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Abstract In this study, we investigate the problem of the effects of droplets dispersion dynamics on ignition of
polydisperse spray in turbulent mixing layers using probability density function. Studies of this problem have been
found to be instrumental in developing understanding of turbulent combustion including the ignition of turbulent
gaseous diffusion flames. The parameters used to describe the distribution of droplet sizes are the moments of the
droplet size distribution function which are allowed to vary in the fourth vector (x,y,z,t). In our analysis we
applied the Homotopy Analysis Method. This method contains a certain auxiliary parameter # which provides a
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1. Introduction

When modeling the polydisperse spray one can employ
the discrete droplet model. One method is to solve the
governing equations of motion for turbulent carrier gas in
an Eulerian scheme, and then to integrate Lagrangian
equations of motion for liquid droplets along true path
lines [1,2,3,4]. The advantages of this method are the
ability to efficiently discretize the liquid phase (i.e., spray)
into groups of identical droplets, each containing droplets
of a given radius, and the fact that the equations for the
dispersed liquid phase are more naturally written down in
a Lagrangian manner. Another method is the well known
Eulerian-Eulerian scheme. This method has been used by
many researchers such as [5,6,7]. This approach is useful
in the case when the flow contains many collisions
between the droplets. In addition, when applying this
method, one should assume a local equilibrium between
the two phases. Another useful method is the stochastic
approach. The spray is described by the distribution
function (or density function) f;(r,X,V,t)drdxdv , which

is the probable number of particles of chemical
composition j in the radius range dr about r located in

the spatial range dX about X with velocities in the range
dv about V attime t, [8].

When formulating the model, the source terms include
and describe effects of droplets breakup and the effects on
the gas phase. In order to evaluate the velocity, the rate
change of velocity, the radius, and the energy, one should
write the governing equations in the Lagrangian forms. An
Eulerian conservation equation is then written for the
number density fj in each considered range | ,

integrating over the radius range and taking a delta-
function approach [9].

In this paper we modeled the polydisperse spray using
the moments of the droplet-size-number distribution. The
advantages of this approach are as follows: 1. the number
of equations that must be solved is significantly less
compared to other methods reviewed above, 2. using the
moments means that the polydisperse spray is dealt with
in terms of average quantities which allows a smooth
representation of the droplet-size at all points, rather than
a discrete representation [10,11,12,13].

2. Physical Assumptions and Conservation
Equations

The physical model describes the thermal ignition of
polydisperse fuel spray in a two-dimensional laminar
mixing layer. The parameters used to describe the
distribution of droplet sizes are the moments of the droplet
size distribution function which are allowed to vary in
space and time. Droplet breakup, and droplet droplet collisions

2
. . . R
effects are ignored. The vaporization time t, = (%)%
A

is used to define the length scales for the longitudinal and
transverse coordinates x and y . A Fickian description is

used for the diffusion velocities of all species, with the
binary diffusivity of species i into the mixture Di' scaled
with its air side value to give DilzDi’/DiA. We

assumed the power -law dependence pD; =T for the

transport properties. The equation of state can be written
in terms of the mass fraction of the fuel Yg in the form of
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pT(1-Yg (1-Wa /Wg))=1 . For simplicity, the

chemistry describing the thermal ignition process is an
irreversible reaction between the Oxygen of the air and the
fuel vapor in the form of F +sO, — (1+s)P+Q where s

and Q are the mass of Oxygen consumed and the amount
of heat released per unit mass of fuel burned respectively.

Under the above assumptions, the gas phase
dimensionless conservation equations are:
Voo (omw) = an(r)er 2.1)
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3a

- PrT*"<r*>[u* -ugl,

(2.2

*
va*-(p*YEv”v*)= L 0 [qvo 0¥

(T*-1)

+aA<r*>ol—p*Yo Yee T,

VA*'(P*YO*W*)= 0 {T*G 8Y0*J

(2.3

oy” oy"
()

*

-S* P, Yfe T,

V(o) :%(T*U ﬁ]—a{\<r*>o[l\j -7 ]

oy oy
—aT*0<r*>o[T*-Td*]
T

*

+9"°0°Y, Yee T,

(2.4)

(2.5

and the conservation equations for the liquid phase are:

