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1. Introduction

Let Zan be a given infinite series with the sequence

of partial sums {s,}. Let{p,} be a sequence of positive
real numbers such that

n
P.=> p, >® n—>oo,P;=p;=0,i>0 (1.1
v=0

The sequence —to-sequence transformation

1 n
tn =P_Z Py Sy

n p=0

(1.2

defines the sequence {t,} of the (N, pn) -mean of the
sequence {sn} generated by the sequence of coefficient
{pn}.If

t, >s,as n—w (1.3)

then the series Zan is said to be (N, pn) summable to s.

The conditions for regularity of (N, pn) - summability
are easily seen to be
(i) B, > ,as n — oo,
(1.4)

n
(i) . p <C|P,| .as n > .
i=0

The sequence to-sequence transformation, [1]

19 [nj
Ty = q Sv
n (1+q)n Ugo v

defines the sequence {T,} of the (E,q) mean of the

(1.5)

sequence {s,} . If
T, >s,a now (1.6)
then the series > a, is said to be (E,q) summable to's.
Clearly (E,q) method is regular. Further, the (E,q)

transform of the (N, pn) transform of {s,} is defined by

(1.7
1 &(n) k
) (1+q)n kZ:%LJ | {P_kzg pUSU}
If
7, —S,85 N—w (1.8

then " a, is said to be (E,q)(N, p, )-summable to's.
Let f(t) be a periodic function with period 2z and

integrable in the sense of Lebesgue over (-rt,7). Then the
Fourier series associated with f at any point x is defined

by



353 American Journal of Applied Mathematics and Statistics

f(x)~ %+ i(an cosnx +b, sinnx) = i A, (x)(1.9)

n=1 n=0
and the conjugate series of the Fourier series (1.9) is

i(bn cos X —a, Sin nx)ziBn(x) (1.10)
]

n=1

Let 5,(f;x) be the n-th partial sum of (1.10). The
L, -norm of a function f :R — R is defined by

If], =sup{|f(x)|:xeR } (1.11)
and the L, -norm is defined by
2 %
||f||0=[j|f(x)|“J w21 (1.12)
0

The degree of approximation of a function f :R —>R
by a trigonometric polynomial P,(x) of degree n under
norm | . | is defined by [6]

[P —f], =sup{|p, () - f(X)|:xeR } (1.13)

and the degree of approximation E,(f) of a function
f eL, isgiven by

En(f) =min|P - fl, (1.14)
P

This method of approximation is called Trigonometric
Fourier approximation.

A function f(x) e Lipa if
[fx+D-100]=O([*).0< <1 t>0  (1.15)

and f(x)e Lip(a,r), for 0<x<2r, if
1
2 r r a
[j|f(x+t)-f(x)| dx] =o(|t| ) (1.16)
0
O<a<lr=1,t>0

For a given positive increasing function &(t), the
function f (x) e Lip(&(t), r), if
1
2z ; T
Tire- ] ol i
0
r>11t>0.
For a given positive increasing function §(t) and an
integer p >1the function f(x)eW (Lp,f(t)) , if

1

(f [ (x+t)= £ (x)|" (sinx)” dX]p =0(¢(1)). (1.18)

0
B> 0.

We use the following notation throughout this paper:

y/(t):%{f(xﬂ)—f(x—t)}, (1.19)
and
_ 1 N n
G-t 31
7[(1+q)nk2:2) k
(1.20)

1 K COSE—COS(U+;jt
qn—k _Z b,
Pk v=0

sin —
2

Further, the method (E,q)(ﬁ, pn> is assumed to be
regular throughout the paper.

2. Known Theorems

Dealing with the degree of approximation by the
product, Misra et al [2] proved the following theorem

using (E,q)(ﬁ, pn) mean of conjugate series of Fourier

Series:

2.1. Theorem
If f isa 2z — periodic function of class Lipa , then
degree of approximation by the product (E,q)(ﬁ, pn)

summability means of the conjugate series (1.10) of the
Fourier series (1.9 is given by

|zn -], =0 1 ,0<a<l where 7, is as
* (n+1)”

defined in (1.7).
Recently Misra et al [3] established a theorem on
degree of approximation by the product mean

(E,q)(ﬁ, pn) of the conjugate series of Fourier series of

a function of class Lip («,r) . They prove:

2.2. Theorem

If f isa 27— periodic function of class Lip(a,r)
then degree of approximation by the product
(E,q)(ﬁ, pn) means of the conjugate series (1.10) of the
series (1.9 is

Fourier given by

1

|z -], =0 ,0<a <1 r>1, wherez, is

1

(n+1)""r

as defined in (1.7).
Extending to the function of the class Lip (&(t),r),

very recently Misra et al [4] have proved a theorem on
degree of approximation by the product mean

(E,q)(ﬁ, pn) of the conjugate series of the Fourier

series of a function of class Lip (f(t), r) . They prove:
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2.3. Theorem

Let £(t) be a positive increasing function and f a

27— Periodic function of the class

L|p(§( ), ) r>1t>0 . Then degree of approximation
by the product (E,q)(N, pn) summability means on the

conjugate series (1.10) of the Fourier series (1.9) is given
1 1 )
by |7 - £, =O[(n +1)r §(mj ,r=1., wherer, is

as defined in (1.7).
Further extending to the class

w (Lp , §(t)), p >1,inthe present paper, we establish the

of functions

following theorem:

3. Main result

3.1. Theorem

Let £(t) be a positive increasing function and f a

27 — Periodic function of the class
W (Lp,f(t)), p>1t>0. Then degree of approximation

by the product (E,q)(ﬁ, pn) summability means on the

conjugate series (1.10) of the Fourier series (1.9) is given
by

pet (1
Jen— t1, =0| (n+1) g(mj 21 (3.1,

provided

-
=

and

.
z (170 |y (t
[ Cle)] dt :o((n+1)5) (3.1.3)
1 <)
n+l
. . o101 .
hold uniformly in x with F+§:1’ where & is an

arbitrary number such that s(1-&)-1>0 and 7, is as
defined in (1.7).

4. Required Lemmas

We require the following Lemmas to prove the theorem.

LEMMA 4.1:

o<t<—>

K, ()] =0(n) —

Proof:

1 . .
For 0<t<—/—— , we have sin nt <nsin t then
n+1
i(n\] qnik
k=0 k

e
cos——cos| v+— |t
2 2

ot
v=0 sin—
2

t t
C0S——Ccosvt.cos—
2 2

IA

_ . .t
ﬂ(1+q)n +sinot.sin—

—Z P,

Pkl) =0 sin —

IA

1 t( > tj
n K cos—| 2sin“ v—
7(1+q) iz 0 2 2

=0 sin—
2

+sinot

IA

1 &
z(1+q)" {_z P, (O(Zsin u1 sin ulj-rusint)}
I:)k v=0 2 2
1

S @ ] {Pk 2r.(00) +o<u>)H
y

IA
M-

n k
o1 3 n e 0(k)z )
7(1+9)" [o\K LS —
=0(n)

This proves the lemma.
LEMMA 4.2:

K, ()| = U for ﬁqw.

Proof:
For Lstszz , by Jordan’s lemma, we
n+1
havesm(tj>L
2 b
Then
n n _
Z(k]an
k=0
|K (t)|—

t ( 1)
K Cos_—cos| v+ |t
1+q) iz Py 2 2
Pk v=0

.t
sin—
2
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t t
COS— —cosut.cos—
2 2

) t

K +sinot.sin—

izp 2
1%

P o= sinL

2

7z(1+q)n

This proves the lemma.

5. Proof of Main Theorem

Using Riemann—Lebesgue theorem, for the n-th partial
sum §,(f;x) of the conjugate Fourier series (1.10)

of f(x) and following Titchmarch [5], we have

t ( 1)
cos—-sinf n+— |t
2 2 .

=d

Using (1.2), the (N,p,) transform of s, (f;x) is
given by

i(f:X)ff(X)fjw(t)
0

t . 1
5 7 n cosz—sm(n+2jt
tn—f<x>=ﬁjw(t)k2pk - dt
SIn| —

2

no =0
Denoting the (E,q)(N, p,) transform of s, (f;x) by

7, , We have

lea = =
5 (n n-k
w(t), NE
k=0
cost—sin(u+1Jt dt
2 2
1

2sin(tj
2
n+l

“Tv Koa={ [ + [ oK o
0 1
n+1

2T
7Z'(l+q)n 0 ii pu
Pk v=0

(5.1)

0
=l +1,, say
Now
| =

(N n-k
w(t), aL
v k=0

2 n+1 t 1
— I K cos—cos(u+jt dt
ri+a) | o [ 1§ 772 2
P oo Zsin%

1
n+1

<| [ w® K @dt

1 CoV (L
ty (t)sin” t il |"E
£(t) 0

£V, (O

dt
tsin? t

IA

where 1+1 =1, using Holder’s inequality
r s

1
a S
=0@) j[i—?} dt |,
0

using Lemma4.1and (3.1.2

[ R

(5.2)

Next
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1 1

70y (t)sinf || z (DK, (1)
||2|S J‘ V/( )Sm J‘ 5(5) n() dt

1 () 1t sinft

n+l n+l
where —+1=1 , using  Holder’s inequality

S
1

since £(t) is a positive increasing function, so is
£(1/y)/(1/y) . Using second mean value theorem we
get

1

Lis 1 n+1 dy s
=0((n+1) §[mj) IW :

1
forsome—=<e<n+1
a (5.3)

o((n+1)1*5 g(ﬁno((nﬂ)ﬂ*wij

ol iz

Then from (5.2) and (5.3), we have

o= 1 (%) = O{(n +1)ﬂ*% g(ﬁjj for r>1

This completes the proof of the theorem.

6. Corollaries

Following corollaries can be derived from the main
theorem.

Corollary 6.1: The degree of approximation of a
function f belonging to the class

Lip(e,r),0<a <1, r>1 isgiven by

1
I7n - f||r = O[(n +1)‘“+rJ .

Proof: The corollary follows by putting #=0 and

£(t)=t* in the main theorem.

Corollary 6.2: The degree of approximation of a
function f belonging to the class Lip(a),0<a <1 is

given by
Jea = 11, =O((n 1))

Proof: The corollary follows by letting r — o0 in
corollary 6.1.
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