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Abstract In this article, the improved (G'/G) -expansion method has been implemented to generate travelling
wave solutions, where G (§) satisfies the second order linear ordinary differential equation. To show the advantages
of the method, the (3+1)-dimensional Kadomstev-Petviashvili (KP) equation has been investigated. Higher-
dimensional nonlinear partial differential equations have many potential applications in mathematical physics and
engineering sciences. Some of our solutions are in good agreement with already published results for a special case
and others are new. The solutions in this work may express a variety of new features of waves. Furthermore, these
solutions can be valuable in the theoretical and numerical studies of the considered equation. Also, in order to
understand the behaviour of solutions, the graphical representations of some obtained solutions have been presented.
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1. Introduction

Partial differential equations (PDEs) are widely used as
models for describing important physical phenomena
arising in scientific and engineering fields, such as, plasma
physics, fluid mechanics, solid state physics, quantum
mechanics, nonlinear optics, chemical physics and many
others. It is more significant to construct analytical
solutions of nonlinear evolution equations (NLEEs) to
disclose more information for better understanding various
nonlinear complex phenomena as well as further
applications in real time scientific fields. During recent
past, many important and powerful methods have been
developed to obtain traveling wave solutions and to reveal
their properties. For example, the inverse scattering method
[1], the Hirota’s bilinear method [2], the homogeneous
balance method [3], the Backlund transformation method
[4,5], the Jacobi elliptic function expansion method [6], the
tanh-coth method [7,8], the F-expansion method [9], the
Exp-function method [10,11,12,13,14], the first integral
method [15,16] and others [17,18,19,20].

Another important method presented to construct exact
solutions of nonlinear PDEs is the basic (G'/G) -

expansion method. The concept of this method was first
proposed by Wang et al. [21], consequently, many
researchers applied the (G’/G) -expansion method to
solve different kinds of NLEEs [22,23,24,25,26]. More
recently, Zhang et al. [27] extended the basic (G'/G) -

expansion method which is called the improved (G'/G) -

expansion method to establish abundant traveling wave
solutions of nonlinear PDEs. This method is one of the
most powerful and effective method to handle different
W i
NLEEs. They employed B(¢)= D ¢j(GYG) , as
j=—w
traveling wave solutions, where either c_,, or c,, may be
zero, but both c_, and c, cannot be zero at the same

time. Subsequently, it has been successfully implemented
to solve several classes of nonlinear problems [28-33].
Many researchers applied a variety of methods to obtain
exact solutions of the (3+1)-dimensional KP equation. For
instance, Peng and Krishnan [34] studied this equation by
using extended mapping method to construct analytical
solutions. In Ref. [35], Khalfallah implemented
homogeneous balance method to establish traveling wave
solutions of the same equation. Bekir and Uygun [36]
investigated this equation for obtaining traveling wave

solutions via the (G G) -expansion method. In this basic
(G1G) utilized

-expansion method, they

m I
u(&)=> a(G7G), where a, #0, as traveling wave
i=0
w ]
solutions, instead of B(&)= )] ¢j(GYG) , where

=—w
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either c_,, or c, may be zero, but both c_, and c,

cannot be zero at a time.

The significance of our present work is, in order to
generate abundant traveling wave solutions, the (3+1)-
dimensional KP equation has been considered by applying

the improved (G '/ G) -expansion method.

2. The
Method

Suppose the general
equation:

Improved (GvG) -Expansion

nonlinear partial differential

Q(u,ut,uX,uy,uZ,utt,uxt,uxx,uxxx,...) =0, )

where u=u(x,y,z,t) is an unknown function, Q is a
polynomial in u(x, y,z,t) and its partial derivatives in

which the highest order derivatives and nonlinear terms
are involved. The main steps of the method are as follows:
Step 1. Consider the traveling wave variable:

u(x,y,2,t)=B(¢), &=x+y+z-Ft, ©)

where F is the wave speed. Now using Eq. (2), Eq. (1) is
converted into an ordinary differential equation for B(f):

H(B,B'B",B",..)=0, 3)

where the superscripts indicate the ordinary derivatives
with respect to &.

