Vn,Vm)((Vn+1,Vn+1,Vm)(Zb)n+l
oot C(Vl,Vl,Vm)g(Vz,Vz,Vm)m'
¢ (Vim-2,m-2,Ym )€ (Vim-1,Ym-1,Vim )(Zb)m_l]
by the hypothesis of the theorem
lim ¢(vy, vy, Vi) (2b) <1
N—w

by Ratio test series

> (20)" TTe0vi Vi Vin)

n=1 i=1

converges.
Let A = XL@b)"[[-¢(w,vi,v,) and
An =Y, (2b) [T, {(v;, v; , vy,), for m>n, we have

Ty (Vo Vo Vm) <T (Vo Vo va)[An — A

Taking limit as n, m — oo, the sequence {v,} is a
Cauchy sequence. Since X is complete. {v,} converges to

v E X.
By (1) and the triangle inequality,

Fg(u,u,Tu)
Sg“(u,u,TU)[ZFéw(u,u,vn) +F§(TU,TU,Vn)]
<< (v, U,Tu)[2f‘§ (v,o,vy) + kF; (v,0,vy1)]

Taking limit as n — oo,
Fé« (v,0,Tv)=0

that implies To = v. Hence v is a fixed point of T. To
prove that uniqueness, assume that there exists » Zw € X
suchthat Tv=vand Tw=w.

Thus,

L (w,0,0) =T (Tw,To,Tv)

<qly (w,0,0) + Col'y (w, Tw, Tw)
+(cg+¢4 )T, (0, TV, To)

<Ly (w0,0) <Tp(W, v, V)

which is a contradiction. Therefore, T has a unique fixed
point.

Ifc,=cand ¢, =c3=c, =0 in Theorem 2.1, then the
following corollary is obtained.
Corollary 2.1. Let (X, 1) be a complete extended cone
Sp- metric space and T be a self-mapping on X satisfying
the following condition

Ty (Tvy, Tvp, Tvg) < el (V1,V2,V3) (2)

For all vy, Vo, v4 € X where 0 < ¢ < 1/ 2 and
lim, o, {(T" %, T"x, T™x) < 1 /2c, then T has a unique
fixed point.

If c, =0and ¢, = c3 =¢c, =c inthe Theorem 2.1, then
the following corollary is obtained.

Corollary 2.2. Let (X, I;) be a complete extended cone
Sp-metric space and T: X—X satisfy the following
conditions

r, (Tvy,Tv,, Tvz)
< c(l"g (v, Tvy, Tvy) +I, (VoTVs,TV,) +I, (v3,Tvz, Tvg))

for all vi, v, v € X where 0 < ¢ < 1/ 2
and lim,_ {(T" %, T"x,T™x) < 1 /2c, then T has a
unique fixed point.

Example 2.2. Let E = R?and M be a cone in E. Let X =
[0, o0) define a function I': X* — E such that

T, (Tvy,Tv,, Tvz)
= {(|Vl —V3|+|V2 —V3|2 y O{|V1 —V3|+|V2 —V3|2 )}

where a > 0, is a constant and a function : X’— [1,0)
defined by
¢ (vp,Vp,vg) =max{vy, Vo } +Vv3 +1

Then (X, I7) is a complete extended cone Sy-metric
space. Consider the mapping T: X — X defined by

Vi
Ty, =—
17

Then
T, (Tvy, Ty, Tvg)

2
V_l_V_3|+|V_2_V_3
2 2''2 21"
- 2
0Lﬁ_"_3|+|"_2_"_3
2 212 2

-

< ZF[; (Vl’VZ’V3)

where ¢ € [0, %), thus T satisfies all the conditions of
Corollary 2.1 and hence T has a unique fixed point.
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3. Conclusion

Fixed point theory plays an essential role in all
branches of Mathematics. In this paper, we introduced an
extended cone S,-metric space and proved some fixed

results

in various contractive conditions. Our results

extends several results in existing literature.
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