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Abstract The system of cosines with a degenerate coefficient in exponential form is considered. A necessary and
sufficient condition on the degree of degeneration is found that makes the considered system a frame in Lebesgue
spaces. It is proved that if the degenerate coefficient satisfies the Muckenhoupt condition, then the basicity holds. If
the Muckenhoupt condition does not hold, then the system has a finite defect, and does not form a frame.
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1. Introduction

Basis properties of classical system of exponents
{ei”t} , (Z is the set of all integers) in Lebesgue spaces
ne

Ly (=7,7), 1< p <+, are well studied in the literature

(see [6,7,17,18,19]). N.K.Bari in her fundamental work [2]
raised the issue of the existence of normalized basis in L,

which is not Riesz basis. The first example of this was
given by K.l.Babenko [1]. He proved that the degenerate

i . 1
system of exponents { |x| e'”t} with |o] <5 forms a
neZ

basis for L, (-7, 7) but is not Riesz basis when o #0.

This result has been extended by V.F.Gaposhkin [8]. In
[13], the condition on the weight p was found which

form a basis for the weight space

make the system {ei”t}
neZ

Lp,y (~,7) with a norm || [ il <t>|"p<t>dt]"

Basis properties of a degenerate system of exponents are
closely related to the similar properties of an ordinary
system of exponents in corresponding weight space. In all
the mentioned works the authors consider the cases when
the weight or the degenerate coefficient satisfies the
Muckenhoupt condition (see, for example, [9]). It should
be noted that the above-stated is true for the systems of
sines and cosines, too.

Basis properties of the system of exponents and sines
with the linear phase in weighted Lebesgue spaces have
been studied in [14,15,16]. Those of thpe systems of
exponents with degenerate coefficients have been studied
in [3,4].

In this work, we study the frame properties of the
system of cosines with degenerate coefficients in
Lebesgue spaces. Similar problems have previously been
considered in paper [11,12].

2. Needful Information

To obtain our main results, we will use some concepts
and facts from the theory of bases.

We will use the standard notation. N will be the set of
all positive integers, 3 will mean “there exist(s)”, = will
mean “it follows”, < will mean “if and only if”, 3! will
mean “there exists unique”, K =R or K =C will stand
for the set of real or complex numbers, respectively.

Let X be some Banach space with a norm |- "x . Then

X" will denote its conjugate with a norm ||||X* By
L[M] we denote the linear span of the set M < X , and

M will stand for the closure of M .
System {Xn .y < X is said to be complete in X if

L[ (e | =X - It

X & L[{Xn}nik:l ,VkeN.
System {x,} _, < X is said to be uniformly minimal
in X if 3§ >0:

inf g —uly 20xfy . VkeN.
VUGL[{X”}nik
The following criteria of completeness and minimality
are available:
Criterion 1. System {x,} _ < X is complete in X if

is called minimal in X if

f(%)=0, ¥neN, feX = f=0.

Criterion 2. System {x,} < X is minimal in X <

neN

it has a biorthogonal system {fn}neNCX*' ie.
fn(Xk)zénk’ Vn,keN,
symbol.

where &, is the Kronecker
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Criterion 3. Complete system {x,} <X is

+00

uniformly minimal in X & sup|x, [y [|[yn[ly* <
n

where {y,} \ < X" is a system biorthogonal to it.

eN
System {x,} _, <X is said to be a basis for X if

N CKZX=§ian.

n=1
is said to be a frame if

vxe X, I}

System  {X .y <X

VX e L[{xn}neN], Wby SKIX=D" A%y .
n=1

If system {x,} _, = X forms a basis for X, then it is

neN
uniformly minimal.

More details about these facts can be found in [5,10,12].

