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Abstract In this paper, we study the existence of coincidence points and a unique common fixed point theorem
for three self-mappings in cone metric spaces, where the cone is not necessarily normal. This result extends and

improves recent related results in the literature.
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1. Introduction

Huang and Zhang [5] generalized the concept of a
metric space, replacing the set of real numbers by an
ordered Banach space. They proved some fixed point
theorems of contractive type mappings over cone metric
spaces. Subsequently, many authors generalized their
fixed point theorems to different types using with and
without normality (see, e.g., [1,2,3,6,7,8]). Recently,
Guangxing Song et.al. [4] obtained a new common fixed
point theorems for two maps in cone metric spaces, and
omitting the assumption of normality. In this paper, we
proved a fixed point theorem for three maps in cone
metric spaces. Our result extends and improves the results
of [4].

We recall some definitions and properties of cone
metric spaces due to Huang and Zhang [5].

Definition 1.1. Let E be a real Banach space and P a
subset of E .The set P is called a cone if and only if:

(a). P is closed, non —empty and P # {0};

b). a,beR, a,b> 0, x,yeP implies ax+byeP;

(c). xeP and -xep implies x = 0.

Definition 1.2. Let P be a cone in a Banach space E,
define partial ordering ‘<’ with respect to P by x < y if
and only if y-x€P. We shall write x<y to indicate x<y but
x # y while x<<y will stand for y-x€lnt P, where Int P
denotes the interior of the set P. This cone P is called an
order cone.

Definition 1.3. Let E be a Banach space and P — E be an
order cone .The order cone P is called normal if there
exists L>0 such that for all x, yeE,

o<x<yimplies|[x[< L[yl

The least positive number L satisfying the above
inequality is called the normal constant of P.

Definition 1.4. Let X be a nonempty set of E. Suppose
that the map d: X x X— E satisfies:
(d1). 0 <d(x, y) for all x, yeX and

d(x,y) =0ifand only if x = y;

(d2). d(x, y) = d(y, x) for all x, yeX;
(d3). d(x, y) <d(x, 2)+d(z, y) for all x, y, zeX.

Then d is called a cone metric on X and (X, d) is called
a cone metric space.

It is clear that the concept of a cone metric space is
more general than that of a metric space.
Example 1.5. [5] Let E =R? P = {(x, y) € E such that : x,
y>0}c R4 X=Rand

d:X><X—>Esuchthatd(x,y):(| x—y lal x-y I),

where a > 0 is a constant . Then (X, d) is a cone metric
space.

Definition 1.6. Let (X, d) be a cone metric space .We say
that {x,} is

(i) a Cauchy sequence if for every c in E with ¢>>0, there
is N such that for all

n,m> N,d(xn’xm)<< C;

(ii) convergent sequence if for any c¢>>0, there is an
positive integer N such that for all n>N, d(x, x) <<c, for
some fixed x in X .We denote this x, —s X (ash — ) .

The space (X, d) is called a complete cone metric space
if every Cauchy sequence is convergent ([5]).
Definition 1.8. [1] For the mapping f, g: X -»X. If w = {z
= gz for some z in X, then z is called a coincidence point
of fand g and w is called a point of coincidence of fand g.
Definition 1.7. Let f, g: X— X. Then the pair (f, g) is said
to be (IT)-commuting at zeX if f(g(z))=g(f(z)) with
f(2)=9(2).

2. Main Result

In this section, we proved a fixed point theorem for
three self- mappings in cone metric spaces and without
assuming the normality.

Theorem 2.1. Let (X, d) be a cone metric space and P an
order cone and f, g,h: X—X be self-maps satisfying the
following condition
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d(fx, gy)sald(hx, hy)+a2 (fx, hX)+a3d (gy, hy) Let 0<<c be given. Choose >0 such that ct+ Nj (0)

(D <P, where N; (0)={x<E: | x||<5}.
+agd(hx,gy)+asd(fx, hy) Also choose a natural number N; such that
for all x, yeX, where a>0 (i= 1,2,3,4,5) be constants n
(ajta,tazt2atas<1). 1—k
If f(X) ug(X) < h(X) and h(X) is a complete subspace

d(y:1, Yo) e N;5(0), for all n > Nj.

