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Abstract

In this paper, we establish some recurrence relations satisfied by single and product moments of

Generalized Order Statistics from Left Truncated Logistic Distribution. These recurrence relations are independent
of left truncated point and therefore are also applicable for Logistic as well as for half Logistic distributions studied
in Balakrishnan (1985) and Saran and Pandey (2012). For a particular case these results verify the corresponding
results of Saran and Pandey (2004) and Kumar (2010) for p=co.
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1. Introduction

Generalized order statistics (GOS) have been
introduced and extensively studied in Kamps (1995 a,b) as
a unified theoretical set-up which contains a variety of
models of ordered random variables with different
interpretations. Examples of such models are: Ordinary
order statistics, Sequential order statistics, Progressive
type Il censored order statistics, Record values, k™ record
value and Pfeifer’s records. There is no natural
interpretation of generalized order statistics in terms of
observed random samples but these models can be
effectively applied in life testing and reliability analysis,
medical and life time data, and models related to software
reliability analysis, etc. The structural similarities and
common approach of these models makes it possible to
define several distributional properties at once.

2. Left Truncated Logistic Distribution
A random variable X is said to have Left Truncated

Logistic Distribution (LTLD) if its probability density
function is of the form

(eﬁ +1)e‘x |
(e‘X +1)2

and its cumulative distribution function is given by

2.1

f(x)=

P<xXx<owo, f>0

e? (e’ﬂ - e’x)

(2.2)
e X 4+1

F(x)=

The characterization differential equation for LTLD
distribution is given by

i(X)=1+e”‘ => a x), where
f(x) i=0
2’ J=01
a; =1(-1)} (2.3)
) u, jz]_'

j!
The mathematical form of pdf, as given in (2.3), is very

useful to derive the expressions for recurrence relations
for single and product moments of GOS.

3. Generalized Order Statistics

Let {Xn ,n> 1} be a sequence of absolutely continuous,

independent and identically distributed random variables
with cdf F(x)=P(X <x) and pdf f(x). Assume k > 0,

n S {2,3,...}, m=(m1,m2,...,mn_1)€ Rn_l y

n-1
M, = > mj, such that y, =k+n—r+M,>0 for all
j=

re{12..n-1}.Then X(r,nmk), r=1,2...n, are
called GOS if their joint pdf is given by
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fX(l,n,m,k), X(2,n,mk), .. X(nnmk)

(xl,xz,...,xn)zk[nl‘_llij (3.1)

j=1

n-1 mj k-1
(inl(l—F(xi» f(xi)](l—mn)) ().

where

FH04) < <X <. <x, <F ().

By choosing appropriate values of parameters, we get
the distribution of a few very common statistics as shown
in the table given below.

S.No. Choice of parameters fori=1, 2,...,n GOS becomes
1 yi=n—i+L m=my=..=m,_;=0andk=1 Joint distribution of n order statistics
2 yi=kK,m=my=..=m,_;=-1,keN k™ record value
3 vi=(n-i+)a, ;>0 Sequential order statistics
4 vi=a—i+l, a>0 Order statistics with non integer sample size
5 vi=pG ., 5i>0 Pfeifer’s record values
6 meN, , keN Progressively type-I1 right censored order statistics

The joint pdf of first r, GOS is given by:
f X(L,n,mk), X(2,nm,k), .., X( r,n,m,k)( X, Xo oo X )

= cr_l[ .rf:lll(l— F(x))™ ¢ (xi)j (3.2)

(1_F(Xr))k+n—r + My -1 f(Xr)n

where, F71(0+) <% <X, <... <x <F(1).
We now consider two cases:
Casel:mi=my=...=mpu_1=m
Casell: yj#y; ;i#),1,j=1,2,...,n-1
For case I, the GOS will be denoted by X(r, n, m, k).
The pdf of X(r, n, m, k) is given by

fX(r,n,m,k)(X)= Cra

(r=n!

f(x) gm H(F(x)), xeR

and the joint pdf of X(r, n, m, k) and X(s, n, m, k), 1 <r <
s<nis given by:

fX(r, n,m, k), X(s, n,m,k)(

_ rr-1
(1-F09) (3.3

X, Y)
_ Cs-1
C(r=D!(s-r-1!

