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1. Introduction 
In [3], Husain et al. considered the following control 

problem containing support functions:  

(CP):
( )

( ) ( )( )( )
,

Minimize , , |
x u I

f t x u S u t K dt+∫   

subject to 

 ( ) ( )0 , 0,x a x b= =  (1) 

 ( ) ( ), , ,x t h t x u t I= ∈  (2) 

 ( ) ( )( ), , | 0, 1, 2,.... ,i ig t x u S x t C i m t I+ ≤ = ∈  (3)
 where

 (i) : nx I R→
 
is a differentiable state vector function with 

its derivative x  and u : mI R→
 
is a smooth control vector 

function,
 
 

(ii) nR  denotes an n-dimensional Euclidean space and 
[ ],I a b=

 
is a real interval. 

(iii) : , g : , 1, 2,....n m i n mf I R R R I R R R i m× × → × × → =  

and h : n m nI R R R× × →  are continuously differentiable. 

(iv) ( )( )| KS x t and ( )( )| C , j 1, 2,...,m.jS x t =
 
are the 

support functions of the compact sets K  and 
( )C 1,2,...,j j m=  respectively.  

Denote the partial derivatives of f  where by ,t xf f  
and ,yf

 

 
1 2

1 2

, , ,..., ,

, ,..., ,

t x n

u m

f f f ff f
t x x x

f f ff
u u u

∂ ∂ ∂ ∂ 
= =  ∂ ∂ ∂ ∂ 

∂ ∂ ∂ 
=  

∂ ∂ ∂ 
 

where superscripts denote the vector components. 
Similarly we have , h ,t x uh h  and , , .t x ug g g  Designate 
by .X  The space of continuously differentiable state 
functions : nx I R→  such that ( ) 0x a =

 
and ( ) 0x b =

 
and is equipped with the norm ,xx x D∞ ∞= +  and 
U , the space of piecewise continuous control vector 
functions u : mI R→  having the uniform norm . .∞ The 
differential equation (2) with initial conditions expressed 

as ( ) ( ) ( ) ( )( ), , ,
b

a
x t x a h s x s u s ds t I= + ∈∫  may be written 

as ( ), ,H H x u=  where ( ) ( ): , , ,n nH X U C I R C I R× →

 being the space of continuous function from I  to nR  

defined as ( )( ) ( ) ( )( ), , x , .H x u t h t t u t=  In the derivation 
of the optimality conditions, some constraint qualification 
to make the equality constraints locally solvable is needed. 
For this the Fre che t′ ′  derivative of 

( ) ( ), , ,xD H x u Q x u− =  (say) with respect to 

( ), ,x u namely ( ) ( ) ( )[ ], , , ,x uQ Q x u D H x u H x u′ ′= = − −  are 
required to be surjective. Husain et al. [3] established the 
following Fritz type necessary conditions for the control 
problem (CP):
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Proposition 1. (Fritz John Necessary Conditions): If 
( ),x u  is an optimal solution of (CP) and the Fre che t′ ′  
derivative Q′  is surjective, then there exists Langrange 

multipliers Rα ∈  and piecewise smooth : ,mI Rλ →  

: , :r mu I R z I R→ →  and :j nI Rω →  such that for all t, 

( ) ( ) ( ) ( )( )
( ) ( ) ( )

1
, , , ,

, , ,

m
j j j

x x
j

T
x

f t x u t g t x u t

t h t x u t t I

α λ ω

µ µ

=
+ +

+ = ∈

∑



 

 
( ) ( ) ( )

( ) ( )

, , , ,

, , 0,

T
u u

T
u

f t x u t g t x u

t h t x u t I

α λ

µ

+

+ = ∈
 

 ( ) ( ) ( ) ( )( )
1

, , 0,
m

j j T j
x

j
t g t x u x t t t Iλ ω

=
+ = ∈∑  

 ( ) ( ) ( )( )|T t z t S x t Kµ =  

 ( ) ( ) ( )( )| C , 1,2,...,j jx t t S x t j mω = =  

 ( ) ( )z , , 1, 2,...,j jt K t C j mω∈ ∈ =  

 ( )( ), 0,t t Iα λ ≥ ∈  
 ( ) ( )( ), , 0,t u t t Iα λ ≠ ∈  

As in [5], Husain et al. [3] pointed out if the optimal 
solution for (CP) is normal, then the Fritz John type 
optimal conditions reduce to the following Karush-Kuhn-
Tucker optimal conditions:  
Proposition 2. If ( ),x u  is an optimal solution and is 
normal and Q′  is surjective, there exist piecewise smooth 

: mI Rλ →  with ( )1 2, ,..., , : ,T n
m u I Rλ λ λ λ= →  

: nz I R→  and : ,j nI Rω → 1,2,...,j m=  such that 

 
( ) ( ) ( ) ( )( )
( ) ( ) ( )

1
, , , ,

, ,

m
j j j

x x
j

T
x

f t x u t g t x u t

t h t x u t

λ ω

µ µ

=
+ +

+ =

∑



 (4) 

 
( ) ( ) ( )
( ) ( )

, , , ,

, , 0,

T
u u

T
u

f t x u t g t x u

t h t x u t I

λ

µ

+

+ = ∈
 (5) 

 ( ) ( ) ( ) ( )( )
1

, , 0,
m

j j T j
x

j
t g t x u x t t t Iλ ω

=
+ = ∈∑  (6) 

 ( ) ( ) ( )( )|Tu t z t S x t K=  (7) 