3. Completeness and Minimality

We consider a system of cosines
c“’} =!w(t)cosnt
{ n neZ, { ( ) }neZ+

(Z, =0;1;...) with a degenerate coefficient @ :
r
0=t T e-t[* ,
k=0

where {tk}{c(o,ﬂ]ltiitj for i=j . The symbol

f~g,t—>a , means that in sufficiently small

neighborhood of the point t =a there holds the inequality
f(t

o0<o<l W5ty
(t)

Theorem 1. Let the conditions
{ak}g C[—%,+ooj, 6))

be satisfied. Then the system {cf{’} is complete in

neZ,
Lp, 1< p<+w. If the following relation holds

{ak}g c{—%%j, 2

then for p e (1, +oo) it forms a basis for L, butin a case

{antg

Ly , but does not form a basis for it.

< (-1,0] this system is complete and minimal in

Proof. Thus, it is clear that the system {cr‘,"}
neZ,

belongs to the space L, =L, (0,7),1< p<+wo, if and

only if the relation (1) holds.
Let us consider the completeness of this system. Let

fely, (—+——1) cancels the system {cf{’} out,

neZ,

that is

<cn,f>s]'[cr‘{’m)dt=0, VneZ, 3)
0

where (_) is a complex conjugate. By C[0, 7] we denote

the Banach space of functions which are continuous on
[0,7] with a sup -norm. It is absolutely clear that

of e Ll(o,ﬂ')CC*[O,ﬂ'] .
{cosnt}

As the system of cosines
is complete in C[0, 7], we obtain from the
+

relations (2) that of =0= f =0 .
in Ly (0,7) .

This proves the

completeness of system {Cg)} Now
neZ,

consider the minimality of this system in Lp. It is clear

-1
that the system {cﬁ’ } belongs to Ly if and only if

neZ,

il

The theorem is proved.
It should be noted that these facts can be directly
obtained from the classical results.

4. Defective Case

Here we consider the defective system of cosines
@ — -
{C” }neN , Where N(ko) =Z,\{ko}, ko €Z, is some
number.

The following theorem is true.
Theorem 2. Let the

(ko)

necessary  condition

aoe(_l +w], {ak}r (—%i) be satisfied. Then

the system { is a frame (basis) in Lp if and only

Ifaoe(—— )Moreover foraoeM() keN,ithasa
(

defect equal to (k) , where M )z[1+2(k—1),£+2kj.
q q

Assume og € Mél) = E§+ 2} and

{ak}{c[—%,ﬂ . Suppose that fel, cancels

system {c,‘{’}nEN out, that s, <cr‘{’,f>=0

(ko)
vne N(kO) .

Consequently,

(cosnt,@f)=0, ¥ne N 4

As of el cC [0,z] and system {cosnt}neZJr is

complete and minimal in C[0,z] , from (4) we get
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of =ccoskyt , where ¢ is some constant. Then from

expression f:cw‘lcoskot follows that f ely if and
Lo o . .

only if c=0. Thus, system {cn }neN(kO) is complete in

Lp-

Now we consider the minimality of this system. Let

9y (t) =@ (t)(cosnt —coskgt), Vne Niko) -
We have

<cr‘{’, S > =(cosnt, coskt) —(cosnt, coskot)

T
:E nk » vn,k e N(kO)

On the other hand cosnt—cosk0t~t2, t—0, and,

consequently, 4, (t)~ 270t 0. From these relations
find  that {sn}neN(kO) c L

is complete and

we  immediately

Consequently, system {cr‘{’} .
"M(ko)

minimal in L, . Then, it is clear that the system

{c,ﬁ"} has a defect equal to 1 in this case.
neZ,

Consider the basicity of system {cr‘{’} in Lp

"N(ko)
By |- ||p we denote the ordinary normin L, . It is obvious

that sup|ic/’|| <-+oo.We have
n

p

@
Cn

p T
= jwp (t)[cosnt|P dt >
P o

e ne
clj‘taop |cosnt|” dt = c,n @ J t“‘1|cost| Pdt,
0 0

(¢ >0 is some constant, independent of n) where the

interval [0,&] (&>0) does not contain the points {t }1r
and a =agp+1. Assume

M, ={k 21:k7z+%£n5}.

