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1. Introduction

Huang and Zhang [8] introduced the concept of a cone
metric space, they replaced set of real numbers by an
ordered Banach space and proved some fixed point
theorems for single mapping for contractive type
conditions in cone metric spaces, using the normality
condition. Later on many authors have [1,2,3,4,6,7,9,10,11]
generalized and extended the results of Huang and Zhang
[8] and obtained the common fixed points for two or more
self-mappings for different types of contractive conditions
in cone metric spaces with and without using the
normality condition. In this paper, we obtained
coincidence points and common fixed points for four
self-mappings in cone metric spaces without the normality
condition. Our results are extended and improved the
results of Arshad, Azam and Vetro [5].

The following definitions are due to Huang and Zhang [8].
Definition 1.1. [8]

Let B be a real Banach space and P be a subset of B.
The set P is called a cone if and only if:

(@). P is closed, non—empty and P # {0};

(0).ab €R,a b= 0, x,yeP = ax+byeP;

(c). P~ (-P) = {0}.

Definition 1.2. [8]

Let P be a cone in a Banach space B, define partial
ordering ‘<’ with respect to P by x <y if and only if
y-XeP. We shall write x<y to indicate x <y but x # y while
x<<y will stand for y-xe int P, where, int P denotes the
interior of the set P. This cone P is called an order cone.
Definition 1.3. [8] Let B be a Banach space and P — B be
an order cone. The order cone P is called normal if there
exists M > 0 such that for all x, y € B,

Ogix<y=|x|l< Mly].

The least positive number M satisfying the above
inequality is called the normal constant of P.

Definition 1.4. [8] Let X be a nonempty set of B Suppose
that the map d: X x X— B satisfies:

(d1). 0 <d(x, y) forall x, y € X with x =y and d(x, y) =
Oifandonly if x = y;

(d2). d(x, y) = d(y, x) forall X, y € X;

(d3). d(x, y) < d(x,z) +d(z, y) forall x,y, z € X.

Then d is called a cone metric on X and (X, d) is called
a cone metric space.

It is clear that the concept of a cone metric space is
more general than that of a metric space.

Example 1.5. [8] Let B = R?, P = {(x, y)B such that: x,
y>0} c R% X =Rand d: X x X — B such that d(x , y) =
(|x-y]|, a|x-y]|), where @ > 0 is a constant. Then
(X, d) is a cone metric space.

Definition 1.6 [8] Let (X, d) be a cone metric space .We
say that {x,} is said to be

(i) a convergent sequence if for any ¢>>0, there is a
natural number N such that for all n>N, d(x, x) <<c, for
some fixed x in X. We denote this x,—X (as n—x).

(ii) a Cauchy sequence if for every c in E with ¢>>0,
there is a natural number N such that for all n, m>N,
d(Xn, Xm) << C.

(iii) a cone metric space (X, d) is said to be complete if
every Cauchy sequence in X is convergent.

Definition 1.7. [5] A pair (S, T) of self-mappings on X is
said to be weakly compatible if they commute at their
coincidence point (i. e., STx = TSx), whenever Sx = Tx).

2. Main Results

In this section, we prove a result on points of
coincidence and common fixed points for self-mappings
and then show that this result generalizes some of the
recent results existing in the literature.
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Lemma 2.1. Let X be a nonempty set and the mappings S,
T, I and J: X— X point of coincidence p in X. If {S, I}
and {T, J} are weakly compatible if they commute at their
coincidence p in X. If {S, I} and {T, J} are weakly
compatibles, then S, T, | and J have a unique common
fixed point.

Proof. Since, p is a coincidence point of S, T, | and J.
Therefore p = Ig = Jg = Sq = Tq for some ge X. By
weakly compatibility of {S, I} and {T, J} we have Sp =
Slg=1Sg=1Ip, Tp=TJq=JTq = Jp.

It implies that Sp = Tp = Ip = Jp = r(say), then r is a
point of coincidence of S, T, | and J. Therefore, p = r by
uniqueness. Thus p is a unique common fixed point of S,
T, land J.

We adopt the technique which was used in [5].