 ( ) ( ) ( )( )| C , 1,2,...,T j jx t t S x t j mω = =  (8) 

 ( ) 0, , 1, 2,..., .i t t I j mλ ≥ ∈ =  (9) 

 ( ) ( ), , 1, 2,..., .j jz t K t C j mω∈ ∈ =  (10) 

Using the Karush-Kuhn-Tucker type necessary 
optimality conditions, Husain et al. [3] constructed the 

following Wolf type dual control problem to (CP) and 
proved various duality results: 

(WCD): Maximize 

( )

( )
( )
( ) ( )

( ) ( ) ( )( )
1

, , ( ) ( )

, ,

, ,

T

jm
i

T jjI

T

f t x u t z t

g t x u
t dt

x t t

t h t x u x t

µ

λ
ω

µ

=

 + 
    +  +  
 
 + − 

∑∫



 

subject to 

 ( ) ( )0, 0x a bα= =  

 
( ) ( ) ( ) ( )( )

1
, , , ,

( ) ( ) 0,

m
i j j

x
j

T
x

f t x u t g t x u t

t h t t I

λ ω

µ µ

=
+ +

+ − = ∈

∑



 

 ( ) ( ) ( ), , , , ( ) 0,T T
u uf t x u t g t x u t h t Iλ µ+ + = ∈  

 ( ) 0, , 1, 2,...,i t t I i mλ ≥ ∈ =  

 ( ) ( ), , 1, 2,...,i iz t K t C i mω∈ ∈ =  

The problem (WCD) is a dual to (CP) assuming 

that ( ) ( ) ( ) ( )( ) ( ) ( )( )
1

., . . .
m

Ti j T

jI

f t g t h x t dtλ µ
=

+ + + −
  
 
  

∑∫ 

 
is pseudo convex in ( ),x u  for all ( ) mz t R∈  and 

( ) , 1, 2,..., .j nt R j mω ∈ =  
Husain et al. [4] further weakened the generalized 

convexity for duality by constructing a Mond-Weir type 
dual to (CP) given below. 

(M-WCD): Maximize ( ) ( ) ( ){ }, , T

I
f t x u u t z t dt+∫  

subject to 

 ( ) ( )0x a x b= =

  

 
( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( )

1
, , , ,

, , ,

m
Tj j i

x x
j

T
x

f t x u t g t x u x t t

t h t x u t t I

λ ω

µ µ

=
+ +

+ = ∈

∑



  

( ) ( ) ( ) ( ), , , , , , 0,Tt
u u uf t x u z g t x u t h t x u t Iλ µ+ + + = ∈  

 ( ) ( ){ }
1

, , 0
m

Ti j j

j I
g t x u x t dtλ ω

=
+ ≥∑ ∫  

 ( ) ( )( ), , 0T

I
t h t x u x dtµ − ≥∫   

 ( ) 0,t t Iλ ≥ ∈  

 ( )z t K∈  

 ( ) , 1, 2,...,j jt C j mω ∈ =  

where 
(i) K  and , 1, 2,...,jC j m=  are compact sets in nR , and 

(ii) : , :m nI R I Rλ ω→ →  and : nI Rµ →  are piecewise 
smooth functions and 



 American Journal of Applied Mathematics and Statistics 195 

Husain et al. [4] proved duality theorems for the 

problem (CP) and (M-WCD) under the 
assumptions of 

pseudoconvexity of ( ) ( ) ( ){ }, ,
I

f t z t dt⋅ ⋅ + ⋅∫  for ( )z t K∈  

and quasi convexity of ( ) ( ) ( ) ( )( )
1

, ,
m

Ti j j

j I

t g t t dtλ ω
=

⋅ ⋅ + ⋅∑ ∫
 

and ( ) ( ) ( )( ), ,T
I

t h t x dtµ ⋅ ⋅ − ⋅∫  for all 

( ) , 1, 2,..., .j jt C j mω ∈ =  
We review some well known facts about a support 

function for easy reference. Let Γ be a compact convex 
set in nR . Then the support function of Γ  denoted by 

( )( )|S x t Γ  is defined as 

 ( )( ) ( ) ( ) ( ){ }| max : ,TS x t x t t t t Iυ υΓ = ∈Γ ∈
 

A support function, being convex and everywhere finite, 
has a subdifferential in the sense of convex analysis, that 
is, there exists z such that 

( )( ) ( )( ) ( ) ( ) ( )( )| | TS y t S x t z t y t x tΓ ≥ Γ + −  for all 

.x The subdifferential of ( )( )|S x t Γ is given by 

( )( ) ( ) ( ) ( ) ( )( ){ }| : | .TS x t z t z t x t S x tΓ = ∈Γ = Γ
 
Let 

( )( )N x tΓ  be normal cone at a point ( ) .x t ∈Γ Then 

( ) ( )y t N xΓ∈  if and only if ( )( ) ( ) ( )| TS y t x t y tΓ =  or 

equivalently, ( )x t  is in the subdifferential of s  at ( ).y t
 

In this paper, we propose a generalized dual to (CP) and 
prove various duality theorems under appropriate 
generalized convexity assumption. From our duality 
results, special cases are deduced and it is shown that our 
results derived in this research can be considered as 
dynamic generalization of those of nonlinear 
programming problems having support functions. 

2. Generalized Duality 
Let { } { }1, 2,..., , 1, 2,..., , , 0,1,...M m N n I M rα α= = ⊆ =  

with , ,I Iα β φ α β= ≠  and 
0

,
r

I Mα
α=

=


and ,J Nα ⊆  

0,1,...rα =  with , ,J Jα β φ α β= ≠ and 
0

r
J Nα

α=
=



. 

