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1. Introduction

Many researchers have been generalising the notion of
metric space in different ways and Menger space is one of
such generalisations introduced by the great mathematician
Karl Menger [1] in the year 1942 who used distribution
functions instead of non-negative real numbers as the
value of metric. Schweizer and Sklar [4] studied this
concept and gave some fundamental results on this space.
In 1972, Sehgal and Bharucha-Reid [2] obtained a
generalization of Banach Contractive Principle on a
complete Menger space which is a milestone in
developing fixed point theory in Menger space.

In 1982, Sessa [3] improved the definition of commutativity
in fixed point theorems by introducing the notion of
weakly commuting maps. Then in 1986, Jungck [5]
introduced the concept of compatible maps and this notion
of compatible mappings in Menger space was introduced
by Mishra [6]. Further this condition has been weakened
by introducing the notion of weakly compatible mappings
by Jungck and Rhoades [8]. Recently, Singh and Jain [10]
introduced weakly compatible maps in Menger space to
establish a common fixed point theorem.

Al. Thagafi and Shahzad [13] introduced the notion of
occasionally weakly compatible mappings in metric space
which is more general than weakly compatible mappings.
Recently, Jungck and Rhoades [11] extensively studied
the notion occasionally weakly compatible mappings in
semi-metric space and Chauhan et.al. [13] extended the

notion of occassionally weakly compatible mappings to
PM-space.

Cho, Sharma and Sahu [7] introduced the concept of
semi-compatibility in a d-complete topological space and
using this concept of semi compatibility in Menger space,
Singh etal. [9] proved a fixed point theorem using
implicit relation. Recently, Rohen and Chhatrajit [16] used
the concept of semi compatible mappings in cone metric
space to prove some common fixed point theorems.

In this paper, we prove a common fixed point theorem
in Menger space using the concept of semi compatible and
occasionally weakly compatible mappings. Some results
are also given as corollaries. Our results generalise some
similar results [12,15,16].

2. Preliminaries

Definition 2.1 A triangular norm * (shortly t-norm) is a
binary operation on the unit interval [0, 1] such that for all
a, b, ¢, d € [0, 1] the following conditions are satisfied:

i) a*l=a;

ii) a*b=b*a;

ii) a*b<c*dwhenevera<candb<d;

iv) a*(b*c)=(a*h)*c.

Example: a * b = min {a, b}.

Definition 2.2 A distribution function is a function F :
[-o0,00] = [0,1] which is left continuous on R, non-

decreasing and F(—w) =0, F(x)=1.
We will denote the family of all distribution functions
on [-oo,] by A. H is a special element of A defined by



30 American Journal of Applied Mathematics and Statistics

0if t<0

H(t):{lifbo

If X is a non-empty set, F: X x X - A is called a
probabilistic distance on X and F(x,y) is usually

denoted by F,, .

Definition 2.3 (Schweizer and Sklar [4]): The ordered
pair (X,F) is called a probabilistic metric space (shortly
PM-space) if X is a nonempty setand F is a probabilistic
distance satisfying the following conditions:

Ry =lex=y;

(i) Ry (0)=0;

(iii) Fyy = Fyy;

(V) F () =1, Fpy(s)=1= Fy(t+s)=1.

The ordered triplet (X, F,*) is called Menger space if
(X,F) is a PM-space, * is a t-norm and the following
condition is also satisfied i.e.

(V) Ry (t+s) =R (t) *Fy(s).

Proposition 2.4 (Sehgal and Bharucha-Reid [2]) Let
(X,d) be a metric space. Then the metric d induces a
distribution function F defined by
Fyy () =H(t—d(x,y)) for all x,yeX and t > 0. If t-
norm * is a * b = min {a,b} for all a,be[0,1] then
(X,F,*) is a Menger space. Further, (X,F,*) is a
complete Menger space if (X,d) is complete.

Definition 2.5 (Mishra [6]) Let (X,F,*) be a Menger
space and * be a continuous t —norm.

i) A sequence {xn} in X is said to converge to a point
x in X (written as x,, — x) iff for every ¢ >0 and A €
(0,1), there exists an integer nyg = ng (&, A ) such that
Fx,x( &) >1-Aforall n>ng.

i) A sequence {x,} in X is said to be Cauchy if for
every ¢>0and A €(0,1), there exists an integer ny = ng
(&.L ) such that FX,Xn,p (¢) > 1-A for all n>ny and
p >0.

iii) A Menger space in which every Cauchy sequence is
convergent is said to be complete.
Remark 2.6 If * is a continuous t- norm, it follows from
definition 2.3 (v) that the limit of sequence in Menger
space is uniquely determined.
Definition 2.7 (Mishra[6]) Two self-maps S and T of a
Menger space (X,F,*) are said to be compatible if

FsmyTsx, () =1 for all t > 0, whenever {x,} is a

sequence in X such that Sx,, Tx, — x for some x in X
as nNn—oo.