Let (X, d) be a cone metric space and S, T, | and J be
self-mappings on X such that S(X) < J(X), T(X) < I(X).
Suppose Xo € X and Xy, X, € X is chosen such that S(x,) =
J(x1), T(x1) = I(x,) continuing this process we can define
{xn} by

\]X2n+1 = SX2n1 |X2n+2 =TX2n+1, n=012...
Denote,

Yon =IXon41 =SXon Yons1 = Xongo = TXonu1, )
n=0,12...

The sequence {y,} is called an S-T-sequence with
initial point .

The following result is an extension of Proposition 3.2,.

in [5].
Proposition 2.2. Let (X, d) be a cone metric space and P
be an order cone. Let S, T, I, and J:X—X be such that
S(X) < J(X), T(X) < I(X). Assume that the following
conditions hold:

(i) d(Sx, Ty) < a d(Ix, Sx) + B d(Jy, Ty) + v d(Ix, Jy),
for all x, yeX with x =y, where a, B, y are non-negative
real numbers with o + B +y < 1;

(ii) d(Sx, Tx) < d(Ix, Sx) + d(Jx, Tx) , for all xeX,
whenever Sx = Tx.

Then every S-T-sequence with initial point x,eX is a
Cauchy sequence.

Proof. Let xo be an arbitrary point in X and {y,} be an
S-T-sequence with initial point X, . First we assume that
Yon # Yones TOr all n. Then

d(Yans Y2ns1) = d(SXans TXon41),

< ad(IXZn +SX2on )+ﬁd(JX2n+1’TX2n+l)
+7d(lx2n* ‘]X2n+l)'

<ad(Yan-1.Y2n )+ Ad(Yan Yons1)
+7d(Yan1.Yon )

<(a+7)d(Yan1.Yon )+ Bd(Yon, Yoni1)-

= (- B)d(Y2n, Yoni1) < (@+2)d(Yon-1,Yon )

= B(Yan:Yoni) < (@+A) 1 Q= B)d(Yon-1,Yon )-

Similarly, we obtain that

d(Yons1: Yons2) S (B+ ) A-a)d(Yon,Yons1)- ()

(2

Now from (2) and (3), we deduce that
d(Yans2:Yons1) < (B+2) 1 (L=a)d(Yani1.Yon )
<[a+7)1A-PI(B+2) ! A-e)ld(Yan1.Yon)
< Llla+y)! Q-]

B+ ) A=)l +7) Q=)D d(y1,Y0)-

And

d(Yans3s Yoni2) < (B+A)/ =a)d(Yans2:Yons1)

<([(B+A) @-a)l(a+2) ] @-AD™d(y1, Yo)

LetM = (a.+7v) /(1-B), N = (B +7) /(1-a).
Then MN < 1. Now for any n > m, we have

d(Yans1: Yom1)
<d(Yons1:Y2n ) +d(Yan . Yona)+---
+d(y2m+21y2m+1)’

<[l aMN) NN [ 32, v0).

< [(MN)m+1 /1-MN+N (MN)™ /1~ MN}d(yl,yo).

(4)

(5)

In analogous way, we again

d(Yan:Yoms1) < (M+1)N(MN)™ /1-MN d(y1,¥o ),

d(Yon.Yom ) < (N+1)(MN)™ /71— MN d(yy, o).
And d(Yzne1, Yam) < (N+1) (MN)™/ 1-MN d(ys, Yo).
Thus, forn>m >0,

d(Yn.¥Ym)

ﬁMax{(NH)(MN) +m/1_MN} d(y1.Yo)
(M+1)N(MN)™ /1-MN

=bpyd(y1,Yg ), Where by, —0asm — oo,

For each ¢ >> 0, choose 6 > 0 such that ¢ — xeint P,
where |[x||<< 8, that is, x << ¢, for this 3, we can choose a
natural number N; such that ||b,, d(ys1, Yo)l[< 8, form > N .

Thus we get that d(Y,, Ym) < bm d(y1, Yo) << c, for all
n > m > N;. Therefore {y,} is a Cauchy sequence in (X, d).
Now we suppose that Yo, = Yone1 for some neNj;. If
Xon = Xon+1, DY (ii) we have

d(Yon, Yon+1) = d(SX2n, TX2n41),
<d ( |X2n 1SX2n )+ d (‘]in 'TXZH )

<d(IXgn41,SX2n ) +d(IXan11, TX2n41)
=d(Yan,Y2n) +d(Yon, Yon+1)
= d(y2n'y2n+1)’

which implies that y,, = Yons1.