We propose the following generalized dual to the 
problem (CP) and prove various duality theorem under 
appropriate generalized convexity condition: 

(GCD): 

( ) ( ) ( )

( )
( )
( ) ( )

( ) ( )( )
0

0

, ,

, ,
Maximize

, ,

T

i
i

T ii II

j j j

j j

f t x u u t z t

g t x u
t dt

x t t

t h t x u x

λ
ω

µ

∈

∈

 
 + 
  
  +  +  
 
+ −  
 

∑∫

∑ 

 

subject to 

 ( ) ( )0, 0x a x b= =  (11) 

 
( ) ( ) ( ) ( )( )
( ) ( ) ( )

1
, , , ,

, , 0,

m
i i i

x x
i

x

f t x u t g t x u t

t h t x u t t I

λ ω

µ µ
=

+ +

+ + = ∈

∑
 

 (12) 

 
( ) ( ) ( ) ( )
( ) ( )

, , , ,

, , 0,

T
u u

T
u

f t x u z t t g t x u

t h t x u t I

λ

µ

+ +

+ = ∈
 (13) 

( ) ( ) ( ) ( )( ), , 0, 1, 2,...,Ti i i

i II

t g t x u u t t dt r
α

λ ω α
∈

+ ≥ =∑∫ (14)  

 ( ) ( ) ( )( ), , 0, 1, 2,...,i j j

j JI
t h t x u x t dt r

α

µ α
∈

− ≥ =∑∫ (15) 

 ( ) 0, 1,2,...,i t i mλ ≥ =  (16) 

 ( ) ( ), , 1, 2,...,i iz t K t C i mω∈ ∈ =  (17) 

Theorem 1 (Weak duality): let ( ),x u  be feasible for 

(CP) and ( )1, , , , , ,..., mx u zλ µ ω ω  with ( )1,...,T mλ λ λ=  

and ( )1,...,T mµ µ µ= feasible for (GCD). If for all 

feasible ( )1, , , , , , , ,..., ,mx u x u zµ λ ω ω  

 

( ) ( ) ( )

( ) ( ) ( ) ( )( )
( ) ( ) ( )( )

0

0

,.,. .

,.,. .

,.,. .

T

Ti i i

i II
j j j

j J

f t z t

t g t t dt

t h t x

λ ω

µ

∈

∈

 
 
 +
 
 + + 
 
 
 + −
  

∑∫

∑ 

 

is pseudoconvex, and ( )
( )
( ) ( )

,.,.
,

.

i
i

T ii II

g t
t dt

tα

λ
ω∈

  
  
  +  

∑∫  and 

( ) ( ) ( )( )( ),.,. . ,j j j

j JI
t h t x dt

α

µ
∈

−∑∫   1, 2,..., rα = are 

quasiconvex, then  

 ( ) ( )inf .CP Sup GCD≥  

Proof: Since ( ),x u  is feasible for (CP) and 

( )1, , , , , ,..., mx u zλ µ ω ω  is feasible for (GCD), we have  

 

( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( )( )

, ,

, , 1, 2,...,

Ti i i

i II
Ti i

i II

t g t x u x t t dt

t g x u x t t dt r

α

α

λ ω

λ ω α

∈

∈

+

≤ + =

∑∫

∑∫
 

and  

 

( ) ( ) ( )( )
( ) ( ) ( )( )

, ,

, , , 1, 2,..., .

j j j

j JI
j j j

j JI

t h t x u x t dt

t h t x u x t dt r
α

α

µ

µ α

∈

∈

−

≤ − =

∑∫

∑∫




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By the quasiconvexity of ( )
( )

( ) ( )

, ,i
i

T i
i I I

g t x u
t dt

u t tα

λ
ω∈ +

 
 
 
 

∑ ∫  

and ( ) ( ) ( )( ), , ,j j j

j J I
t h t x u x t dt

α

µ
∈

−∑ ∫ 

 
1, 2,..., ,rα =  the 

above inequality respectively yields,  

 ( )
( ) ( ) ( )( )
( ) ( )

, ,
0

, ,

T i i
xi

T ii I I u

x x g t x u t
t dt

u u g t x uα

ω
λ

∈

 − +  ≤ 
 + − 

∑ ∫  

and  

 
( ) ( ) ( ) ( )( )
( ) ( ) ( )

, ,
0

, ,

T j j j
x

T j jj J I u

x x t h t x u t
dt

u u t h t x uα

µ µ

µ∈

 − −  ≤ 
 + − 

∑ ∫


 

Hence  

 ( )
( ) ( ) ( )( )
( ) ( )0

, ,
0

, ,

T i i
xi

T ii M I I u

x x g t x u t
t dt

u u g t x u

ω
λ

∈ −

 − +  ≤ 
 + − 

∑ ∫  

and 

 
( ) ( ) ( ) ( )( )
( ) ( ) ( )0

, ,
0.

, ,

T j j j
x

T j jj N J I u

x x t h t x u t
dt

u u t h t x u

µ µ

µ∈ −

 − +  ≤ 
 + − 

∑ ∫


 

Combining the above inequalities and the using 
equality constraints (12) and (13), we have  

( ) ( ) ( )
( )
( )

( ) ( ) ( )( )

( )
( ) ( ) ( )

( ) ( )

0

0

0

0

, ,
, ,

, , 0.

