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Abstract  This paper surveys and reviews paper of spline degree seven inhomogeneous and optimized the best 
errors bound by spline (0,2, 5; 0, 3, 6) case. It has been shown that the existence, uniqueness and convergence 
analysis with minimizing the error bounds of deficient seventh spline interpolated. 
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1. Introduction 
Interpolation polynomial occurs naturally in many 

fields of physics and mathematical statistics. They also 
arise as representation formulas for the interpolating of 
data. 

This theory has developed into an interesting branch of 
applicable mathematics to minimize the function, which 
contains a wealth of new idea for inspiration 
inhomogeneous lacunary interpolation by higher order 
spline function. A better accuracy in the interpolation is 
especially relevant since the spline function is fully 
expressed in terms of boundary quantities. This type of 
problem arises in the mathematical modeling of 
inhomogeneous lacunary interpolations concerning 
[1,4,10,11]. Spline function have been used for this 
purpose in minimize errors estimation [3,5,6]. Various 
types of splines, such as quadratic [2], quinitics [8],sixth 
[7] and ninth [9] have been used to interpolate the 
polynomial and solve these different kinds of problems. In 
[4] used six degree spline function for the(0, 2; 0, 1, 4) 
inhomogeneous lacunarcunary case but in the present 
paper we use seven degree spline for the (0, 2, 5; 0, 3, 6) 
inhomogeneous lacunary type that means  our model are 
differences as follows:  

Form the Model, form the boundary conditions, form 
the Polynomials which we obtained, and all results from 
the Theorems in the next sections. 

2. Splines Theory 
In these extended set of polynomials, we found new 

polynomial with better approximation theoretic 
performances as seventh splines. 
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where 10,1,2,...., ( )
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= , 0(0)S f′ ′= , (1) nS f′ ′=  

We may all it (0,2, 5; 0, 3, 6) interpolation, in the next 
communication we shall return to same other problems of 
this nature: It can be verified that if ( )P x  is seventh on [0, 
1] then 

 

1

2 3
(4) (4)

4 5
(5) (6)

6 7

( ) (0) ( ) (1) ( )
(0) ( ) (1) ( )

(0) ( ) (1) ( )

(0) ( ) (1) ( )

oP x P B x P B x
P B x P B x

P B x P B x

P B x P B x

= +
′′ ′′′+ +

+ +

+ +

 (2) 

Where 

0

1

2 3
2 3

3 4 6 7
4

3 6 7
5

3 5 6 7
6

3 6 7
7

( ) 1 ,
( ) ,

1 1( ) ( ) , ( ) ( )
2 6

1( ) (111 175 70 7 ),
1680

1( ) (99 105 7 )
1680

1( ) (27 35 14 7 ) ,
1680

1( ) ( 895 35 7 3 )
10080

B x x
B x x

B x x x B x x x

B x x x x x x

B x x x x x

B x x x x x x

B x x x x x

= −

=

= − + = −

= − + − +

= − + −

= − + − +

= − + − +

 

Further, a seventh )(xP  on [1, 2] can be written as 
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It is easy to verify that a seventh )(xP can be 
expressed in the following form: 
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and a seventh ( )Q x  on [1, 2] can be expressed as 
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Also the following relations are obtained: 
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Using (4) and (6), we have 
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Similarly using (5) and (6), we have 
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Theorem 1 :( Existence and Uniqueness) 

For every odd integer n and for every set of 5 9
2

n +  real numbers 

1,  ,..., nf f f


; 1 3, ',... 'nf f f′′ ′ ′ ; (3) (3) (3)
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,7( ) nS x S∈  

denotes the class of all splines of degree ≤7 which belongs 
to 6[0,1]C  and n is the number of knots satisfies all 
condition in (1). 

Proof of theorem 1: 
For a given (6)
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and for (2v+1)h ≤ x ≤ (2v+2)h , v=0,1,…., 2 1( )x v h
h
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We shall show that it is possible to determine the (2n) 
parameters 1

0{ }n
v vM −

=  and 1{ }n
v vN = , such that the function 

S(x) given by (1) and (9) will also satisfy (2) in Theorem 1, 
and ( )S x′′ , ( )S x′′′ , (5) ( )S x  and (6) ( )S x will be continuous 
on [0, 1] . ( )S x is continuous because of the interpolating 

condition (1) in Theorem 1, ( )S x′  and (4) ( )S x  are 

continuous on [0, 1] except at the points (2 )vh and 2 1v h+ , 

respectively, 10,1,2,....,
2
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From (10) we see that (1) in Theorem 1 is equivalent to: 
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and taking the second, third, fifth and sixth order 
derivatives respectively of (9) and (10), and also satisfies 

 (2 2 ) (2 2 )S v h S v h′′ ′′+ − = + + , 
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Thus, the theorem will be established if we show that 
the system of linear equations (11)-(15) has a unique 
solution. This end will be achieved by showing that the 
homogeneous system corresponding to (11)-(15) has only 
zero solution. 

The following is the homogeneous system of equations 

for 30,1,2,....,
2

nv −
=  
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Putting the values 1
181
169n nM N− = − and from (16), we 

have the following , for 30,1,2,....,
2

nv −
=  

 1 2 0n nN M− −− =  (17) 

 3 2 2 1111 99 181 169 0n n n nM N N M− − − −+ + + =  

 1 2
3
5n nN M− −→ = −  

Form (16) we have 0 1
33
37

M N= − and also from (17), 

we obtain  

 3 2 2 1 0n n n nM N M N− − − −= = = =  

By the same manner we get M0 = M1 = … = Mn-1 = 0, 
and N1=N2= N3 =… = Nn=0, see (Saxena and Joshi, (1980) 
and Faraidun (2010)), to solution of the homogeneous 
system for n=4p and n=4p+2. This completes the proof of 
the Theorem 1. 

