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Abstract A remarkably large number of operational techniques have drawn the attention of several researchers in
the study of sequence of functions and polynomials. Very recently, Agarwal and Chand gave certain new sequence
of functions involving the special functions in their series of papers. In this sequel, here, we aim to introduce a new
sequence of functions involving the Generalized Mellin-Barnes Type of Contour Integrals by using operational
techniques. Some generating relations and finite summation formulae of the sequence presented here are also
considered. These generating relations and finite summation formulae are unified in nature and act as key formulae

from which, we can obtain as their special cases.
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1. Introduction

The idea of representing the processes of calculus,
derivation, and integration, as operators is called
operational technique; it is also known as operational
Calculus. Many operational technique involving various
special functions, have found significant importance and
applications in various sub field of applicable
mathematical analysis. Several applications of operational
techniques can be found in the problems in analysis, in
particular differential equations are transformed into
algebraic problems, usually the problem of solving a
polynomial equation. Since last four decades, a number of
workers like Chak [6], Gould and Hopper [10], Chatterjea
[9], Singh [23], Srivastava and Singh [24], Mittal
[15,16,17], Chandal [7,8], Srivastava [21], Joshi and
Parjapat [11], Patil and Thakare [18] and Srivastava and
Singh [26] have studied in depth, the properties,
applications and different extensions of the various
operational techniques.

The key element of the operational technique is to
consider differentiation as an operator acting on functions.
Linear differential equations can then be recast in the form
of an operator valued function F(D) of the operator D
acting on the unknown function equals the known
function. Solutions are then obtained by making the
inverse operator of F act on the known function.

Indeed, a remarkably large number of sequences of
functions involving a variety of special functions have
been developed by many authors (see, for example, [19];
for a very recent work, see also [2,3,4,22]). Here, we aim

at presenting a new sequence of functions involving the

H — function, by using operational techniques. Some
generating relations and finite summation formula are
alsoobtained.

For our purpose, we begin by recalling some known
functions and earlier works.

In 1971, the Rodrigues formula for generalized Lagurre
polynomials is given by Mittal [15] as follows:

78 (x) = %x’“ exp(pg (x))D" [x‘”” exp (—py (x))} (1)

where py (x) isa polynomial in x of degree k.

Mittal [16] also proved following relation for (1) as
follows:

o ()
= %x‘“‘” exp( py (x))Tq" [x“ exp(—px (x))}

where s is constant and Tg = x(s+xD).
In 1979, Srivastava and Singh [24] studied a sequence
of functions Vn(a) (x;a,k,s) defined by:

(2)

vn(“) (x;a,k,s)
_a (3

- Xn—!exp{ P (x)} 6" [Xa exp{-p (X)}J

By employing the operator & = X (s+xD), where s is

constantand py (x) is a polynomial in x of degree k.
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A new sequence of function

{VrgM,N;P,Q;a)(X;a,k,s)} involving the well-known

H — function, introduced in this paper is defined as follows:
Vn('vI NiP.Qiar) (xa,k,s)

—M.N T M @)
=S HES [ (][ ) xR [ (0]

where T2 =x%(s+xD),D Edi’ a and s are constants,
X

B =0, k is finite and non-negative integer, py (x) is a
polynomial in x of degree k and ﬁgéN [x]is a well

known H -function is defined and represented in the
following manner (see, [12] and see also, [1,5]):

HM,N [X]:EM'N , (aj’aj;Aj )1,N ’(ai’al')NJrl,p
i " (bJ"BJ’BJ )LM ’(b]’ﬂl )M+1,Q (5)
-2 R (220),

where

M N N
[Ir®k; -9 [{ra-a; + ;&3
= = . (6)

#(¢)=—3 5
B
[T {ra-b;+5;0)3" I] raj-e;jé)
j=m+1 j=n+1
It may be noted that the ¢(&) contains fractional
powers of some of the gamma function and M,N,P,Q
are integers such that 1<M <Q,

1I<N<ZP (aj )1,P ,(ﬁj )1,Q are positive real numbers and

(AJ— )1,N '(Bj)M 1.0 may take non-integer values, which

we assume to be positive for standardization purpose.
(aj )1,P and (ﬁj )l,Q are complex numbers.