[ (F()) =y (FO0)]

L-F) s f(y) ,x<y
where,

1-F(x))" f LR ().
(@-FO)" f0) 0 (F)-

r
Crq= J_Izlyj, yi=k+(-j)(m+1),r=12..,n,

Im (X) = hy (X) —hy (0), x € (0,1),

and
(1_X)m+1
-, m#-1,
hy (X) = m+1 (3.5)
—log(1-x), m=-1.
For case Il, the pdf of X (r,n,M,k ) is given by
PRI (Y —e L f(0)
(3.6)

i a(NI-F)Y ™ f(x), xeR
i=1

Also, the pdf of X(r,nm k) and
X (s, k), 1<r<s<nisgivenby

joint

fx(r, n,m, k), X(s, n,rﬁ,k)(xl y):

S e[ FO)Y”
e {izzm Cte=r) }
X{i () f(y)

(3.7

) _ 7i
2 a0-F) }l—F(x) ry

S
Csa= M 7i 7 =k+n—j+M; ,s=12..,n (3.8

Further it can be proved that

(i) ai(r):j(j{:l (;/j—yi)fl , 1<i<r<n

(ii)a{(s)=j(¢iflzr+1 (yj—yi)fl , r+l<i<s<n.

(iii) & (1) =(7ra-7) & (r+1
(V) ¢ =Crarrn

r+l1
v) D a(r+)=0
i-1
(vi)
r _ 7
Y. &(N(1-F(x)" =%gﬁnl(F(x)) (3.9)
i1 !
(vii)

S [1-Fy Y
i=ZrJ:rl N (S)(l—F(X)j

—(m+1)(s-r-1) s

(1-F() {1— F(y) j’ (3.10)
(s—-r-1! 1-F(x)

x(hy (F(¥))=hey (FO0))

The moments of order statistics have generated
considerable interest in the recent years. The expressions
for several recurrence relations and identities satisfied by
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single as well as product moments of order statistics have
been obtained by several authors in the past. These
relations help in reducing the quantum of computations
involved. Joshi (1978, 1982) established recurrence
relations for exponential distribution with unit mean and
were further extended by Balakrishnan and Joshi (1984)
for doubly truncated exponential distribution. For linear-
exponential distribution, Balakrishnan and Malik(1986)
derived the similar type of relations which were extended
to doubly truncated linear exponential distribution by
Mohie EI-Din et al. (1997) and Saran and Pushkarna
(1999). Nain (2010 a, b) obtained recurrence relations for
ordinary order statistics and k™ record values from p"
order exponential and generalized weibull distributions,
respectively.

The recurrence relations for the moments of generalized
order statistics based on non identically distributed
random variables were developed by Kamps (1995 a, b).
Pawlas and Szynal (2001) obtained recurrence relations
for single and product moments of generalized order
statistics from Pareto, generalized Pareto and Burr
distributions. Saran and Pandey (2004, 2009) obtained
recurrence relations for single and product moments of
generalized order statistics from linear-exponential and
Burr distributions. Saran and Pandey (2011) obtained
recurrence relations for marginal and joint moment
generating functions of dual (lower) generalized order
statistics from inverse Weibull distribution.

In this paper, we have established recurrence relations
for single and product moments of GOS from LTLD as
well as marginal and joint moment generating functions of
GOS from the LTLD. This distribution has many
applications in Biology, Epidemiology, Psychology,
Computer Technology, Marketing, Energy, Hydrology
and Physics. The results so obtained are generalized
versions of some of the recurrence relations obtained by
Saran and Pandey (2004).

Notations

For n = 1, 2, 3,..., 1<r<s<n,k>1 and

uve{012,..}, wedenote by
i, ﬂ?:m, n, k :E(Xu( r.n, m, Kk ))

ii. HE,'st, 0k =E(X”( r,n,m k)X (s, n,m, k))

4. Recurrence Relations For Single and
Product Moments

Casel: mp=my=..=my_4=m

Theorem 1.

For n = 1, 2, 3,., 1<r<s<n,k>=1 and
uve{012,..}

(a)

u _ - a; u+j+1 u+j+1
Hrmnk =7r jzzlo U+ +1|:xur: m, n k ~ Hr—1m, n, k](4.1)

(b)

4.2)

] u, v+ j+1 u, v+ j+1
7 : [ﬂ : —Hr'sy }
S jgo V+j+1 r,s:m,n, k rs-1m,n, k

Proof (a): The u™ order moment of X(r, n, m, k ) is
given by
Cr1
(r=n!