We have

T
kz+=

“c,ﬁ””p >en @ Y [ t*Heost|P dt>
P keMp iz

kz+Z
cn Y _[ t* Lt .

keMp ke

Itis clear that & >1, and as a result

P 4k+1
“c,‘{’” >en” Y I %Lt (5)
p

keMp 4k-1
It is obvious that

4k-1 4k+1
j t* gt < j % dt, k>1.
4k-3 4k-1

Taking the previous relations into account, from (5) we
have

P 4k-1 4k+1
“cﬁ’” 2e5n™ Y| [ o7t [ttt
p

keMp | 4k-3 4k-1
n a ’
>cgh ™ J' % Ldt = ¢4 (ﬁj
5 n

ne
where 4, >——2. Hence
T

ollP e 2\ P
”cn ” 2C|——=| —=C|—| >0, n—>oo0.
p 7T n T
Consequently, it directly follows that
inf“cﬁ’” >0.
n p
Thus
0<inf ”cﬁ’” < sup”c,ﬁ”” <400,
n p n p
Concerning biorthogonal system, we have

Sh

T
‘- jafq (t)|cosnt —coskgt|* dt >
4 0

&
> c_[t_”‘oq |cosnt —coskot| dt,
0
where ( and in sequel also) by ¢ we’ll denote positive

constants, which may be different in different places.
Consequently

€ &
[]lg > ¢| [t7*0%cosnt~1% dt — [t0% [coskqt 1| dit |.
0 0

As coskot—1~t2, t =0, then it is clear that

&
It—aoq |coskot 1 dt < +o.
0

Consider

en = [7%0%cosnt—1 dt

O —y ™

ne
=n0% ['1~09|cost -1 dt ,
0
ne

2
=cn ¢ .[ 1% 1sin29 t gt
0
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where a=-agpq+1 . At first consider the case
o e(£,£+2], ie. 2q<a <0.We have
qq
ne
1 2
l,n=cn? J't”"lsin2q tdt+ J' % 1sin29 tdit
0 0

1
> cn’”‘jt”"1 sin®9 t dt
0

As, sin®9t~t2 t >0, and a+2q-1>-1, then it is
clear that

1
It“‘lsinzqtdt < 400,
0

and consequently, |gn —> 10, n—>w. Let g :1,
' q

i.e. a=0. Itisobvious that

1
jt‘lsin2q tdt < +oo.
0
On the other hand
nt (k)=
2 4 2
[thsin®de= 3 [ tsing™dt>
1 keM1p ot ™
4
(k+1)7r—%
cy [ tld
keMn kz+Z
4

where M, z{k >0:(k +1)7z—%£ n%} . Thus

4k+3

ln2c > [ thdt.

keMp 4k+1
It is absolutely clear that

4k+5 4k+3
J' t~1dt < j t~ldt, vke M, .
4k+3 4k+1

Taking into account this relation we have

4k +3 4k+5
lnze > | [ thdt+ [ t7dt
keMnp | 4k+1 4k+3

i

n
ZCJ't’ldt:clnﬂﬂ
1

where A, 22_8—2 Consequently, Ig n > 10,
- ,

n—oo. As a result, we obtain sup =+o0. Then, it

n

h

is clear that sup
n

[0)
Cn

Sh

=+o0. As a result, we get that
q

the system {c,ﬁ”} is not uniformly minimal in L

neN(kO)

[see, for example 16] and at the same time does not form a
basis for it. Let us show that in this case the system

{cr‘,"} . is not a frame in L, . Assume that it is not true.
nezZ,

Then, it is clear that zero has a non-trivial decomposition,
i.e.

[o0)
0= ancy .
n=0

It is evident that ay = 0. It follows directly that the
arbitrary element can be expanded with respect to the

system {crﬁ"} . We came upon a contradiction

neN(ko)

which proves that this system does not form a basis for

Lp.