, , , ,

, ,

i
xT i

x i
i I

j j j
x

j JI
i i

u u
i IT

j j
u

j J

g t x u
x x f t x u t

t

t h t x u t dt

f t x u t g t x u

u u
t h t x u

λ
ω

µ µ

λ

µ

∈

∈

∈

∈

 
 
 

   
   − +
   +   

 + + ≥ 
 
  +    + −  +     

∑

∑∫

∑

∑

  

This, because of pseudoconvexity of  

 
( ) ( ) ( ) ( )

( )
( ) ( )

( ) ( ) ( )( )
0

0

,.,.
,.,. .

.

,.,. .

i
T i

T ii I

j j jI

j J

g t
f t z t t

t dt
t h t x

λ
ω

µ

∈

∈

  
  + +
   +  
 + − 
  

∑
∫

∑ 

 

at ( ),x u ,we have  

( ) ( ) ( ) ( )
( )
( ) ( )

( ) ( ) ( )( )
0

0

, ,
, ,

, ,

i
T i

T ii I

j j jI

j J

g t x u
f t x u u t z t t

x t t dt
t h t x u x t

λ
ω

µ

∈

∈

  
  + +
   +  
 + − 
  

∑
∫

∑ 

 

 
( ) ( ) ( ) ( )

( )

( ) ( )

( ) ( ) ( )( )
0

0

, ,
, ,

.

, ,

i
T i

T i
i I

j j jI

j J

g t x u
f t x u u t z t t

x t t dt

t h t x u x t

λ
ω

µ

∈

∈

+ +
+≥

+ −

  
  
    

 
 
 

∑
∫

∑ 

 

Using ( ) ( ) ( )( )Tu t z t S u t K≤  and 

( ) ( ) ( )( ) ,T j jx t t S x t Cω ≤  1, 2,...,j m= , together with 

feasibility of ( ),x u  for (CP) in the above inequality, we 
have  

 

( ) ( )( ){ }

( ) ( ) ( ) ( )
( )

( ) ( )

( ) ( ) ( )( )
0

0

, ,
, ,

, ,

, ,

i
T i

T i
i I

j j jI

j J

I

g t x u
f t x u u t z t t

x t t dt

t h t x u x t

f t x u S u t K dt

λ
ω

µ

∈

∈

+ +
+≥

+ −

+

  
  
    

 
 
 

∑
∫

∑

∫



 

yielding  

 ( ) ( )inf .CP Sup GCD≥  

Theorem 2 (Strong Duality): if ( ),x u  is an optimal 
solution of (CP) and is normal , then there exist piecewise 
smooth : ,nz I R→ : ,nI Rµ → : ,i I Rλ → 1,2,...,i m=  
and : ,j nI Rω → 1,2,...,j m=  such that 

( )1 1, , , ,..., , ,..., ,m mx u z λ λ ω ω µ
 
is feasible for (GCD), 

and the corresponding values of (CP) and (GCD) are equal. 
If the hypotheses of Theorem 1 hold, then 

( )1 1, , , ,..., , ,..., ,m mx u z λ λ ω ω µ
 
is an optimal solution of 

(GCD). 
Proof: Since ( ),x u  is an optimal solution of (CP) and is 
normal , then from Proposition 2, there exist piecewise 
smooth : ,nz I R→  : ,j I Rλ →  1, 2,...,j m= , 

: ,j nI Rω →  1, 2,...,j n=  and : nI Rµ →  such that 
conditions (4)-(10) hold. So 

( )1 1, , , ,..., , ,..., ,m mx u z λ λ ω ω µ
 
is feasible for (GCD) and 

in view of conditions (4), (5), (6), (9) and (10), the 
equality of the objective functionals follows. If 

( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( )( )

0

0

,.,. . ,.,. .

,.,. .

T Ti i i

i I

j j j
I

j j

f t z t g t t

dt
t h t x

λ ω

µ

∈

∈

 + + + 
 
 
+ +  
 

∑
∫

∑ 

 is 

pseudoconvex, and ( ) ( ) ( ) ( )( )
0

,.,. . Ti i j

i I I
t g t t dtλ ω

∈
+∑ ∫  

and ( ) ( ) ( )( )
0

,..j j j

j j I
t h t x t dtµ

∈
−∑ ∫   are quasiconvex for 

all ( )z t K∈
 
and ( ) , 1, 2,..,j jt C j mω ∈ = , then from 

Theorem 1 ( )1 1, , , ,..., , ,..., ,m mx u z λ λ ω ω µ
 
must be an 

optimal solution of (GCD). 
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Theorem 3 (Strict converse duality): Let the problem 
(CP) have an optimal solution ( ),x u

 
that satisfies the 

normality condition and ( )1 1ˆ ˆ ˆ ˆˆ ˆ ˆˆ, , ,..., , , , ,...,m mx u zλ λ µ ω ω  

be optimal solution of (GCD) if 

( ) ( ) ( ) ( )
( )
( ) ( )

( ) ( ) ( )( )
0

0

,.,.
ˆ,.,. .

.

,.,. .

i
T i

T ji I

j jI

j j

g t
f t z t t

t dt
t h t x

λ
ω

µ

∈

∈

  
  + +
  +  
 + +  
 

∑
∫

∑ 

 is 

strictly pseudoconvex, and ( )
( )
( ) ( )0

,.,.