Step 2. According to possibility, Eq. (3) can be integrated
term by term one or more times, yields constant(s) of
integration. The integral constant may be zero, for
simplicity.
Step 3. Suppose that the traveling wave solution of Eq. (3)
can be expressed in the following form:

]

B(¢)= % ¢j(G7G) (4)
j=—w

with G = G(¢&)satisfies the second order linear ODE:
G"+6G'+nG =0, (5)

where ¢; (j=0,£1,%2,...,+ w), 5and ; are constants.

Step 4. To determine the positive integer w, taking the
homogeneous balance between the highest order nonlinear
terms and the highest order derivatives appearing in Eq. (3).
Step 5. Substituting Eq. (4) and Eq. (5) into Eq. (3) with
the value of w obtained in Step 4, yield polynomials in
(G'/G)r ,(r=0,£1,£2,...), then setting each coefficient
of the resulted polynomials to zero, we obtain a set of
algebraic equations for c;(j=0,+1+2..,tw), F,p
and 7.

Step 6. Solving the system of algebraic equations which
are obtained in step 5 with the aid of algebraic software
Maple and we obtain values for ¢;(j=0,£1%2,...,+ w)
and F. Then, we substitute obtained values in Eq. (4)
along with the general solution of Eq. (5) which is well

known to us, we can obtain the traveling wave solutions of
Eq. (2).

3. Application of the Method

In this section, the (3+1)-dimensional KP equation has
been studied to obtain abundant traveling wave solutions
including solitons, periodic and rational solutions by

applying the improved (G G) -expansion method.

3.1. The (3+1)-Dimensional KP Equation

The KP equation is used to model shallow-water waves
with weakly nonlinear restoring forces.

The (3+1)-dimensional KP equation is being
considered which is followed by Bekir and Uygun [36]:

Uyg +BU +BUy —Uygx —Uyy Uz, =0. (6)

Now, we use the wave transformation Eq. (2) into the
Eq. (6), which yields:

~(F+2)B"+6(B)?+6BB"-B*) 0. (D

Integrating twice and the constants of

integration to zero, we obtain

setting

~(F+2)B+3B2-B"=0. (®

Taking the homogeneous balance between the nonlinear

term B2 and the highest order derivative B” in Eq. (8),
we obtain w= 2,
Therefore, the solution of Eq. (8) is of the form:

B(&)=c,(GYG)?+c4(GYG) ™"

9
+¢o+¢(GYG)+¢,(GYG),

where c¢_,,c_1,Cp,¢; and c, are constants to be

determined.

Substituting Eq. (9) together with Eqg. (5) into the Eq.
(8), the left-hand side of Eg. (8) is converted into
polynomials in  (GYG)",(r=0,£L+2,..).  Then,
equating each coefficient of the resulted polynomials to
zero, yields a set of algebraic equations (for simplicity,
which are not presented) for c_,,c_4,Cq,¢,Cp, F, 8 and
n. Solving the system of obtained algebraic equations

with the aid of algebraic software Maple, we obtain four
different values.
Case 1:

Co =O,C,l =0, Cp = 27], G = Zﬂ,

(10)
c,=2,F =—(ﬁ2 -477+2),
where g and n are free parameters.
Case 2:
Co =0,c 1=O Co Zl(ﬁ2+27])
3 (11)

o =28, ¢, =2.F =(f* ~4n-2),

where g and n are free parameters.
Case 3:
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Co= 27]2,0_1 = 2ﬂ7], Co = 27],

) (12)
¢, =0,¢y=0,F :—(,B —4r7+2),
where B and n are free parameters.
Case 4:
2 12
Cp=2n°,Cc1=2pn,cy==\B"+2n),
3( ) (13)

¢ =0,¢y=0,F =(/32-477-2),

where S and 7 are free parameters.