Vs ~(<r*3>ow§):—A<r*>oL (2.6)
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The initial conditionsat x=0 and y >0 are:
U —1=Yf =Y, -1=T"-1=0, (2.10)

and

o S C R B
:u;;:u::va< :Yo*—YOS :O,
for y<0, and the boundary condition for x>0 is given
by
U -1=YF =Y, "-1=T"-1=0, (2.12)

as y — oo, and
U —ug =YE =Y, Yo, =T -Tg =v* =0, (2.13)

for y » —o.
The initial distribution is taken to be Gaussian.
The dimensionless variables are as follows:
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The following notations are used for the above model:
B universal gas constant, ¢ specific heat capacity, D
thermal diffusivity, E activation energy, L, latent heat of

vaporization, Le Lewis number, n dimensionless
droplet-number density, P probability density function,
Pr Prandtl number, Q heat of combustion, R droplet

radius, r dimensionless droplet radius, S mass of air
consumed per unit mass of fuel burned, T gas
temperature, u gas velocity (longitudinal component), U
mean stream velocity, v gas velocity (transverse
component), W =(u, v), x longitudinal coordinate, y

transverse coordinate, Y mass fraction, W molecular
mass, X=(x, y), (f(R))°g() =" F(RIP(L.R)g()R or

L:O f(r)P(X,r)g()dr in dimensionless terms, V two

dimensional gradient, p density, « the ratio of mass of
liguid per wunit volume to the gas density
a:%ﬂRgndopﬂpA (dimensionless), o relate to a
power law. Subscripts: O initial, A air, B boiling, d
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droplet, | liquid, F Fuel, o oxygen, p under constant
pressure, S spray.

3. Homotopy Analysis Method-HAM

1. Preliminaries
The application of the HAM to a system of non linear
partial differential equations is as follows [15,16]: Let

N; [ty (F), Uy (F),....up (F)] i =1,...,n, (3.1

be a system of differential equations with the initial
conditions:

u; (0) = ujg,i =1...,n, (3.2)

are nonlinear

where N; operators, T independent
variables and u; are unknown functions. The zero-order

deformation equations for i =1,...,n are:
A= p)Lilei (F; p) —ujo (M)]
=phiH; (F)N;[pL (F), 9o (F),...,0n (F)] =0,

where p e[0,1] is the embedding parameter, 7; are the
non zero auxiliary parameters, H; =0 are non zero

(3.3

auxiliary functions, L; are the auxiliary linear operators
and ujo(r) are the initial conditions of u; () . According to
(3.3), when p=0 and p=1, it holds ¢;(F;0)=ujg(F)
and ¢ (r;1) =u; () i=1...,n.Which means that when p
varies from 0 to 1, the solution ¢ (F; p) varies from the
initial condition u;o(F) to the solution u; (F). Expanding
@ (T;p) to a power series with respect to the small
parameter p,

@i (F; p) = Ujo (F) + i U (F)p™,i=1..,n, (3.4

m=0
where
o _13"p(F;p)
uim(r)—ﬁap—mh):o
= D (2 (F5 p)) [p=0i =1....N.

(3.5

When p =1 the series in (3.5) convergence to the solution
and we have:

Ujm (F) = Ujo (F) + i Ui (F)i=1....,n,i=1...,n. (3.6)

m=0

In order to obtain a series solution of HAM, define the
vector:

Uim(r) = {uiO (r)auil(r)a"'a Uin (F)}al =1..,n

Differentiating Equation (3.3) m-times with respect to
the embedding parameter p, setting p=0 and finally

dividing the terms by m!, we obtain the m th-order
deformation equations in the form of:

Li [Ujm (F) = ZmUim-2 (F)]
_hi Hi (f) Rim (Ulm—b <o Unm-1> F) =0,

3.7
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and y,, is the unit step function. Applying the inverse

operator Li’l(~) on both sides of Equation (3.8), we obtain

Uim (F) = ZmUim-1(7)

ey o - (3.10)
+1; L [Hi (M Rim (Gam—15 -+ G nm-1 7]

The solution of the m th-order deformation can be
expressed according to Equation (3.10) which can be
solved by symbolic software such as Mathematica 8.0,
Maple, Matlab and so on. When one substitutes the
Uim (F) for m>1, then the M -order series is

M
Ui (M) =Y Ui (F), (3.11)
m=0

and when M — oo, then one can obtain an accurate
approximation of the original system (3.1).
2. Application