.

i
i

T ji II

g t
t dt

t
λ

ω∈

      +   
∑∫  

and ( ) ( ) ( )( )
0

,.,. .j j j

j jI
t h t x dtµ

∈

  + 
  
∑∫   are quasi convex 

for all , , 1, 2,...,j jz K C j mω∈ ∈ = , then ( ) ( )ˆ ˆ, ,x u x u= , 

i.e., ( )ˆ ˆ,x u  is an optimal solution of (CP). 

Proof: We shall assume that ( ) ( )ˆ ˆ, ,x u x u≠
 
and exhibit a 

contradiction,
 
since ( ),x u  is an optimal solution of (CP), 

it follows from Theorem 2 there exist 
( ): , 1, 2,...,i I R i mλ → = , : ,j nI Rω → ( )1,2,...,j m=

 
and ( ): , 1, 2,..., ,j nI R j mµ → = such that 

( )1 1 1, , , ,..., , ,..., , ,...,m n nx u z λ λ µ µ ω ω  is an optimal 

solution of (GCD). Hence
  

 

( ) ( ) ( )( )
( ) ( )( )

( ) ( ) ( )( )
( ) ( )( )

0

0

0

0

, , , ,

, ,

ˆ ˆˆ ˆ ˆ ˆ ˆˆ, , , ,

.
ˆ ˆ ˆ ˆ, ,

T i i i

i I

j j j
I

j J

T i i i

i I

j j
I

j J

f t x u u z g t x u t

dt
t h t x u x

f t x u u z g t x u t

dt
t h t x u x

λ ω

µ

λ ω

µ

∈

∈

∈

∈

 + + +
 
 
 
 + −
  
 + + +
 
 =  
 + −
  

∑
∫

∑

∑
∫

∑





 

together with the feasibility of ( ),x u
 
for (CP) and 

( )1 1ˆ ˆ ˆ ˆˆ ˆ ˆˆ, , ,..., , , , ,...,m mx u zλ λ µ ω ω  for (GCD). 

( ) ( ) ( )( )| ,T j jx t t S x t Cω = for , 1, 2,...,j jC j mω ∈ = , 

we have 

 

( ) ( ) ( )( )( )
( ) ( ) ( )( )( )

ˆ , ,

ˆ ˆˆ ˆ ˆ, ,

Ti i i

i I I

Tj j i

j J I

g t x u x t t dt

g t x u x t t dt

α

α

λ ω

λ ω

∈

∈

+

≤ +

∑ ∫

∑ ∫
 

Also 

 

( ) ( ) ( )( )
( ) ( )( )

ˆ , ,

ˆˆ ˆ ˆ ˆ, , , 1, 2,...,

j j j

j J I
j j j

j J I

t h t x u x t dt

t h t x u x dt r
α

α

µ

µ ω α

∈

∈

−

≤ − =

∑ ∫

∑ ∫ 

 

These, because of quasiconvexity hypothesis and 
merging their implication and then using equality 
constraints of (GCD), we have 

 

( )
( )

( )
( )

( )( ) ( )

( )
( ) ( )

( )( )

0

0

0

0

ˆ ˆ, ,ˆˆ ˆ, ,
ˆˆ

ˆ ˆ ˆ ˆ, ,
0

ˆˆ ˆ ˆ ˆ, , , ,

ˆ
ˆ ˆ ˆ, ,

i
xi

x iT i I

J j j
x

J j

i iI
u u

i IT
j j

u
j J

g t x u
f t x u

tx x
h t x u t

dt
f t x u g t x u

u u
h t x u

λ
ω

µ µ

λ

µ

∈

∈

∈

∈

   
   +
   + −  
  + +  
   ≥
  +    + −  
 + 
    

∑

∑
∫

∑

∑
 

This, in view of the strict pseudoconvexity of  

 
( ) ( ) ( ) ( )

( )
( ) ( )

( ) ( ) ( )( )
0

0

,.,.
ˆ,.,. .

. ,

,.,. .

i
T i

T ji I

j jI

j j

g t
f t z t t

t dt
t h t x

λ
ω

µ

∈

∈

  
  + +
  +  
 + +  
 

∑
∫

∑ 

 

implies 

 

( ) ( )( )
( ) ( )( )

( ) ( )( )
( ) ( )( )

( ) ( )( )
( ) ( )( )

0

0

0

0

0

0

ˆˆ, , , ,

ˆ , ,

ˆ ˆˆ ˆ ˆ ˆ ˆ, , , ,

ˆ ˆ ˆ ˆ, ,

, , , ,

, ,

i i T i

i I

j j j
I

j J

i j T i

i I

j j j
I

j J

T i i T i

i I

j j j

j J

f t x u uz g t x u x

dt
t h t x u x

f t x u g t x u x

dt
t h t x u x

f t x u x z g t x u x

t h t x u x

λ ω

µ

λ ω

µ

λ ω

µ

∈

∈

∈

∈

∈

∈

 + + +
 
 
 
 + +
  
 + +
 
 ≥  
 + +
  
 + + +

= 
+ +

∑
∫

∑

∑
∫

∑

∑

∑









.
I

dt


 
 


 
  

∫

 

 

This in view of (2) and (3), yields. 