Definition 2.8 (Singh and Jain [10]) Two self-maps S
and T of a Menger space (X, F,*)are said to be weakly
compatible (or coincidentally commuting) if they
commute at their coincident points i.e. if Ax = Bx for
some x € X then ABx =BAX.

Definition 2.9(Al Thagafi and Shahzad [12]) Two self-
maps S and T of a Menger space (X, F,*) are said to be

occasionally weakly compatible (owc) if and only if S and
T commute at their coincidence point.

Definition 2.10 (Singh B. and Jain S.[10]) Two self-
maps S and T of a Menger space (X, F,*) are said to be

semi compatible if Fgry r¢(x) >1 for all x > 0,

whenever {x,} is a sequence in X such that Sx,, Tx,

—t,forsometin X,as n—o.
Lemma 2.11(Singh B. and Jain S. [10]) Let{x,} be a

sequence in a Menger space (X, F,*) with continuous t -
norm * andt*t >t . If there exists a constant k  (0,1)
such that Fx,Xq.1(kt) > Fx,_1X,(t) for all t>0 and
n=1,23,.. then {x,} isa Cauchy sequence in X .

3. Main Results

Theorem 3.1 Let A, B, S, T, L and M be self-maps on a
complete Menger space (X, F, *) with t*t >t for all t
[0,1], satisfying:

i) L(X) < ST(X), M(X) = AB(X);

ii) There exists a constant ke (0,1) such that

Fiay (KO *[Fagxix (kt)-Fsrymy (kU]

2 [ pPFagxLx (1) + AF agxsTy (t)]-Faxvy (2kt)

forall x,y € Xand t> 0 where 0 <p, q <1 such thatp

+ q:]_'

iii) AB=BA, ST=TS, LB =BL, MT = TM;

iv) Either AB or L is continuous;

v) The pair (L, AB) is semi compatible and (M, ST) is

occasionally weakly compatible.

Then A, B, S, T, L and M have a unique common fixed
point.
Proof: Let us choose an arbitrary point X, in X then by (i),
there exist x; , X, € X such that Lxy=STx =Y, and

Mx; = ABX, =y, . By induction we can construct
sequences {x,} and {y.} in X such that
LXon =STXonig =Yon  and  Mippyg = ABXopio = Yonu
forn=0,1,23...

By (ii), we have

2
FLXZnMXZrH,l (k) * [FaBiypLxpn (K FsTin, Mxpn,4 (KD
z |: pFABXZnLXZn ©+ qFABXZnSTX2n+l (t)] FABXZnMX2n+1 (2kt)

2
YonY2n+l KOy yan (KOFysyonq (K]

> |: pFVZn Y2n-1 ®+ qu2n71YZn (t)] FVZn—lY2n+l (2kt),

FYZny2n+1 (ki) l: FYZn—lYZn (kt)* Fy2ny2n+l (kt)]
2 ( p+ q) FYZnVZn—l ® FVZn—lY2n+l (2k0),

FYZnY2n+1 (kt) FYZn—lY2n+l (2kt)
(2kt)

>F ()F

y2n-1Y¥2n Y2n-1¥2n+1

Hence, we have

F (kt) > F

y2nY2n+1 y2n-1Y2n ®

Similarly, we also have

F (kt)>F

Yy2n+1¥Y2n+2 y2nY2n+1 (t)
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In general, for all n even or odd, we have
Fyn Yn+1l (kt) 2 Fyn—lYn ®

fork € (0, 1) and t > 0. Thus, by Lemma 2.11, {y,} isa
Cauchy sequence in X. Since (X, F, *) is complete, it
converges to a point z in X. Also { Lxo, } — z, { ABxy, }
=2, {MxXpn,1 } —zand {STxpp,1 } —Z.

First, let AB be continuous then we have,
AB(AB) x,,, —ABz and (AB) Lx,, —ABz. Since (L, AB) is

semi compatible, we have L(AB) X,, —ABz.
Again, by (ii), we have
FAB(AB)xonL(AB)xgp, (KL)

2
F kt)*
L(AB)XZnMX2n+1( 2 FSTxon1Mxon 41 (k)

2 [ PFAB(AB)xonL(AB)xon (1) + AFAB(AB)XpnSTxon 11 (t)]
XFAB(AB)xonMxpn.41 (2KT)

Letting n—oo we have
Fiamz (k) *| Fagag (K0P (kt
2 [ PFABzAB: (1) + AF 28, (t)} F2aBz (2K1)
2 [ P+0dF;as; (t)] Fong: (kt)
Faagz (Kt) = p+0Fap; () = p+Fza, (kt)
Fyng, (kt) ﬁ 1.