n
of X. Then the maps f,g and h have a coincidence point p Then d(ys, Yo)<<c, for all n > Nj.
in X. Moreover if (f, h) and (g, h) are (IT)-Commuting at 1-k
p, then f, g and h have a unique common fixed point. n
Proof. Suppose X, is an arbitrary point of X, and define Thus, d(yn, ym)il_k d(y: , Yo)<<c, for all m>n.
;ﬁiﬁﬂ:ﬁnce_{ﬁ(} 'E ;(x Therefore, {y,} is a Cauchy sequence. Since h(X) is
and in; zi_hx 2n+1for alln=0123 complete, there exists q in h(X) such that h(p)=g. We shall
Byzal) _V\?e ﬁna:/le_ e S show that hp = fp = gp. Note that d(hp,fp) = d(q,fp).
Y Let us estimate d(hp, fp).We have by (1) and the
d(y2nv y2n+1) = d(fXZn,gX2n+l) triangle inequality
<ayd(hXan Xonag )+apd(fXon hXaq )+ d(hp, fp) <d(hp, hxzq ) +d(hxzn.fp)
830 (9Xon41,MX2n41 ) + 240 (WXon OXon41 ) = d(hp.foxzn ) + (2,020 1)
s (fgn M) <d(g,hxpn ) +ayd(hp hxpn_g ) +a,d(fp hp)
5 2n,''"A2n+1 )»
< ald(YZn—l y2n)+a2d(YZn y2n—1)+ +a3d(gx2n—1,hx2n—l)+a4d(hp,gX2n—l)
’ ’ +agd (fp'hx2n,1),
a3d(Yans1 Yn )+ 249(Yon-1 Yons1)
< d(q,hx2n)+a1d(q hx2n_1)+a2d(fp hp)
+asd(Y2n Yon ), ' '
< a1d(Yon1 Yon ) +22d(Y2n Yont) *asd(Pxzn foan- )2 (3 o0 )
, Y +a5d fp’hXZ 1)
+a3d(Yansa Yan )+ 24ld(Yant Yani1) ( 1)
+d(y2 v, 1)] <d(aq, hx2n)+a1d(q'hx2n,1) azd(fp'hp)
n,¥2n+1)h
<(ag+ap+a4)d(Yan-1 Y2n) a3 [d(hXZn,q)er(q’hXZn_l)J
(a3 +24)0(Yan Yanst). +2,40d(q hxan ) +as[ d(fp hp)+d(hp hxan_y ) |

<(1+az+a4)d(0,hxzn ) +(az +a5)d(fp, hp)

1-(ag+24)d(Yan Yani1) < (a1+az %24 )(Y2n-1Yzn) +(ag +ag+a5)d(q hxonq)
’ n-1j):

a+a,+a
SMd()lzn—l,yzn)-

1-(az+ay) 1-(ap +as)d(hp, fp)
out k_(al+a2+a4) . S(l+a3+a4)d(q,hX2n)
o= 1-(ag+ay) = +(ay +ag +as)d(q hxgn_q)
d(Yzn Yons1) <kd(Y2n-1Y2n )- @ d(hp,fp) < md(q, X )
a,—a,-a
Similarly it can be shown that 1a +Z +Z (3)
+Md(qh><zn_1)-
d(Yons1,Yons2 ) < kd(Yan Yansa): a3 —ap —ag

Therefore, for all n, Suppose 0<<c and there exists noEN such that

d(YnsaYne2 ) <kd(Yn Ynia) <. <k"d(yo v1)

d(q hxpy ) << €888 (4)
Now, for any m>n, 23 +33+2s
and
d()’n,)’m)S d(yn,yn+1)+d<Yn+l,yn+2)
Ca;—ap—ag
+...+d(ym_1’ym), d(thxzn_1)<<5mf0r all nZnO. (5)

n n+l m-1
< (kMK k™ d (v, Yo ), From (4), (5) and (3) it follows that
n

k c cC
sl_kd(yl,yo). d(hp, fp)<<E+E:C'
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c Therefore from , (7) and (8) it follows that f, g, and h
And hence, d(hp, fp)«F foreveryreN. have a common fixed point namely .

c Uniqueness: Let g is another fixed point of f, g and h,
Since, = - d(hp, fp) eiint P, and P is closed, then as  then
r

r—oo we have that - d(hp, fp) e P. Since d(hp, fp)>0, d(g, 91)=d(fa,9a1)
theif%r(tehg(f;gj f:p%e P and so d(hp, fp) e P (-P) ={0}. <a,d( hg,hay ) +a,d( fg, hq)
Hence, d(hp, fp) = 0. +agd(ga;, hay)+a,d(ha, ga;)
Similarly, we can show that hp = gp. +asd(fq, hay),
T:usiqzhp:fp.:tgpfa}nd her;cre]pisapoint © <ad(q,00)+a,d( q, q)+agd(ay, a;)
of coincidence point of f,g and h. +a,d(q, 0y)+2a5d(q,qy),
Since, (f, h),(g, h) are (IT)-Commuting at p. We get by <(a;+a, +a:)d(q, )
(6) and (1) (ap+a4 +as)d(a, )
Hence, d(q, q;) =0 and so, g=q;.
d(ffp, fp) = d(ffp,gp) Therefore, f, g, and h have a unique common fixed
< a,d(hfp,hp)+a,d(ffp hf point.
! ( P p) 2 ( P. p) Remark 2.2. If we choose h = g and g = f in the above
+agd(gp, hp)+a4d<hfpygp) Theorem 2.1, then we obtain the Theorem 2.1 of [4].

+asd(ffp hp),
<ayd(ffp, fp) +a,d(ffp ffp)
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