Let us consider the case ¢ € 1+2,1+4 -m?
a g ‘

We look at the system {cﬁ’} \ ,  Where
ne

{kka}
N ko) =2+ \{kiiko}, kisko €Z,, kg 2k, are  some

numbers. Let f e Ly cancel this system out, that is
<Cﬁ), f> =0,Vhe N{klsz} R

Using the previous reasoning, we find that for some
constants ¢;;c, the following is true

f(t) =@ 2 (t)(cy coskyt +C; coskyt) .

Using representations

2 =
cosk;t :1—|%t2 +O(t3), t—>0,i=12

we obtain
f(t)~cgt ™™gy (t)+9y(t), t—>0,
(c3 #0 is some constant ), where
9 (t) :(Ol+02)_%(clk12 +0k )12,
and g, €Ly is some function. Thus, f e Lg if and only if
g, (t)eL,. Assume b =(c, +c,) , b, = —%(clkf +c2k22) :

As —apq<-1 and (2-ap)q<-1, it is clear that

%0 gLy, t279%0 ¢ Ly - Suppose by = 0. We have
‘t‘“o gl(t)‘:|bl|t_“0 14 %22,

It follows directly that for sufficiently small & >0 we have
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‘tf“Ogl(t)‘2c§|bl|t*“0 , Vte(0,5),

where c5 =0 is some constant. As a result felg .

Consequently, by =0, and it is clear that b, =0. Thus, we

obtain the following algebraic system with respect to the
constants ¢;;c, :

C_|_+C2 =0
olk12+czk22 =0/

It is clear that det #0 . And, consequently

S

€ =C,=0. As a result, f =0, which, in turn, implies

is complete in Lp. Letus
neNfiqiko}
is also minimal in L,

that the system {cﬁ’ }
show that it Assume

;/r(]i) = %(kiz - nz) . Consider the system

(2 gy || L _ L _ L
8K (t) = o @ | nt [ 08 ket + @) <0 kot
”n ”n 7n ”n

xo (t),‘v’n € N{kl;kz}
We obtain directly from the following representation

cosnt—coskit:%(kiz—nz)t2+8(t3),t—>0 , 1=12

that {8,(12)} < Lg - On the other hand

NeNfkqiko}
<Cr610”9|§]2)> = }/ngnk ) vn,k e N{kl;kZ} R

2| 1 1

where n=— NORNE] =0, V”GN{kl;kz} . From
m’ n
these relations follows the minimality of system
{cr‘{’} in Ly . Thus, if aoeME)Z), then the
n<Nikiika)

system {c,‘{’} is complete and minimal in L,

N=Nfig ko)

has a defect equal

and, as a result, the system {cﬁ’ }
nezZ,

to 2. Continuing this way, we obtain that if g e M(pk),

where Mgk)zE+2(k—l)%+2kj , then the system
{c,ﬁ"} is complete and minimal in L, , where
neN{ﬁk}

b ={miing € Zy, mo#nj, with i .

Proceeding in an absolutely similar way as we did in
the previous case, we can prove that absolutely similar to

the case k =1 we establish that for a5 € M |(ok) the system

{Cn }neN{nk}

consequently, it does not form a basis for it. Let us show

is not uniformly minimal in L, , and

that for o e M(pk), vk >1, the system {cﬁ’} is not

nezZ,

frame in L, . Let k=2:{M } ={n;;ny}. Assume that the

system {cr‘,"} is a frame in L, . Then zero has a non-

neZ,

00
trivial decomposition: O=Zancr‘," . It is clear that
n=1

‘anl‘+‘an2‘>0, and let ap #0. It follows directly that

is a frame in Lp. The further
neN{m}
reasoning is absolutely similar to the case of k=1. This
scheme is applicable for vk e N .
The theorem is proved.

the system {cﬁ’}
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