Substituting the general solution Eq. (5) into Eq. (9), we obtain
three different families of traveling wave solutions of Eq. (8):
Family 1: Hyperbolic function solution: When

B —4n >0, yields
B(£)
Prsinh 6% ~4n &
+P cosh%\/ﬂg
oo [ e
+P, sinh%\/ﬂf

F’lsinh%\/ﬂz—4n§
+P2 cosh%mg
" a7
+P, sinh%\/ﬂg

=C_ £+£\/ﬂ2 —4n

2 2

N

+Cq _ﬁ+1\/ -

2 2

+Cp

Pusinn 47 4 ¢
+P, COSh%\/ﬂf
Plcosh%«/ﬂz—m]g
+P sinh%\/ﬂg‘

F’lsinh%w/ﬁ2 —4n &
+P, cosh%\/ﬂ2—4n§
PlCOSh%\/[J’Z —4n &
+P sinh%\/ﬂg

If B and P, are taken particular values, various known

solutions can be rediscovered.
Family 2: Trigonometric function solution: When

+¢ i+£\/ﬂ2 —4n

2 2

s (14)

+Cp %+%\/ﬂ2 —4p

ﬁ2 —4p <0, we obtain

B(¢)
—F’lsin%\/4n—ﬂz &
+P2 cosémf
oasd iy 7 ¢
+P23in%\/477—,82 &
—F’lsin%\Mn—ﬂz &
+P2 cos%Wf
Pros 4y - 52 ¢
+P sinémé

—cp| L2442

2 2

+C_4 —+£\/477 /3

2 2

+Co
1
~Rsins 4y - 57 ¢
51 +chos%\/477—ﬂ2§
oy | D4y B2
2 2 1/ 2
F’lcosE dn—-p° &
+P, sin%\Mq—ﬂz &
2 (15
1
~Rsin\Jan -2 &
1 +P2cos—\/4n Jiaa
+C, —+—«l477 ﬁ

2 2

F’lcos?Mry ﬂ ¢
+P, sin%\/4n—ﬂ2 &

If B and P, are taken particular values, various known

solutions can be rediscovered.
Family 3: Rational function

/)’2 —4n =0, we obtain

- 1
@2 T s) )
1+ P8 2 R+RS
_ P,

2
+Co+C —’B+— +Cy i+L .
2 R+PR< 2 R+P<

Substituting Egs. (10), (11) (12) and (13) together with
the general solution Eqg. (5) into the Eq. (9), yields the
hyperbolic function solution Eq. (14), we obtain following
solutions respectively (if B, =0 but P, #0):

2_
Bi(¢) =—(ﬁ - 477)[coth(%\/ﬁ2 — 4y gjz —1}

where & =x +y+z+(,82—477+2) t.

solution:  When

16
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2 —
061 son( 85750 f )
where & =x +y+z—(ﬁ2—4n—2) t.

[ “ oth— ,B —4p zfj
53(5)2277

-1
’ 2
+ﬂ{7ﬁ+%coth%\/ﬂ2—4n 5] +1

where £ =x +y+z+(ﬂ2—477+2) t.

-2
2
{_ﬁ_vﬂ SN gJ

B4(§)=2’7

-1
2
+/{i+ucothl 5° -4y g}
2 2 2

+%(277+ﬂ2),

where §=x+y+z—(ﬁ2—4n—2) t.

Again, substituting Egs. (10), (11), (12) and (13) together
with the general solution Eg. (5) into the Eq. (9), we obtain
the hyperbolic function solution Eq. (14), our traveling wave
solutions become respectively (if P, =0 but B, #0):

Bs () =(ﬁ2—:m)[tanh(%m éjz —1}
Be(cf)=(ﬂz+4n){3tanh@m éjz —1}
+ﬁ{i VTN 5] a

2
2
4 1

-z #tanhE B —4n g]

-1
[ 52
+ﬂ[%+%tanh%\/ﬂ2 —4n gJ

+é(2n+ﬂ2).

Substituting Egs. (10), (11), (12) and (13) together with
the general solution Eq. (5) into the Eq. (9), yields the
trigonometric function solution Eq. (15), our exact
solutions become respectively (if B, =0 but P, #0):

B () - (4'7_ ){cot( Jan-p? fj +1J

where & =x +y+z—(ﬁ2—477+2) t.