Forke (0,1) and all t > 0. Thus, we have z = ABz.
Now by (ii), we have

2
FLZMX2n+l (kn)* [ Fagzt2 (KO)FsTxpn,1Mxan.1 (kt)]

> [ PFagaLz () + AFABzSTxgn 1 (1) | FaBzMxan.s (2K0)
Letting n—oo we have
F2, (k) *[Fy, (kO Fyp (k1]
>[ PRy, (t) + aF; (t)] Fpy (2Kt)
Fi s (KOFo, (Kt) > pRyg, () +9
2

Noting that F,], (kt) <1 and using (iii) in definition 2.1,
we have

Fo.(kt) > pFy, () +q
> pFy, (k) +q

Fyp, (kt) > 1L —~1fork (0,1)and all t > 0.
-p

Thus, we have z =Lz = ABz.
By (ii), we have

2 *
FL(BZ)Mx2n+1 (kt) *[Fag(82)L(B2) (K1) FsTxonsaMions1 (kt)]

PFAB(Bz)L(B2) (1)
+0FAB(B2)STxp g (1)

>

:l FAB(Bz)Mxgp (2Kt)

Since AB=BA and BL=LB, we have L(Bz)=B(Lz)=B:z
and AB(Bz)=B(ABz)=Bz. Letting n—o, we have

F&, (kt) *[Fg,g, (kt)F,, (kt)]
> [ pFg,p; (1) + qF,g; (D]F,5; (2kt)
Fl (Kt) > [ p+F;, (1)]Fyp, (2k1)
>[p+aFg; (1)]Fs; (kt)

F.gz (kt) > p+qF,g, (t) = p +qF,g, (kt)

P _1

I:sz (kt) 2 ﬁ

For k € (0, 1) and all t > 0. Thus, we have z = Bz. Since
z = ABz, we also have z = Az. Therefore,z= Az =Bz = Lz.
Since L(X) < ST(X), there exists v e X such thatz = Lz

= STv. By (ii), we have

P o v (K0 *[FaBgn Ly (KO Fstmy (kO]
2 [PFaBxyLxon () + AFABx,, STV (D]F AR, My (2KE)
Letting n—co we have

F A (Kt) *[F (kt) Py (KD)]

> [pFy; (1) +GFy, ()] F oy (2K0)

F 2 (Kt * Py (kt)

>(p+0q)Fyuy (2kt)

Noting that F2,, (kt)<1 and using (iii) in definition 2.1,
we have

Fsz (kt) 2 Fsz (2kt) 2 Fsz (t)

Thus, by Lemma 2.11, we have z = Mv and so z = Mv =
STv. Since (M, ST) is occasionally weakly compatible, we
have STMv = MSTv. Thus, STz = Mz.

By (ii), we have

F gz (K0 %[ Fagxag Lign (K Fsravs (KD |
= [ PFABxo Lxon (1) + AFABxoST2 (t)] FaBxoMz (2Kt)
Letting as n—oo we have
F vz (k) *[ Pz () Fygaag (0]
2 [ pFy; (1) + AFamz ()] Fauz (2kE)
F 2 (k) =] p+aF v ()] Fouz (2KE)
> [ p+aFamz (1) Famy (kt)
Famz (Kt) > p+0aFzu; (1) 2 p+aFzu, (Kt)
Fyw (kt) > ﬁ -1
Thus, we have z = Mz and therefore z = Az = Bz = Lz

=Mz = STz.
By (ii), we have
2 *
Flanm (r2) (KD |:FABX2n Lign (KOFsT (T2)M (12) (kt)]
PFABXypLxpp (1)
= FagxonM (12) (2Kt)
[""qFABXZnST(Tz)(t) xonM (T2)

Since MT = TM and ST = TS, we have MTz = TMz = Tz
and ST(Tz) =T(STz) = Tz. Letting n—o0, we have
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sz (kt)* [Fzz (kt) I:Tsz (kt)]
> [pF;; (t) + qF;r, (kt)]F7r, (2Kt)
I:zgl'z (kt) > [ p+0aF;1; (t)] Frrz (kt)
Forz (Kt) = p+aF;7, () 2 p+qF7, (kt)

Forz (kt) = ﬁ =1

Thus, we have z = Tz. Since Tz = STz, we also have z =
Sz. Therefore, z = Az = Bz = Lz =Mz = Sz = Tz, and hence
z is the common fixed point of A, B, L, M, Sand T.

Secondly, let L be continuous then we have,
LL X, —Lz and L(AB) X, —Lz.

Since (L, AB) is semi compatible, we have L (AB)
Xon —ABz and ABz =Lz.