/ull;li m,n k =
(4.3)

0

[ " (@=Fo) ™ 1(x) gh  (F(x))dx.
)

Substituting f(x) from (2.3) we have

P (4.4)
> a; j X (L-F ()" gh (F(x))dx.
j B

Integrating by parts, taking x" * 1 as the part to be
integrated, we obtain

[aeien
B

{7 @=FO)Y ™ gl M (FO0) F(x)
—(r=DA-FE)" " gr 2 (F)) f(x) |}

On substituting », +m=y, _y—-1 and C;_3=p,Cr_»

Cr1 & aj

2

(r=-DH= u+j+1

u
Hrimon k =

(4.5)

in (4.5), we shall derive the recurrence relation as stated in
(4.1).
Proof (b). By definition
’uu, v _ 1
rsim N kKT )1 (s—r —1)!

wxu((l—F(X))m f(X)) (4.6)
B g,rn‘l(F(x))J(x:v,r,s,m)dx’
where,
J(x:v,r,s,m)=Cg 4
= Tha(Fy) 17770 - (4.7)
1-F ST f(y)d
{y {_hm(F(X))} (1-F(y)s " f(y)dy
Substituting f(y) from (2.3) we have:
J(x:v,r,s,m)=Cg_4 i a;
S @

2y [hy (F(y)) =y (F(0)]
x(1=F(y))'s f(y)dy.

Integrating by parts, taking y
integrated, we obtain:

*J as the part to be
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J(x:v,r,s,m)=Cg_4

s—-r-1
& aj 7 V+j+l hm(F(y))
EO v+j+1J): v 75[—hm(|:(x))

x(1-F(y)Y s f(y)-(s-r-1)
[ (F(9)~hw (F(0)]* 7
x(1-F(y)y ™" f(y) jdy
After using ys+m=y, _;—1and C5_; =y,Cs_5, We
get:
R
J(x:v,r,s,m) = yq Z:O - jl+1

{J(x:v+ j+1,r,s,m)—(s—r—1)}

J(x:v+ j+Lr,s-1,m)

On substituting J(x: v, r, s, m) so obtained in (4.6), we
shall derive the recurrence relation as stated in (4.2).
Case ll: 7; #7;. 0iFj,1,j=1,2,...,n-1.

Lemma 1.

(@)
c 1 Y. a(r) 7 (1-F(x)"

i=1

=7r |:Cr—l Zr: a(r) (1_ F(X))yi (4.9)
i=1

—Cr—zg 3 (r-1)(1-F(x)" }

i=1

(b)

s B 7i
Cq D, & ()7 G_Eg;j

i=r+l

s _ 7i
e 3, w0 E)

(4.10)

i=r+1
LS a(s-)(l F(y)}”
S 2| r+l 1 F(X)

Proof (a): Differentiating both sides of (3.9), with
respect to x, we get:
r
- 1
a(r) 7 (1-F(x))T " =
2 a0 7 (1-FO)" =

|7 (-F oY i ()
~(r-D(2-F(O)" g% (F00) g1 (F(9)
= ol L F ) 0 (FOo)
~(r-D(-F ()" " g% (F0) |

[+ on(F(9)=(-F()")

1 | n(-F0) T gt (F)
r=DY _(r -1 (1-F )™+ g5 2 (F ()

7 Y. (N (1-F(x)"
_ i-1
1-F() —ri a (r-1)(1- F(x))"

i=1

which on using the relation ¢,_; =, ¢,_, leads to (4.9).