- el o o

where & =x +y+z+(,82—477—2) t.

-2
2
- 4n - 1
o Lo N =B L g e

2 2 2

-1

1 2
cot—\dn-p4" & +1

2

where £ =x +y+z—(ﬂ2—4n+2) t.

\/7 2
{ cot— 4n — ﬂ 5]
B, (&) =21 a
z
+f i+ 4= p cot— 4y - p? g]
2
1 2
(2 :
+3( 77+ﬁ>

where & =x +y+z+(,82—477—2) t.

Also, substituting Egs. (10), (11), (12) and (13) together
with the general solution Eq. (5) into the Eq. (9), yields
the trigonometric function solution Eq. (15), we construct
following solutions respectively (if P, =0 but B #0):

P e )[tan( Jan—2 gj +1J
P ){m(_m fj +1J
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Substituting Egs. (10), (11), (12) and (13) together with
the general solution Eqg. (5) into the Eq. (9), we obtain the
rational function solution Eg. (16), and we construct
following traveling wave solutions respectively (if

B2 —4n=0):

where §:x+y+z+(ﬁ2—4n+2)t.

where £=x+y+2z (ﬁ2—4n—2)t
-2
n[i P j
2 R+PR¢
By (£) =27 L
ﬂ _ﬂ+ P2 1
2 F?I.+P2§
where £ = x+y+z+( 477+2
-2
Pl+P2§J
Byo (& 5
_/3 P2
2 R +P¢
102
+§(,B +277
where £=x+y+z- ( 2 477—2)t.

4. Results and Discussion

It is important to point out that some of constructed
solutions are in good agreement with already published
results which have been shown in the Table 1.
Furthermore, some of obtained traveling wave solutions
are expressed in Figure 1 to Figure 8.

Table 1. Comparison between Bekir and Uygun [36] solutions and
Our obtained solutions

iii. If ii. If f=4,7n=5 and
C,=0Cy#0,A=4and Bg (&) =u3 (&), solution
A =5 solution Eq. (5.16) (from
By (f) becomes:

section 5) becomes:
u (€)= 2(cot2 §+1).

u3(§):2(cot2§+1).
iv.If f#=1n=1and

I Cy #0,Cy =0, A =1
and 4 =1 solution Eq. (5.16) Bi3 (&) =u3 (&), solution
B3 ( ) becomes:

(from section 5) becomes:
(tan (x[/ 2)5 +1)

u (&)= (tan (I/2)§+1). )

Beside above table, many new traveling wave solutions
have been constructed, such as, B, to By, Bg to Bg,

Bip to By, and By, to B,y which are not being revealed
in the previous literature.

4.1. Graphical
Solutions
The graphical depiction of some solutions has been

described in the figures with the aid of commercial
software Maple:

Representations of the

=05

—[0.4-

=03+

=02=

=01+

Bekir and Uygun [36] solutions

Our solutions

i.if C, =0,C, # 0,4 =3and
4 = 2 solution Eq. (5.14) (from
section 5) becomes:

u (&)= (coth - 1)

iIf f=3,7=2 and
B, (&) =y, (&), solution
By (&) becomes:

u(6)== (coth —¢- 1)

ii. if C, #0,C, =0,1 =4
and z = 3 solution Eq. (4.14)
(from section 5) becomes:

u, (&)= z(tanh2 571).

i.if f=4,7=3 and
Bs (&) =ug (&), solution
Bs (&) becomes:

u (&)= Z(tanh2 §—1).

Figure 2. Solitons solution for =6,77 =8
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Figure 6. Solitons solution for f =4,7=5
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Figure 7. Solitons solution for =517 =7
Figure 4. Solitons solution for f=5,17=6

Figure 8. Solitons solution for f=8,77 =17.5

5. Conclusions

Figure 5. Periodic solution for f=7,n7 =12

In this article, we apply the improved (GYG) -
expansion method to generate a rich class of new traveling
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wave solutions of the highly nonlinear PDE, namely, the
(3+1)-dimensional Kadomstev-Petviashvili equation. The
presented solutions may express a variety of new features
of waves. Moreover, the obtained exact solutions reveal

that the improved (GYG) -expansion method is a

promising mathematical tool, because, it can establish
abundant new traveling wave solutions with different
physical structures. Subsequently, the used method could
lead to construct many new traveling wave solutions for
various nonlinear PDEs which frequently arise in
scientific real time application fields.