By (ii), we have

F2
LLxonMx2n41

()" [ ABLxopLLxon (KO ]
FsTionsaMxonq (KD
PFABLxppLLxon (V)
2 FABLxpMxon (2KD)
l:+qFABLxZnSTX2n 42 ® “2ntian+

Letting n—oo we have

sz (kt)* [FLsz (kt) I:zz (kt)]
2 [ PFLoL, (1) +0F1, (1] Fy . (2KE)
I:Zzl_z (kt) > [ p+aF;, (1)] Fo, (2K1)
> [ p+aF,, (1)] Fyrp (kt)
Foo (kt) 2 p+aF;, () 2 p+aF, (kt)
Folz (kt) = ﬁ =

Thus, we have z =Lz. Hencez=Lz=Mz=Sz=Tz
Since M(X) < AB(X), there exists ve X such that z = Mz
= ABv. By (ii), we have
P eon 1 KO * FaguLy (KO Fsmgn, vin (KD |

F t
>l:lo ALy (1)

> F 2kt
+0FaBysTxo +10)} ABUMign 1 (2K1)

Letting n—o0
sz (kt) [Fsz (kt) Fzz (kt)]
2 [ PRy (1) +dF,, (t)] F, (2kt)
sz (kt)* Fpy (kt) > pF,, (D) +q
2 pFyy (kt) +q

Noting that F Lv(kt) <1 and using (iii) in definition 2.1,
we have

Famy (kt) 2 pFy (kt) +4
Fsz (kt) 2 ﬁ =1
Thus, we have z = Lv = ABv. Since (L, AB) is

occasionally weakly compatible, we have Lz = ABz and
using z = Bz as shown above. Hence z=Az=Bz=Sz=Tz

= Lz = Mgz, that is, z is the common fixed point of the six
mappings in this case also.

In order to prove the uniqueness of fixed point let w be
another common fixed point of A, B, S, T, L and M. Then
by (ii), we have

F o (K0 * [ Fagz 2 (KO Fsnw (k)]
> [ PFagaLz (1) + AF agzsTw () ] FaBzmw (2Kt)

which implies that

Fz%v(kt) 2 [p+aFyy (1)]F,y (2kt)
> [p+aFyy ()]F (kt)
Fow(kt) > p+aFy, (1)
> p+qF,, (kt)

Fpp (KO) zﬁ -1

Thus, we have z = w. This completes the proof of the
theorem.

If we take B = T =1y ( the identity map on X) in the
main theorem, we have the following:
Corollary 3.2: Let A, S, L and M be self-maps on a
complete Menger space (X, F, *) with t*t >t forall t € [0, 1],
satisfying:

() LX) = S(X), M(X) = A(X);

(i)  There exists a constant ke (0, 1) such that

Fiay (K8 * [Fay (kt). Fyuy (k0]
> [ PP axLx (1) + OF sy (1) | Faxay (K1)

forall x,y € Xandt> 0 where 0 <p, q<1such
that p + g=1;
(iii) either A or L is continuous;
(iv) the pair (L, A) is semicompatible and (M, S) is
occassionally weakly compatible.
Then A, S, L, and M have a unique common fixed point.
If we take A=S, L=Mand B=T =1y inthe main
Theorem, we have the following:
Corollary 3.3: Let (X, F, *) be a complete Menger space
with t*t >t for all t € [0, 1] and let A and L be compatible
maps on X such that L(X) < A(X). If A is continuous and
there exists a constant k e (0, 1) such that

FiLy (KO * [Faxx (kt).Fay y (kD]
> [PFaxix (1) + AF axay (D) axLy (2Kt)

forall x,y € Xand t> 0 where 0 <p, q <1 such that p +
g =1, then A and L have a unique fixed point.
Example 3.4: Let X = [0, 1] with the metric d defined by

d(x, y) = | x-y | and defined Fyy(t) =H (t- d (x, y)) for all x,
y € X,t>0. Clearly (X, F, *) is a complete Menger space
where t-norm * is defined by a*b = min{a, b} for all a, b
e [0, 1]. Let A, B, S, T, L and M be maps from X into
itself defined as

Ax =—,Bx =§ Sx=X,Tx =

X X
4’ 2’

forall x € X. Then
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L(X):[O,ﬂ c{o,ﬂ _ST(X)

and M(X)=|0.2 |02 |=AB(X).
15 12
Clearly AB = BA, ST =TS, LB = BL, MT = TM and AB,
L are continuous. If we take k :é and t=1, we see that the

condition (ii) of the main Theorem is also satisfied.
Moreover, the maps L and AB are semi compatible if
lim,_,. X, =0, where {x, } is a sequence in X such that
lim,_,. Lx,=lim,_,,, ABX,= 0 for 0 € X. The maps M
and ST are occasionally weakly compatible at 0. Thus, all

conditions of the main Theorem are satisfied and 0 is the
unique common fixed point of A, B, S, T, L, and M.
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