 
( ) ( ) ( )( )
( ) ( ) ( )( )

ˆ, ,

, , ,

T

I
T

I

f t x u u t z t dt

f t x u u t z t dt

+

> +

∫

∫
 

which gives 

 ( ) ( ) ( )ˆ .T T

I I
u t z t dt u z t dt>∫ ∫  

In view of ( ) ( )( )ˆ |Tu z t S u t K≤  and 

( ) ( ) ( )( )| ,Tu t z t S u t K≤  this implies 

 ( )( ) ( )( )| | ,
I I

S u t K dt S u t K dt>∫ ∫  

which is absurd. Hence ( ) ( )ˆ ˆ, , .x u x u=  

3. Converse Duality 
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In this section, we shall prove the converse duality 
under the assumption ,f g and h  are twice continuously 
differentiable. The problem (GCD) may be written in the 
following form: 

Maximize ( )1 1 1, , , , ,..., , ,..., , ,...,m n mt x u zψ λ λ µ µ ω ω  
subject to 

 ( ) ( )0x a x b= =  

 ( ) ( ) ( ) 1
1

1 1

, , , , ,..., ,
0,

,..., , ,...,

m

m m

t x t u t z t
t I

λ λ
θ

ω ω µ µ

 
 = ∈
 
 

 

 ( ) ( ) ( )( )2 1 1, , , , ,..., , ,..., 0,m mt x t u t z t t Iθ λ λ µ µ = ∈  

( ) ( ) ( ) ( )( )ˆ, , 0, 1, 2,...,Ti i j

i I I
t g t x u x t t dt r

α

λ ω α
∈

+ ≥ =∑ ∫  

 ( ) ( ) ( )( )ˆ, , 0, 1, 2,...,j j j

j J I
t h t x u x t dt r

α

µ α
∈

+ ≥ =∑ ∫  

 ( ) 0, , 1, 2,..., .i t t I i mλ ≥ ∈ =  

 ( ) ( ), , , 1, 2,...,i iz t K t C t I j mω∈ ∈ ∈ =  

where  

 
( )

( ) ( ) ( )( ) ( ) ( )

1 1

1

.
m

Ti i i
x x x

i
f t g t t t h t

θ θ

λ ω µ µ
=

=

= + + + +∑ 

, 

 ( )2 2 . T
u u uf z g hθ θ λ µ= = + + +   

with ( ) ( )( ) ( ) ( )( ), , , , , ,x x x xf f t x t u t g g t x t u t= =  

( ) ( )( ), , ,x xh h t x t u t=  etc. 

Consider 
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

1
1

., . , . , . , . ,

. , . , . ,..., .m

x u

z

λ µ
θ

µ ω ω

 
 
 
 

 as defining a 

mapping ( )1 1:Q X U V Z W B× ×∧× × × →  and 

( ) ( ) ( ) ( ) ( ) ( ) ( )( )1 1., . , . , . , . , . , . ,..., .mx u zθ λ µ ω ω  as 

defining a mapping ( )2 2:Q X U V Z W B× ×Λ× × × →  
where (i) 

1B  and 2B are Banach spaces,  
(ii) , ,V ZΛ  and W  are spaces of piecewise smooth 

functions , , zλ µ and ( )1,..., mω ω ω= . 

In order to apply the results of [1], some restrictions are 
required on the equality constraints ( )1 . 0θ =

 
and 

( )2 . 0.θ =  It suffices if the Fre che t′ ′ derivatives 
( ) ( )1 1 1 1 1 1, , , ,x u zQ Q Q Q Q Qλ µ
′ =

 
and ( ) ( )2 2 2 2 2 2, , , ,x u zQ Q Q Q Q Qλ µ′ =  

have weak ∗  closed range. In the following theorem, we 
write ( ) ( ), , , , ,f f t x u g g t x u= =

 
and ( ), , .h h t x u=  

Theorem 4 (Converse Duality): Assume that 
(C1): ,f g  and h  are twice continuously differentiable. 

(C2): 1Q′  and 2Q′  have weak ∗  closed range.  

(C3): 

( ) ( ) ( )
( ) ( )

( )
( )

( )0
0

,., . .

, ., . . , ., .

i j

i j
j

i II j
j J

g t

f t z t dth t
t

x t

ω

λ
µ∈

∈

+

+ +
+

−

  
      

         

∑∫ ∑


 is 

pseudoconvex. 

(C4): ( ) ( ) ( )( ),.,. . .i i j

i I I
t g t dt

α

λ ω
∈

−∑ ∫  and 

( ) ( ) ( )( ),.,.j j j

j J I
t h t x t dt

α

µ
∈

−∑ ∫   are quasiconvex, 

(C5): ( ) ( ) ( ) 0,T

I
t A t dt t t Iσ σ σ⇒ = ∈∫ , where ( )tσ  is 

an appropriate vector function, and  

 

( )
( )

( )
( )

( )
( )

( )
( )

T T
xx xx ux ux

T T
xx ux
T T

xu xu uu uu
T T

xu uu

f t g f t g

t h t h
A

f t g f t g

t h t h

λ λ

µ µ

λ λ

µ µ

 + + 
 + + =  + + 
  + + 

 

(C6): ( ) ( )a bµ µ=  
and 

(C7): 

( )( )
( )( )

,

1, 2,...,

i i i
x

i I

j j j
x

j J

t g

t h r
α

α

λ ω

µ µ α

∈

∈

 +
 
 
 
 + =
  

∑

∑ 

 are linearly 

independent. 
Then ( ),x u  is an optimal solution of (CP) and the 

optimal values of (CP) and (GCD) are equal. 