If Xon # Xon+1, We USe (i) to obtain yo, = Yonss.

Similarly, we deduce that Y,n41 = Yan+2@nd SO Yy = Y, for
every n > m. Hence, {y,} is a Cauchy sequence.

Theorem 2. 3. Let (X, d) be a cone metric space and P
be an order cone, let S, T, I and J: X — X be such that



American Journal of Applied Mathematics and Statistics 114

S(X) € JX), T(X) €
conditions are hold.

(i) (Sx, Ty) < a d(Ix, Sx) + B d(Jy, Ty) + v d(Ix, Jy), for
all x, ye X with x =y, where a, B, y are non-negative real
numbers with o+ p +y<1;

(i) d(Sx, Tx) < d(Ix, Sx) + d(Jx, Tx) ,
whenever Sx = Tx.

If one of S(X), T(X), I(X) and J(X) is a complete

subspace of X, then S, T and f have a unique point of
coincidence. Moreover, if {S, I} and {T, J} are weakly
compatible, then S, T, | and J have a unique common
fixed point.
Proof. Let X, be an arbitrary point in X. By Proposition
2.2 every S-T-sequence {y,} with initial point xq is a
Cauchy sequence. Suppose J(X) is complete there exists
pe J(X) such that y,, = SXon = JXon+1 — p as n—oo. We can
find a ueX such that Ju = p (If S(X) is complete, there
exists peS(X)<J(X) , then the conclusions remain the
same). Now we show that Tu = p. By (i), we have

d(Sv,p) <d(SV, TXpn41)+d(TXo041,P)

< ad(Iv,Sv)+ Bd(IXon,1, TXon11)

+7d(IV,3Xgn41 )+ d(TXn44.P)

<ad(p,Sv)+(B+7)d(Yan Yoni1)
(7’+1)d()’2n+1 p)

I(X). Assume that the following

for all xeX,

= (1-a)d(p,Sv)
(ﬂ"‘ﬂ/) (y2nvy2n+1) (7+1)d(y2n+1ap)
=d(p,Sv)<(B + 7)/(1-a)d(Yan:Yons1)

+(7+1)/ (1~ a)d(Y2ns1,P)-

Fix 0<<c and choose n; eN be such that d(Ysn.1, Yon) <<
(1- a)/(B + v) ¢/2, and d(Yzn, P) << (1- a)/( y+1) c/2 for all
n=>n;.

Consequently, d(p, Sv) << c¢/2 +c/2 =c.

= d(p, Sv) << ¢ and hence d(p, Sv) << c¢/m for every
meN. From ¢/m — d(p, Sv) eint P, being P is closed as
m—oo, we deduce —d(p, Sv)eP and so d(v, Sp) = 0.

=p=Sv.

Therefore, Sv=p =

Therefore, Tu=Ju=Sv=Iv (=p).

= p is a point of coincidence of S, T, | and J have a
unique point of coincidence. For his we assume that there
exists another point p”~in X such thatp = Tu" = Tu = Sv
= Iv', then

d(p,p*)=d(8u,Tu*)

< ad(Iu,Su)+ﬁd(Ju*,Tu*)+yd(lu,Ju*)
<ad(p,p)+pd(p".p" )+ 7d(p.p”)
s;/d(p,p*).

We deduce p = p”. Since, {S, I} and {T, J} are weakly
compatible, then p is the unique point of coincidence of S,
T, I and J then by the above Proposition we get that p is
the unique common fixed point of S, T, l and J.

Remark 2.4.

(i) If we choose | = J = f in the above Theorem 2.3., we
can get the Theorem 3.3., of [5].

The above Theorem 2.3., generalizes the Theorem 3.3.,
of [5].

(ii) If we choose S =T and | =J = f in the above
Theorem 2.3., we can get the Theorem 3.4., of [5].

The above Theorem 2.3., generalizes the Theorem 3.4.,
of [5].
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