Acknowledgement

This article is supported by the USM short term grant
(Ref. No. 304/PMATHS/6310072) and authors would like
to express their thanks to the School of Mathematical
Sciences, USM for providing related research facilities.

References

[1] Ablowitz, M.J., Clarkson, P.A., Solitons, nonlinear evolution
equations and inverse scattering. Cambridge Univ. Press,
Cambridge, 1991.

[2] Hirota, R., “Exact solution of the KdV equation for multiple
collisions of solutions,” Phys. Rev. Lett., 27, 1192-1194, 1971.

[31 Wang, M.L, Zhou, Y.B and Li, Z.B., “Application of
homogeneous balance method to exact solutions of nonlinear
equations in mathematical physics,” Phys. Lett. A, 216, 67-75,
1996.

[4] Rogers, C. and Shadwick, W.F., Backlund Transformations and
their applications. Academic Press, New York, 1982.

[5] Alagesan, T., Chung, Y. and Nakkeeran, K. “Backlund
transformation and soliton solutions for the coupled dispersionless
equations,” Chaos, Solitons and Fractals, 21, 63-67, 2004.

[6] Liu, S, Fu, Z, Liu, S. and Zhao, Q., “Jacobi elliptic function
expansion method and periodic wave solutions of nonlinear wave
equations,” Phys. Lett. A, 289, 69-74, 2001.

[7] Malfliet, W. Solitary wave solutions of nonlinear wave equations.
Am. J. Phys. 60, 650-654, 1992.

[8] Parkes, E.J. and Duffy, B.R., “An automated tanh-function method
for finding solitary wave solutions to non-linear evolution
equations,” Computer Phys. Commun., 98, 288-300, 1996.

[9] Abdou, M.A., “The extended F-expansion method and its

application for a class of nonlinear evolution equations,” Chaos,

Solitons and Fractals, 31, 95-104, 2007.

He J.H. and Wu X.H., “Exp-function method for nonlinear wave

equations,” Chaos Solitons and Fractals, 30, 700-708, 2006.

Naher, H., Abdullah, F.A. and Akbar, M.A., “New traveling wave

solutions of the higher dimensional nonlinear partial differential

equation by the Exp-function method,” J. Appl. Math. Article ID:

575387, 14 pages, 2012.

Mohyud-Din, S.T., Noor, M.A. and Noor, K.l., “Exp-function

method for traveling wave solutions of modified Zakharov-

Kuznetsov equation,” J. King Saud Univ. 22, 213-216, 2010.

Ma, W.X., Huang, T. and Zhang, Y., “A multiple exp-function

method for nonlinear differential equations and its applications,”

Phys. Scr. 82, 065003, 2010.

Naher, H., Abdullah, F.A. and Akbar, M.A., “The exp-function

method for new exact solutions of the nonlinear partial differential

equations,” Int. J. Phys. Sci. 6, 6706-6716, 2011.

Abbasbandy, S. and Shirzadi, A., “The first integral method for

modified Benjamin-Bona-Mahony equation,” Commun. Nonlin.

Science Numerical Simulation, 15, 1759-1764, 2010.

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

Taghizadeh, N., Mirzazadeh, M. and Paghaleh, A. S., “Exact
solutions for the nonlinear Schrodinger equation with power law
nonlinearity,” Math. Sci. Lett., 1 (1), 7-16, 2012.

Zhang, H., “New exact travelling wave solutions for some
nonlinear evolution equations, part II,” Chaos, Solitons and
Fractals, 37, 1328-1334, 2008.

M. Noor, K. Noor, A. Waheed, and E. A. Al-Said, “An efficient
method for solving system of third-order nonlinear boundary value
problems,” Math. Prob. Eng., Article ID 250184, 14 pages, 2011.
Plotnikov, A. V. and Skripnik, N. V., “Existence and Uniqueness
Theorem for Set-Valued Volterra Integral Equations,” American J.
Appl. Math. Stat., 1(3), 41-45, 2013.