The nature of contour |, sufficient conditions of
convergence of defining integral (5) and other details

about the H -function can be seen in the papers
[1,5,12,13].

The behavior of the H -function for small values of ||
follows easily from a result given by Rathie [19]:

—M N
Hpo [z]:o(|z|“); (7
where
. b;
a= min Re| —|,|z]>0 €))
1I<j<m a;j
M Q
ZlBj I+ > IbjBj |
-1 J=M+ >0,0<z]ko.  (9)

N P
—21ajA 1= 20 1A
i

j=N+1

The following function which follows as special cases
of the H -function will be required in the sequel [12]

(aj,aj;Aj)LP.

% 1z
e (bi’ﬂj;Bj)l,Q (10)
10
—1p (1_aj'aJ;Aj)1,p
=Hpon| 2

(0.0),(1-bj. ;B )LQ

Some generating relations and finite summation
formulae of class of polynomials or sequence of function have
been obtained by using the properties of the differential

operators. T2® =x*(s+xD), T2 =x*(1+xD), where
Edi, is based on the work of Mittal [17], Patil and
X

Thakare [18], Srivastava and Singh [24].
Some useful Operational Techniques are given below:

exp(tTXa'S)(xﬁ f (x))

—xP (1— axat)(ﬁaﬂj f [x(l— axat)lla}

1y

exp(tTXa'S )(x“’a” f (x))

a+s

(12)
=x* (1+ at)fH(Tj f (x(1+ at)lla).

(12w =3 2] "z ). 09

(1+xD)(1+a+xD)(1+2a+xD)

~(1+(m-Da+xD)x 1 =a" (é) xPL, (14
—a B $ > a-pf (at)m
(1-at)a =(1-at)a mz=:o( A jm . (15)

2. Generating Relations

Here we start with presenting three generating relations
involving new sequence of function (4), stated below.
First generating relation:

ZVAM NiP.Qiar) (x;a,k,s)x2"t"
n=0

(SR o) e

ﬁ'\P/I”QN (— Pk (x(l— at) 2 ))

Second generating relation:

ivrgM N;P,Q;a—an) (X; a, k,S)X_antn
n=0

a+s)__
@A ) an

x H ';,Abe (—pk (x(1+ at)lla)).
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Third generating relation:

i(m+”]Vn(M,N;P,Q;a)(x;a,k,s)tn

n=0 m

_ (1—at)_(ajj e (3 4)

_ a —MN -1/a
Hepo (pk(x(l_at) ))

VrgM,N;P,Q;a)(X(l—at)_lla

Proof of the first generating relation:
From (4), Let us consider

(18)

;a,k,s).

iVn(M NiP.Qiar) (x;a,k,s)t"
n=0 (19)

= x*aﬁ'\pﬂ,bN (px (x))exp(tTXa’S)[xaﬁ'\pA,(’gN (- Py (x))}.

Using operational technique (11), above equation (19)
reduces to

ZV}M NiP.Qia) (x;a,k,s)t"
n=0

(a+sj
=X "‘HNI N (pk(x))x (1-ax?t) (20)
'\PAQN( x(l ax?t)” ”a))
after replacing t by tx~2, we get the desired result (16).
Proof of the Second generating relation:

Again from (4), we have

i X,anvrgM N;P,Q;a—an) (x;a,k,s)t"
2 (21)

—x“Hro (P, (x))exp(tTf's)[x“‘a”ﬁg,’QN (-p, (x))].