Proof: Since ( )1 1 1, , ,..., , , ,..., , ,...,m m mx u zλ λ µ µ ω ω
 
is 

an optimal solution of (GCD), by Proposition 1 there exist 
Langranges multipliers ,Rτ ∈  piecewise smooth 

: ,nI Rβ → : ,mr I R→ : ,mI Rη → 1 Rατ ∈ and 
2 , 1, 2,..., ,rατ α =  2 , 1, 2,..., rατ α =  such that 

 

( )( ) ( )( )

( ) ( ) ( )( )
( ) ( ) ( )( )

( )( )

( ) ( )( )

00

1

1 0

2

1
0,

i i i j j j
x x x

i I j J

T T T
xx xx xx

T T T
ux ux ux

r
i i i

x
i I

r
j j j

x
j J

f t g t h

t f t g t h

r t f t g t h

t g

t h t t I

α
α

α
α α

τ λ ω µ µ

β λ µ

λ µ

τ λ ω

τ µ µ

∈ ∈

= ∈

= ∈

 
 + + + +
 
 

+ + +

+ + +

 
 + +
 
 
 
 + + = ∈
 
 

∑ ∑

∑ ∑

∑ ∑





(18) 

 
( ) ( )

( ) ( ) ( )( )
00

i i j j
u u u

i I j J

T T
xu xu xu

f z t g t h

t f t g t h

τ λ µ

β λ µ

∈ ∈

 
 + + +
 
 

+ + +

∑ ∑
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( )
( )

( )
( )

( )

1

1

2

1
0,

T ruu uuT i i
xT

i Iuu

r
j j

u
j J

f t g
r t t g

t h

t h t I

α
α α

α
α α

λ
τ λ

µ

τ µ

= ∈

= ∈

   +   + +
   +   
 
 + = ∈
 
 

∑ ∑

∑ ∑

(19) 

 
( ) ( ) ( )
( ) ( ) 00, ,

Ti T i i i
x

T i i
u

g x t g

r t g t i I t I

τ ω β ω

η

+ + +

+ + = ∈ ∈
 (20) 

 
( ) ( ) ( )
( ) ( )

1

0, , 1, 2,.., ,

Ti T i i i
x

T i i
u

g x t g

r t g t i I r t I

α

α

τ ω β ω

η α

+ + +

+ + = ∈ = ∈
 (21) 

 ( ) ( ) ( ) ( ) ,T Tj j i i
x uh x t h r t h t t Iτ β β− + + = ∈

  (22) 

 ( ) ( ) ( ) ( )2 ,

, , 1, 2,...,

Tj j j i
x uh x t h r t h t

t I i J r
α

α

τ β β

α

− + + =

∈ ∈ =





 (23) 

 ( ) ( ) ( ) ( ) 0,i i i
iC

t x t t N i Iτλ β λ ω+ ∈− ∈  (24) 

( ) ( ) ( )1 , , 1, 2...,i i i
iC

t t x N i J rα αβ λ τ λ ω α+ ∈− ∈ = (25) 

 ( ) ( )Ku r t N zα + ∈ −  (26) 

 ( )( )1 0i i T i

i I I
t g x dtα

α

τ λ ω
∈

+ =∑ ∫  (27) 

 ( )( )2 0jj j

j J I
t h x dtα

α

τ µ
∈

+ =∑ ∫   (28) 

 0Tη λ =  (29) 

 ( )( )1 1 2 2
1 1, , ,..., , ,..., 0,r rt t Iτ η τ τ τ τ ≥ ∈  (30) 

 ( ) ( )( )1 1 2 2
1 1, , , , ,..., , ,..., 0,r rt r t t Iτ β η τ τ τ τ ≠ ∈  (31) 

Multiplying (21) by ( ) , , 1, 2,..,i t i I rαλ α∈ =  and 
using (29), we have 

 

( )( )
( ) ( )( )

( ) ( ) ( )

1

0

i i i

i II
T i i i

x
i II

TT i i i
x

i II

t g dt

t t g dt

r t t g dt

α
α

α

α

τ λ ω

β λ ω

λ ω

∈

∈

∈

+

+ +

 
 + + =
 
 

∑∫

∑∫

∑∫

 

From (27), we have  

 

( ) ( )( )

( ) ( )

0

T i i i
x

i I

I i i
x

i I

t t g

dt

r t t g

α

α

β λ ω

λ

∈

∈

  
  +

  
   = 

  
 + 
    

∑
∫

∑
 

which can be written as 

 ( ) ( )( )
( )( )
( )

, 0

i i i
x

i I

i i
I x

i I

t g

t r t dt
t g

α

α

λ ω

β
λ

∈

∈

 + 
  =
 
 
 

∑
∫

∑
 (32) 

Multiplying (23) by ( ) , , 1, 2,...,j t j J rαµ α∈ = , we 
have  

 
( )( )

( ) ( )

( ) ( )

( ) ( )

2

.

j i
x

j Jj j j

j JI I j i
u

j J

j

j JI

t t h

t h x dt dt

t t h

t t dt

α
α

α

α

α

β µ

τ µ

γ µ

µ β

∈

∈

∈

∈

− +

+

  
  
     

 
  
      

=

∑
∑∫ ∫

∑

∑∫





 

From (28), we have  

 
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

j i j i
x u

j J j JI

j j

j J j J I

t t h t t h dt

t b
t t t t dt

t a

α α

α α

β µ γ µ

µ β µ β

∈ ∈

∈ ∈

        +         
=

= −
=

∑ ∑∫

∑ ∑ ∫ 
 

(by integrating by parts) 
which on using the hypothesis (C5), given in the relation 
can be written in the matrix form as 

 ( ) ( )( )
( ) ( )

( )
, 0.

j j j
x

j J

j j
I u

j J

t h t

t t dt
t h

α

α

µ µ

β γ
µ

∈

∈

 +
 
  =
 
 
 

∑
∫

∑
 (33) 