Naher, H., and Abdullah, F. A., “New traveling wave solutions by
the extended generalized Riccati equation mapping method of the
(2+1)-dimensional evolution equation,” J. Appl. Math. Article ID
486458, 18 pages, 2012.

Wang, M., Li, X. and Zhang, J., “The (G/G)-expansion method
and travelling wave solutions of nonlinear evolution equations in
mathematical physics,” Phys. Lett. A, 372, 417-423, 2008.

Zayed, E.M.E. and Al-Joudi, S., “Applications of an extended
(G'/G)-Expansion Method to Find Exact Solutions of Nonlinear
PDEs in Mathematical Physics,” Math. Prob. Eng., Article ID
768573, 19 pages, 2010.

Ozis, T. and Aslan, 1., “Application of the (G/G)-expansion
method to Kawahara type equations using symbolic computation,”
Appl. Math. Computation, 216, 2360-2365, 2010.

Naher, H., Abdullah, F.A. and Akbar, M.A., “The (G/G)-
expansion method for abundant traveling wave solutions of
Caudrey-Dodd-Gibbon equation,” Math. Prob. Eng., Article ID:
218216, 11 pages, 2011.

Jabbari, A., Kheiri, H. and Bekir, A., “Exact solutions of the
coupled Higgs equation and the Miccari system using He’s semi-
inverse method and (G'/G)-expansion method,” Computers Math.
Appli., 62, 2177-2186, 2011.

Naher, H. and Abdullah, F.A., “The basic (G/G)-expansion
method for the fourth order Boussinesq equation,” Appl. Math., 3,
1144-1152, 2012.

Zhang, J. Jiang, F. and Zhao, X., “An improved (G'/G)-expansion
method for solving nonlinear evolution equations,” Int. J.
Computer Math., 87, 1716-1725, 2010.

Zhao, Y.M., Yang, Y.J. and Li, W., “Application of the improved
(G'/G)-expansion method for the Variant Boussinesq equations,”
Appl. Math. Sci., 5, 2855-2861, 2011.

Nofel, T.A, Sayed, M., Hamad, Y.S. and Elagan, S.K., “The
improved (G'/G)-expansion method for solving the fifth-order
KdV equation,” Annals of Fuzzy Math. Informatics, 3, 9-17, 2011.
Naher, H., Abdullah, F.A. and Akbar, M.A., “New traveling wave
solutions of the higher dimensional nonlinear evolution equation
by the improved (G'/G)-expansion method,” World Appl. Sci. J.,
16, 11-21, 2012.

Naher, H. and Abdullah, F.A., “Some new traveling wave
solutions of the nonlinear reaction diffusion equation by using the
improved (G'/G)-expansion method,” Math. Prob. Eng., Article
ID: 871724, 17 pages, 2012.

Naher, H. and Abdullah, F.A., “The improved (G'/G)-expansion
method for the (2+1)-dimensional modified Zakharov-Kuznetsov
equation,” J. Appl. Math., Article ID: 438928, 20 pages, 2012.
Naher, H., Abdullah, F.A. and Bekir, A., “Abundant traveling
wave solutions of the compound KdV-Burgers equation via the
improved (G'/G)-expansion method,” AIP Advances, 2, 042163;
2012.

Peng, Y.Z. and Krishnan, E.V., “Exact travelling wave solutions
to the (3+1)-dimensional Kadomtsev-Petviashvili equation,” Acta,
Physica Polonica, 108, 421-428, 2005.

Khalfallah, M., “New exact traveling wave solutions of the (3+1)-
dimensional ~ Kadomtsev-Petviashvili ~ equation,”  Commun.
Nonlinear Sci. Numer. Simul., 14, 1169-1179, 2009.

Bekir, A. and Uygun, F., “Exact travelling wave solutions of
nonlinear evolution equations by using the (G/G)-expansion
method,” Arab J. Math. Sci., 18, 73-85, 2012.