Using the (12), we get

0

Z X—anvrgM ,N;P,Q;a—an) (X; a k,s)tn
n=0

a+s

(1+at) a °

_,—M,N
=X O‘HF,’Q

(e (X)) x*
xH N[ pk( (1+at)1/a)} (22)

a+s

=(1+ at)Ti1 ﬁng (Pk (X))

><H [ pk( (1+at)1/a)}

This complete the proof of secod generating relation.
Proof of the third generating relation:
We can write (4) as follows

(1) | x“Hag Pt
1 P.Qit
M—V(M'N’P'Q’ )(x;a,k,s),
pQ (pk (X))

(23)
=n!ix*

or

exp(t(T?* )){(T;"s i [x“ﬁﬁ,"@“ (P (x))}}
a1

Hpo (Pc()
Vn('vI NiP.Qia) (xa,k,s)

X
=n !exp(tTXa"" )

(24)
—M ,N
“Hip (-Pc)]
" 1

Hpo (pc(¥)
M ,N;P,Q;a)(

= n!exp(tTXa'S)
vn( x;a,k,s)

On using the operational technique (11), (24) becomes

Zotr:.(T“) [ HES Cpea)|
a+S
=nix* (1—axat)_(aJ (25)

. . _1/
VéMvN'P'Q'“)[x(l—axat) a;a,k,Sj

Hpo. [ P (x(l— axf"t)flla D |

which upon using (23), gives

itm m+n) Vrg]'\fr,‘N;P’Q;a)(x;a,k,s)
mo min! Hpo (P ()
a+S
=x¢ (1— axat)(aj (26)

o =y
Vn(M,N,P,Qﬂ)(X(l_axat) a;a,k,sj

Hoo { Py (x(l— axat)‘l/a H

Therefore, we get

5 (MM

m=0 n

a+s

= (1— axat)_(a)

Hpo (pc(¥)

SN

_ ) -1/a
VrgM,NvPva“)(x(l—aXat) ;a,klsj-

@7

Finally by replacing t by tx™®, we get the (18). This
completes the proof of third generation relation.

Remark: If we set some suitable parametric replacement
in (16), (17) and (18) respectively, then we can arrive at
the known results (see, [2-11,15,16,17,18,21,22])

3. Finite Summation Formulas
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In this section, we establish certain finite summation
formulas, some of which are presumably (new) ones.
First finite summation formula:

VAM’N;P’Q;“) (x;a,k,s)

o (28)
m . .
& 2o 2] e ican
o m! a/n
Secondfinite summation formula:
Vn(M’N;P’Q;a) (x;a,k,s)
(29)

Vrg_“ﬂn;N;P’Q;ﬂ) (xa,k,s).

m

0 m _

S Al (4
m—o ! a
Proof of First finite summation formula:

From equation (4), we have

V{M:NPQi@) (-5 K 5)
(Pk( ))( (aS))n
[an 1H ( P (x ))}

Using the operational technique (13) on (30), we get

1 ’“H
nl

(30)

V(M,N;P,Q;a)(

x;a,k,s)

(31

=X aﬁ'\P/l’(’gN (pk(x))xzom a(n-m)
(s+xD)(s+a+xD)(s+2a+xD)
{..(s+(n—m—1)a+xD) }[ ( pk(x))}

{(1+ xD)(1+a+xD)(1+2a+ xD)}(Xal)l

- ..(1+(m-1)a+xD)

Using the result (14), The equation (31) becomes

n-m-1

x*" T (s+ia+xD)x
=0 (32)

A (e () 3 —

m=0

[ﬁg,bN (— P (X))}am (%jm :

Put « =0 and replacing n by n—m in (30), we get
vn(ﬁ”n;N;P'Q?O)(x; ak,s)

~ it (T [ e t) |

“(n-m
PR
_ 1
Heg (

m!(n—-m)

v (M.N:P.Q:0) (x;a,k,s). 39

Pk (X))

After little simplification, we get

1 n-m-1

H s+|a+xD)[HN| N (—pk(x))}

(n—m)!
a(m—”)#
Hp o (Pc(x))

Finally from (32) and (34), we get the desired result

(34)

=X V,Q/'n;N’P’Q;O)(x;a,k,s).

(28).
Proof of secondfinite summation formula:

Equation (4) can be written as

ZVH(M‘N;P‘Q;“) (x;a,k,s)t"

n

-0 (35)

= HEG (peb0)or (i) X HER ()|

Applying the (11) on (35), we get

ZVH(M NiP.Qia) (x;a,k,s)t"
n=0

‘“ﬁgg\l (pk (x))x* (1— axat)_(agsj

xﬁ:\g/{(’gN [— Pk (X(l—axat)lla j], (36)

= (1— axat)_[a:s] ﬁgQN ( Pk (X))

M (_pk [x(l_axat)”j].