In order to apply the HAM to the model (2.1)-(2.9) (for
convenience we ignore the asterisk from the model) let us
define the following series:
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(3.12)
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m=0

P9 (%.¥:P) = X Tam (x.Y)P"-
m=0
We choose the linear operators L; as
Lilp]=Vzpi=1...9,

with the property Li(¢;)=0 (i=1..,9) , where ¢;
(i=1...,9) are integral constants. The non linear operators
N; (i=1...,9) of the considered system are defined as:

Ni[g1,....091= Vi -(p(01, 02)) oA (p5) oL (3.14)

(3.13)
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Using the above non linear operators, and using the
assumption that H; =1 (i=1...,9), we construct the m-

order deformation equations in the form of:
Lil¥im (N1 = xmWim— ()] =7 Rip, (‘i’m—l) =0, (3.23)
where y;,, () (i=1...,9) present the functions:

Un ()?),Vm (X)aTm (X), Udm (X)anm (X,

, . B, g, (3.24)
i (%), Yem (%), Yom (%), Tgm (X),
and \p,,_, presents the functions:
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The expressions Ry, in Equation (3.23) are as follows:
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By using the software Matlab one can obtain the
solutions using Equation (3.10) for each function in
Equation (3.24) and finally one should substitute the
appropriate expressions in Equations (3.11).

4. Analysis and Results

In our analysis we compared between two polydisperse
fuel spray: Heptane and Methanol. The values of the

103

dimensionless parameters are [14]: 1. Heptane: q=39.5,

l, =034 , Tg=037 , c=22 , Wp/Wg=0.29 ,
Leg =26, S=15.2, and 2. Methanol : q=18.6 ,
I, =109 , Tg=034 , c=25, Wp/Wg =091,

Lep =12, S=65.

The air-side temperature is assumed to be T, =1000K .
The rest of the parameters are: =1, Pr=0.7, =10
and Tg =

We have implemented the numerical method for PDE

using the software MATLAB. Our results are presented in
Figures (4.1)-(4.3) for different contour lines in the x—y

plane. In all cases, the polydisperse spray mixes with the
hot air without any appreciable chemical reaction. The
vaporization process of the different size droplets is
caused by coflowing of hot air stream. The fuel vapor
diffuses into the air stream, and then it starts to react with
the oxygen as it reaches the high temperature boundary,
which is far away from the polydisperse spray. In Figure (4.1)
we plot the temperatures T and Ty . The air stream

temperature is decreased at the beginning of the process
(when the spray and the hot air are mixed) because the
different initial values for both fuels (heptane and
methanol) (Figures (4.1)-(a) and (4.1)-(b)). The methanol
decreases more slowly. On the other hand, the droplets
temperature Ty is increased because of the hot air

(Figure (4.1)). The droplets temperature of theheptane is
increase more faster in compare to increases at a faster
rate, in comparison to the methanol (Figure (4.1)-(c) and
Figure (4.1)-(d)) respectively. The three dimensional
surfaces of the gas and droplets temperature are presented
in Figure (4.4).

heptane methanol
1.0F ; LOF : —] ]
<&

0.2
.5 0.5

0.4
0.0 0.0

0.6

-0.5
0.8

0.0

Tq

0.0+ 0.0 y

-0.5 —0.5

1ot -1.0 ]
—-1.0 0.0 0.5 1.0 —1.0 —0.5 0.5 1.0

0.0
X

Figure (4.1). Solution profiles of the temperature for heptane and methanol
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heptane methanol
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Figure (4.2). Solution profiles of the velocity in x and y directions for heptane and methanol
heptane methanol
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Figure (4.3). Solution profiles of the mass fraction of oxygen and fuel

The droplets velocity uy and vy in x and vy ug of both the heptane and methanol decreases at a
directions respectively start from the initial conditions and slower rate, in comparison to the vy . These results are

then decrease because of the interaction of the droplets  compatible with the three dimensional surfaces presented

with the hot air (friction). The velocity in vq of the i, Figures (4.5). The droplet velocity vy is decreases
methanol is the first to decrease (Figure (4.2)-(b)) as  (jose to the initial conditions.
compared to the heptane (Figure (4.2)-(a)). The velocity
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Methanol _ 1