Proof (b): Differentiating both sides of (3.10), with
respect to y, we get:

R (L)l B

ior+1 (1-Fx))"  (s-r-1I(1-F(x))"®

{75 @=F) ™ (n (FO) b (F())

—(s-r-)(1-F(y))*

(hn ()~ (FO)) ™ 0 (F() }

) (1-F (X))—(m+1)(s—r—l)
(s—r-1Y(1-F(x))’s

{ 7s@=FMY*™ (ha (F(y) -

~(s-r=1(1-F(y))s™

(M (FOD) = (F00))™ 7

(= mh(FB)=(-F()")
ye (1-F(9)" (M+1)(s-r-1)

(s—r=DI(1-F(y))

1-F(y) s s-r-1
(mj (h (F(Y)) e (F(x)))

_(1—F(X))7(m+l)(57r72) 1_F(y) 7s-1
(s—r=2)!(1-F(y)) (1-F(x)
he (FO0))
e[ EFOY!
Vs Z a (S)(l—F(X)J

i=r+1

:(1—F(y)) o 1-F(y) i |
_z 3 (S_l)(l—F(x))

i=r+l

S—r-1

hn (F()))

(ha (F(¥))-

which on using the relation c,_; = y5 ¢;_, leads to (4.10).

Theorem 2.
For n = 1, 2, 3.,

uve{012..}.
(@

1<r<s<n,k>1 and

o0 a.
u_ _ i |: u+j+1 u+j+1 :|(4.11)
Hrm,n, k yer::OU+j+l Hemn k ~He—1m, n, k

(b)
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w u v+ j+1
j r,s: m,nk
k= ' s (4.12)
Hris:mnk =75 -Z‘Ov+j+1 TR |
)= :ur,s—:l.' m,n,k

Proof (a): The u™ order moment of X (r,n,,k) is
given by:

ﬂ?:mnk_
© r 4.13
cr_ljxuzai(r)(l—lz(x)”‘lf(x)dx. (.19
B i=1

Substituting the value of f(x) from (2.3), we have

,U?:rﬁ,n, k=Cr_1
(4.14)

0

a; Oox””ra-r 1-F(x)" dx .

j=0 B i=1

Integrating by parts, taking x* * ! as the part to be
integrated, we obtain:

Hrimon k =Cro1

Xu+j+l
i o /{ (4.15)
U+l o -
=0 > a0y (- Fx) ()

i=1

After using (4.9), we shall derive the recurrence relation
givenin (4.11).

Proof (b):

We know that

o0
u,v _ u
/ur,s: mnk — I X
B

(4.16)
i g () (1-F(x))" 19 J(x:v,r,s,m)dx
il 1-F(x) Y ’
where
e ee [ S Ao FOY_f(Y)
J(x.v,r,s,m)fcsfljx.y izzrila, (S)(l—F(x)] —
Substituting f(y) from (2.3) we have:
J(x:v,r,s,m)=
< i V4 j 3 r 1_F(Y) & (4'17)
jgo @jiCsa ]y Aai O\ 1y ¥
X

Integrating by parts, taking y' *! as the part to be
integrated, we obtain:

J(x:v,r,5,m)=

OO v+ j+1
Cs_1lY
[e'e} Olj X
- -1
j=ovti+ll s 7i (L-F(y)Y
! > al(s) i ) —— f(y)dy
i=r+1 (1-F(x))i

334
V+j+l f(Y)
y ——
1-F(y)
Sy S al (s)
J.:Ov+j+1 3 S _
Cs_l_z 7i (1—F(y))y' dy
i=r+1 (1_F(X))7i
oy 4 iy 1—F<y)jyi
7’st::0 V+j+1{|zcs_l£y i§1 i (S)[l—F(X)
R V+ j+ & r 1_F(y) i f(y)
— eyt A (s—l)( j dy
2{ i:zrzl 1-F() ) |1-F(y)
[by using (22)]
i o, J(X:v+j+1r,s,m
S ; { ( | ) }
(To v+i+l ~“J(x:v+j+lr,s-1,m)
(4.18)

On substituting the above expression of J(x:v,r,s,m)
in (4.16) we get

u,v © i

”r,S:m,n,k:75j§0v+j+1

NA-E6)Vi )
i al(r)(l F(X))Il—F(x)

o0
jxu > ] . - dx
poi-1 J(x:v+j+1r,s,m)
—J(x:v+ j+1r,s-1m)
which on using (4.16), leads to (4.12).

5. Conclusion

The relation (2.3) is independent of g .That is,

recurrence relations established in theorems 1-2 will work
for logistic distribution as well as for half distribution. In
the study presented above, we demonstrate the recurrence
relations for single and product moments of GOS from
LTLD. These results generalize the corresponding results
of Kumar (2010) for p=c.
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