Using the equation constraints of (GCD), in (18) and 
(19) respectively. We have 

 

( ) ( )( )

( ) ( ) ( )( )

( ) ( ) ( )( )
( ) ( ) ( )( )

1

1

2

1

0,

r
i i i

x
i I

r
j j j

x
j J

T T T
xx xx xx

T T T
ux ux ux

t g

t h t

t f t g t h

t f t g t h t I

α
α α

α
α α

τ τ λ ω

τ τ µ µ

β λ µ

γ λ µ

= ∈

= ∈

 
 − +
 
 
 
 + − +
 
 

+ + +

+ + + = ∈

∑ ∑

∑ ∑   (34) 
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Combining (34) and (35), we have  
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Ppremultiplying by ( ) ( )( ), ,t tβ γ  this gives 

( ) ( ) ( )( )
( )( )

( )

( ) ( ) ( )( )
( ) ( )( )

( )

( ) ( )( )

( )
( )

( )
( )

( )
( )

( )
( )

1

1

2

1

,

,

,

I

i i i
xr

i i
uI

i I

j j j
xr j J

j j
I u

j J

xx ux
T T

xx ux
T T

xx ux

xu uu
T T

xu uu
T T

xu uu

t t

t g
t t dt

t g

t h t

t t dt
t h

f f

t g t g

t h t h
f f

t g t g

t h t h

α
α

α

α
α

α

α

β γ

λ ω
τ τ β γ

λ

µ µ

τ τ β γ
µ

λ λ

µ µ

λ λ

µ µ

=
∈

∈

=
∈

+

 + 
−  

  
 
 + 
 + −
 
 
 

 

 + +

 + +



+ +
+ + 

∫

∑ ∫ ∑

∑
∑ ∫

∑



( )
( )

0.
t

dt
t

β

γ
=




 
 
 


  

This, on using (32) and (33) gives 
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In view of the hypothesis (C4), this yields 

 ( ) ( )0 ,t t t Iβ γ= = ∈  (36)  

Using (36), we have  
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This because of (C6), yields 

 
1 20, 0,

1,2,..., r
α ατ τ τ τ
α

− = − =

=
. 

If 0τ = , then 1 20 , 1,2,..., .rα ατ τ α= = =  and from (20) 
and (21), we have ( ) 0,t t Iη = ∈ .  

Consequently, we have 
( ) ( ) ( )

1 1 2 2
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0,
, ,

r r

t t t

τ τ τ τ τ

β γ η

 
  =
 
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t I∈  ensuing a contradiction to (31). 
Hence 0τ > , implying 1 20, 0, 1, 2,..., rα ατ τ α> > = . 

From (20) together with (21) and (22) together with (23), 
we have 

 0,i T i
xg x t Iω+ ≤ ∈  (37) 

 ( ) 00,i i T i
xg x i Iλ ω+ = ∈  (38) 

 0,i ih x t I− = ∈  (39)  

 ( )( ) 00, ,j j jt h x t I j Jµ − = ∈ ∈  (40) 

The relations (24)-(26), we have 

 ( ) ( ) ( )( )| , 1, 2,...,T j jx t t S x t C j mω = =  (41) 

 ( ) ( ) ( )|Tu t z t S u K=  (42) 

From (37), (39) and (41), we have  

 ( ) ( )( ), , | 0, 1, 2,...,i ig t x u S x t C i m+ ≤ =  

and 

 ( ), , 0.h t x u x− =  

implying that ( ),x u is feasible for (CP). 
From (38), (40) and (42), we have  
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In view of the hypotheses (C3) and (C4), by Theorem 1, 
the optimality of ( ),x u for (CP) follows. 

4. Special Cases 
If 0I M= and 0 ,J N= then (GCD) becomes (WCD) 

which is Wolfe type dual to (CD) under the 
pseudoconvexity of  
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If 0I φ=  and ,I Mα =  (for some { }1,2,..., rα ∈ ), then 
(GCD) becomes (M-WCD) is a Mond-Weir type dual to 

(CP) if ( ) ( ) ( )( ),.,. . T
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quasiconvex. 
Let ( )B t  and ( ) ( ), 1, 2,...,jD t j m=  be positive semi 

definite matrices and continuous on I . Then 
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Replacing the support function by its corresponding 
square root of a quadratic form, we have 
(CP0): Minimize ( ) ( )( ){ }, , |

I
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(GCD0): Maximize 
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subject to  
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These dual models are not explicitly reported in the 
literature. However, the duality relationship between (CD0) 
and (GCD0) can be established analogously to that of the 
problem of preceding section. 

5. Nonlinear Programming Problem  
If all the functions involved in the formulation of (CP) 

and (GCD) are independent of t , these problem reduce to 
the following nonlinear programming problems with 
support functions which do not appear in the literature. 
(NP): Minimize ( ) ( ), |f x u S u K+  
subject to 

 ( ) ( ), | 0, 1, 2,...,j jg x u S x C j m+ ≤ =  

 ( ), 0h x u =  

(GND): Maximize 
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Ignoring ( ),h x u  and replacing ( ) ( ), , ,f x u g x u
 
and 

( )|s u K  by ( ) ,f x  ( )g x and ( )|s x K respectively, we get 
the following problems studied by Husain and Jabeen [2]: 
Primal (P1): Minimize ( ) ( )|f x s x K+  
subject to  

 ( ) ( )| 0, 1, 2,...,i ig x s x C i m+ ≤ =  

 ( ) 0h x =  
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Dual (GD): Maximize 
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