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1. Introduction 
Chandler (1952) was the first to introduce the concept 

of record values and record statistics. Let {Xn, n≥1} be a 
sequence of independent and identically distributed 
random variables with a cumulative distribution function 
F(x) and probability density function f(x). An observation 
Xj will be called an upper record value if its value exceeds 
all previous observations. Thus, Xj is an upper record 
value if Xj> Xi for every i<j. For a fixed positive integer k, 
Dziubdziela and Kopocinski (1976) defined the sequence 
{Un

(k), n≥1}of k-th upper record times for the sequence 
{Xn, n≥1}as follows: 

 { }
(k)
1

(k) (k)
n j:j k 1 (k) (k)n 1 U :U k 1n n
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Where Xj:m is the j-th order statistic of the sample X1, 
X2,…, Xm. Then the sequence {Yn

(k), n≥1} where 
(k)

n (k)Un
Y X= is called a sequence of k-th upper record 

values of {Xn, n≥1}. Note that for k = 1, we get the usual 
upper record values as defined in Chandler (1952). For 
convenience, we also take Y0

(k)=0 and Y1
(k)=min(X1, 

X2,…, XN). 
Recently, a new two-parameter ageing distribution 

called a flexible Weibull distribution was proposed by 
Bebbington et al. (2006) as a generalization of Weibull 
distribution. The probability density function (pdf) of the 
flexible Weibull distribution is given by 

 ( ) 2 , 0, , 0
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x

ββ ααβα α β
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(1.1) 

and the corresponding survival function is 
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x
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where ( )x 1 F(x)F = − . Note that for β = 0, this 
distribution reduces to type 1 extreme value distribution, 
see Johnson et al. (1995). Bebbington et al. (2006) shown 
that the flexible Weibull distribution is quite flexible, 
being able to model various ageing classes of lifetime 
distributions. So we can say that the flexible Weibull 
distribution is very important in several basic fields 
include engineering sciences, reliability, biological, 
demography and actuarial sciences. For more details on 
the statistical properties and estimation procedures of this 
distribution, one may refer to Bebbington et al. (2006), 
Habib et al. (2012) and Singh et al. (2013). Notation 
FWD(α,β) is used to denote the flexible Weibull 
distribution with two parameters α,β. 

The moments of k-th record values have received 
considerable attention in the recent years. Many authors 
derived the recurrence relations for k-th record values for 
different distributions; See, Pawlas and Szynal (1999, 
2000), Saran and Singh (2008), Bieniek and Szynal (2002, 
2007, 2013), Nain (2010), Selim(2011), Kumar (2011, 
2012), Kumar and Khan (2012) and Kumar and 
Kulshrestha (2013). The recurrence relations for moments 
of k-th record values from flexible Weibull distribution 
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have not been considered in the earlier literature. In 
Section 2, some recurrence relations for the single and 
product moments of k-th upper record values from the 
flexible Weibull distribution are derived. In Section 3, a 
characterization of the flexible Weibull distribution is 
obtained by using a recurrence relation for single moments. 
Finally, conclusions are given in Section 4.  
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2. Recurrence Relations for Single and 
Product Moments 

The relation between pdf and survival function of 
FWD(α,β) in (1.1) and (1.2), respectively, can be written 
in the form 

 ( ) ( )2 ln ( )f x F x F x
x

βα   = + −    
 (2.1) 

This relation will be used in this paper to derive some 
recurrence relations for the single and product moments of 
k-th upper record values from FWD(α,β). 

Let {Yn
(k), n≥1}, where (k)

n (k)Un
Y X= be a sequence of 

k-th upper record values arising from FWD(α,β). Then the 
pdf of Yn

(k), n≥1 (see Dziubdziela and Kopocinski, (1976)) 
is 
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and the joint pdf of Ym
(k) and Yn

(k), 1≤m<n, n≥2 is 
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(2.3) 

Now, the recurrence relations for single and product 
moments of k-th  upper record values from the flexible 
Weibull distribution can be introduced in the following 
theorems. 