Applying (15) on (36) then equation (36) reduces in to

the form

ZVH(M‘N;P‘Q;“) (x;a,k,s)t"

exp(TXa'S)[xﬁ Hpo (—px (x))}
552 (“a)r.“‘.”” -
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Now equating the coefficient of t" both the sides, we
get
VrgM'N;P'Q;a)(x;a,k,s)
m
()

= Zn: (a;ﬂjm m!(n—m)!

(Txa'S )n_m [xﬁﬁg'QN (—px (x))}

Finally, by using the equation (4) on (37), we get the
result (29).

x‘ﬂﬁhp/{('gN (e (%)) (38)

4. Special Cases

a. If we put A; =Bj =1 -function reduces to Fox’s H-

function [[25], p. 10, Eqgn. (2.1.1)], then the equation
(16), (17) and (18) takes the following form

ivéM N:P.Qia) (x;a,k,s)x"2"t"

= (1—at)_[aT+sj HpM,(gN (Px (%))

xHp'e! (—pk (x(l—at)_lla ))

(39)

iVn(M N3P, Qia—an) (xa,k,s)x "

n=0
—(1+ at)‘“(o%sj Hpo! (Px (%))
xH g,/"QN (— Pk (X(1+ at)lla ))

(40)

n=0
HQ’}QN (P (%))

2 (o) ™

Vn(M N:P.Qiar) (x(l— at)*”a ‘a,k, s)

(41)

= (1—at)7( a

a+sj

b.If we put Aj=Bj=aj=p;=1, then the H -
function reduces to general type of G-function [14]

ie.
ﬁl;/IQN , (aj‘l;l)l,N ’(aj‘l)N+1,P _GMN|, (aj’l)1,p
) =0p,
(bj‘l)LM ’(bj’l;l)Mﬂ,Q ¥ (bj‘l)l,q

the equation (16), (17) and (18) takes the following form:

ZVH(M NiP.Qia) (x;a,k,s)x "
n=0

_ (1—at)_[aT+S] Gpgy (Pe(x))
<M (—Pk (x(l—at)—lla))

b_]_ :O,ﬂl :1,aj :1—aj,
function reduces to generalized wright hypergeometric

function [12] i.e.

(42)

ivrgM N;P,Q;a—an) (X; ak, 5) x—angn
n=0
=(1+ at)‘“(o%sj GPM’QN (P (X)) (43)

xGpg" (— Pk (x(1+ at)? ))

i [m+ njvrgM,N;P.Q;a) (x;a,k,s)t"

n=0 m
L[Sy Gpy (pe(¥)
ot jGF“a”,c‘aN (P (x(2-at) ™)) "
VéM’N;P’Q;“)(x(l—at)_lla;a,k,s)

N=P,M=1 Q=Q+1

If we put A]:Bj =1
bj =1-b; , then the H -

—1p (1—aj,aj;Aj)l‘P

H z
p.q+1 .

(aj’aj;Aj )l,P_

=pW ,
e (bj"BJ';Bj)l,Q

the equation (16), (17) and (18) takes the following form:

0

ZVAP’Q;“) (x;a,k,s)x~2""

n=0
a+s

~-an () pvQ (=P (%))

x P‘/_/Q(pk (x(l—at)_lla ))

(45)

ZVrEP‘Q;a_a”) (x;a,k,s)x 2"
n=0

=(1+ at)_1+(0%sj P;Q (_ Pk (X))
X P;Q ( Pk (X(1+ at)lla ))

(46)

v M

>

P'»;Q (=P (x))
TR

v (PQe) (x(l— at) V% ak, s)

(47)

=(1-at )_[O%Sj

5. Conclusion

In this paper, we have presented a new sequence of
functions involving the H -functionby using operational
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techniques. With the help of our main sequence formula,
some generating relations and finite summation formulae
of the sequence are also presented here. Our sequence

formula is important due to presence of H -function. On

account of the most general nature of the H -functiona
large number of sequences and polynomials involving
simpler functions can be easily obtained as their special
cases but due to lack of space we cannot mention here.
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