Figure (4.4). Solution profiles of the droplets and gas temperature in three-dimensional space. The upper surface is the solution of the model Equations
(2.1)-(2.9) obtained by applying numerical simulations, and the lower surface is the solution of the model (2.1)-(2.9) obtained by applying the homotopy
analysis method (HAM)

Methanol - 1

Figure (4.5). Solution profiles of the droplets velocity in three-dimensional space. The upper surface is the solution of the model Equations (2.1)-(2.9)
obtained by applying numerical simulations, and the lower surface is the solution of the model (2.1)-(2.9) obtained by applying the homotopy analysis
method (HAM)

The solution profiles of the mass fraction of oxygen and
fuel and the differences between the heptane and methanol
are shown in Figures (4.3). The coordinate x of the

ignition is xe(0.4-0.6) and this result is compatible

with the solution profiles of the temperature, velocity and
mass fraction (Figures (4.1)-(4.3)).

In our analysis we assumed that the probability density
function Pz does not change in time due to the scales

selected [14] (short period of ignition).
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Methaol 1 I

Figure (4.6). Solution profiles of the mass fraction of Oxygen and Fuel in three-dimensional space. The upper surface is the solution of the model
Equations (2.1)-(2.9) obtained by applying numerical simulations, and the lower surface is the solution of the model (2.1)-(2.9) obtained by applying the

homotopy analysis method (HAM)}

In our Analysis, in addition to numerical simulations,
we applied the homotopy analysis method. In Figures
(4.4)-(4.6) the upper surfaces are the solution of the model
given in Equations (2.1)-(2.9) obtained by applying
numerical simulations, and the lower surfaces are the
solution of the model given in Equations (2.1)-(2.9)
obtained by applying the homotopy analysis method
(HAM). As can be seen by these figures, the solutions that
are obtained by the HAM series are close to the numerical
solutions. The great freedom and flexibility to choose the
auxiliary convergence control parameter, the auxiliary
linear operators and the non zero auxiliary functions
increase the possibility of finding satisfactory series
solutions which are very close to the numerical ones. To
summarize, the homotopy analysis method (HAM) is an
analytical approach for obtaining convergent series
solutions of strongly nonlinear problems. It is also a
method which economizes the computer processing work
time. In general it is impossible to solve high-order
deformation equations quickly while maintaining an
approximation at a high enough order without a high-
performance computer. Furthermore, it is also impossible
to choose a proper value of the convergence- control

parameter without the use of symbolic computers software.

5. Conclusions

In this study, we investigated the problem of the effects
of droplets dispersion dynamics on ignition of
polydisperse spray in turbulent mixing layers using
probability density function. In our analysis we compared
two polydisperse fuel sprays: Heptane and Methanol.

We applied an analytic technique, known as the
homotopy analysis method (HAM). The major advantage

of this method is that there is no need for the emergence of
a small parameter in the model. The artificial parameter
that this method utilizes provides a method for controlling
the convergence region and rate of convergence of the
series solutions.

There is a high degree of agreement between our
theoretical results and the numerical results of the
technique.

This present research shows the validity and the
enormous potential of the homotopy analysis method for
nonlinear problems in science and engineering.
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Nomenclature

universal gas constant
specific heat capacity
thermal diffusivity
activation energy

latent heat of vaporization

Lewis number

dimensionless droplet-number density
probability density function

Prandtl number

heat of combustion

droplet radius
dimensionless droplet radius

TXTOVUOUS IO MmO w



w

American Journal of Applied Mathematics and Statistics 107

mass of air consumed per unit mass of

fuel burned

X~ S<<xsgm < CccH

—~
—h
—_~
py)
~—
Py
o]
(o]
—_~
~—

Greek Symbols

Subscripts

W scomM—Taw» O

gas temperature

gas velocity (longitudinal component)
mean stream velocity

gas velocity (transverse component)

=(u, v)

longitudinal coordinate
transverse coordinate
mass fraction
molecular mass

=(x,y)

scalar product

= [ f(R)P(X,R)g(HR or
jjf(R)rS(x,r)g(.)dr in

dimensionless terms

two dimensional gradient
density

the ratio of mass of liquid per
unit volume to the gas density

4
@ =§”R8”do,0| ! pn

(dimensionless)
relate to a power law

initial

air

boiling

droplet

liquid

Fuel

oxygen

under constant pressure

spray
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