Theorem 1 
For n≥1 and r=2,3,…, 
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and for n=1 
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Proof  
For n≥2 and r=0,1,2,…,. Using the pdf of XU(n) given in 

(2.2) and the relation in (2.1), we have 
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Integrating by parts treating ( ) ( )
n k

ln x xF F   −     for 

differentiation and the rest of the integrand for integration, 
we obtain 
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Upon rewriting the above expression, we immediately 
obtain the relation (2.4). 

Also, the relation (2.5) follows from (2.7) by setting 
n=1. 

Remarks 1 
(a) Putting k=1, in (2.4) and (2.5) we can deduce the 

recurrence relations for single moments of the usual 
upper record values from the flexible Weibull 
distribution. 

(b) Putting β=0 in (2.4) and simplifying, we get the 
recurrence relation for single moments of k-th upper 
record values from type 1 extreme value 
distribution as follow 
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Theorem 2 
For 1 2and , 0,1,2, ,m n r s≤ ≤ − = …  
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and for m≥1 and r,s=0,1,2,…, 
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Proof  
For 1 1,m n≤ ≤ − and , 0,1, 2,r s = …  using (2.3) and 

(2.1), we have 
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Integrating I(y) by parts, treating xr for integration and 
the rest of the integrand for differentiation in the first term 
and in the second term treating xr-2 for integration and the 
rest of the integrand for differentiation, we obtain 
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Substituting the above expression in to (2.11) and 
simplifying, it leads to equation (2.9). And when 

1n m= + , then 
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Integrating ( )I y  by parts, treating ( )ln mF x −   for 
differentiation and the rest of the integrand for integration 
we get 
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Substituting the above expression in to (2.12) and 
simplifying, we obtain (2.10). 

Remarks 2 
(a) Putting k= 1, in (2.9) and (2.10) we deduce the 

recurrence relations for product moments of usual 
upper record values from the flexible Weibull 
distribution.  

(b) Putting β = 0, in (2.9) and simplifying, we get the 
recurrence relation for product moments of k-th 
upper record values from type 1 extreme value 
distribution as follow 
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3. A Characterization of the Flexible 
Weibull Distribution  

In this section, we present a characterization for flexible 
Weibull distribution using the relation in (2.4) based on 
the following result of Lin(1986). 

Proposition 1 
Let n0 be any fixed non-negative integer and let a,b be 

real numbers such that a b−∞ < < < ∞ . Let g(x)≥0 be an 
absolutely continuous function with g’(x)≠0 almost 
everywhere on (a,b). Then the sequence of functions 

[ ]{ }( )
0( ) ,n g xg x e n n− ≥  is complete in L(a,b)if and only if 

g(x) is strictly monotone on (a,b). 
Theorem 3 
For a fixed positive integer k. A necessary and 

sufficient condition for a random variable X to be 
distributed with probability density function of the flexible 
Weibull distribution given by (1.1) is that 
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Proof 
The necessary part follows immediately from (2.4), on 

the other hand if the recurrence relation in (3.1) is satisfied, 
then on rearranging the terms in (3.1) and using (2.2), we 
have 
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Integrating the last two integrals on the right hand side 
of (3.2) by parts, we get 
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Upon simplification the above expression, we obtain 
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Using the proposed 1, we conclude that 

 ( ) ( )2 ln ( )f x F x F x
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This proves that f(x) is probability density function of 
the flexible Weibull distribution. 

4. Conclusions Remarks 
(1). In this paper, some recurrence relations for single 

and product moments of k-th upper record values from 
flexible Weibull distribution have been derived. 

(2). The recurrence relation for single moments of k-th 
upper record values has been utilized to obtain a 
characterization of flexible Weibull distribution. 

(3). The recurrence relations for moments of k-records 
are important because they can be helpful in reducing the 

amount of direct calculations needed to calculate the 
moments. And they can be used in a simple recursive 
manner to express the unknown higher order moments in 
terms of lower order moments thus making the evaluation 
of higher moments easy. Also they can be used to 
characterize the distributions.  
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