3. Convergence Analysis  
In this section, we apply the spline function 

interpolation for finding the optimal error bound. 
Lemma 1: let 7[0,1]f C∈ , n any odd integer 

and 1h n−= , then for ( ) ( , )n nS x S f x≡ of theorem 1, we 
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Similarly from (7), since ( )S x  is seven degree in 
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Writing (v+1) for (v) in (20), when 30,1,2,...., ( )
2

nv −
= , 

then subtracting with equation (21), we obtain 
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Using Taylor series expansion on the right hand sides 
of the above equation, we get: 
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(7)(7) (7)

2 1 2 3

(7) (7) (7)

81 [ ] 20 1280 177
8 1440

7 1296 220

v v v vv

v v v

hh A A f f f

f f f

α γβ

θ φ λ

+ +
− = − +

+ + − 

 (24) 

Fix k, 0≤ k≤ 3
2

n − . On summing both sides of (24) for 

v=k, k+1,…, 1
2

n −  and using the fact that An=0 , we have  
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This completes the proof of part 1 of lemma 1. To proof 
of second part lemma1, since S(x) is seventh degree in 
2 2 1vh x v h≤ ≤ + from (8), we have  



50 American Journal of Applied Mathematics and Statistics  

2
2 2 1

2 3
2 2 1

5
(5) (6)6
2 2 1

123(2 1 ) 7 7 (2 1 )
8

23 3 5(2 1 )
8 8 48

1 ( 1), 0,1,...., .
960 2880 2

n v v

v v

v v

h S v h f f hS v h

hS v h h f h f

h nf h f v

+

+

+

′′ ′+ = − + +

′ ′′ ′′′+ + + +

−
+ − =

(25) 

Similarly, since S(x) is seventh degree in 
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From the above two relations for ( 3)0,1,....,
2

nv −
= , we 

have  
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For v=0, we have an account of 0 0A = , Using Taylor 
Series, we obtain 
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Therefore, 7
2 1 7 1

23 5 33(2 )
8 18 4

h A h h h Aθ ω≤ + , where 

1 1.θ < Using (18), we have 

 6
2 7

730 (2 )
1863

A h hω≤  

Lemma 2: let ( ) ( )v nA S vh f vh′ ′= −  for 0,1, 2,...,v n= , 
then  

 6 6 (7)
2 2 4 7

4393 8(4 )
415 115v vA A h h h fαω+− ≤ +  (28) 

Where { }(7) (7) ( ) : 0 1f Max f x x= ≤ ≤  

Proof: Setting ( 1)v +  for v in (27), we have for 
30,1,....,

2
nv −

= . 
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Subtracting (27) from (29) , and using (23), we have 
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Using Taylor expansion, and after some calculations, 
we obtain 
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7 7 (7)
2 2 4 7

23 16565528 108864[ ] (4 )
8 544320 544320v vh A A h h h fαω+→ − = −  

6 6 (7)
2 2 4 7

4393 8(4 )
415 115v vA A h h h fαω+→ − ≤ +  

Theorem 2: Let 7[0,1]f C∈ and n an odd integer, then 
the unique seventh spline ( )S x satisfying conditions of 
Theorem1, we have 
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Where  
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1 7 2 2 1

675 405( ) 175 105
720 720 v vK h f h f h A h Aω − −

+= + + + , 

and 7 (.)ω denotes the modulus of continuity of (7)f . 

Proof: Let 2 2 1vh x v≤ ≤ + , 10,1,....,
2

nv −
= from (9), 

we have 
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Since 1 1
2 1 2( ) ( ) 1v h x x vhB B

h h
+ − −

+ = and ( ) 1B x ≤


, 

[0,1]x∀ ∈  

(6) (6) (6) (6) (6) (6)
1( ) ( ) (2 ) ( ) (2 1 ) ( ) 2S x f x S vh f x S v h f x K− ≤ − + + − ≤  

Where 

(7) 5 5
1 7 2 2 1

675 405( ) 175 105
720 720 v vK h f h f h A h Aω − −

+= + + +  

Since  

(5)(5) (5) (6) (6) (5)
2

2

( ) ( ) ( ( ) ( )) (2 )
x

v
x v

S x f x S t f t dt S vh f− = − + −∫  

and (5) (5)(2 ) (2 )S vh f vh= , (5) (5)
1( ) ( ) 2S x f x hK− ≤ , 

similarly (4) (4) 2
1 2( ) ( ) 2S x f x h K K− ≤ + , where 

(4) (4)
2 (2 ) (2 )K S vh f vh= −  

(3)(3) (3) (4) (4) (3)
2 1

2 1

( ) ( ) ( ( ) ( )) (2 1 )
x

v
x v

S x f x S t f t dt S v h f +
+

− = − + + −∫  

since (3) (3)(2 1 ) (2 1 )S v h f v h+ = +  

 (3) (3) 2
1 1( ) ( ) (2 )S x f x h K h K→ − ≤ +  

similarly 2 2
1 2( ) ( ) (2 )S x f x h K h K′′ ′′− ≤ +  

Since (2 ) (2 )S vh f vh= , (2 1 ) (2 1 )S v h f v h+ = + , 

therefore ( ) ( )S fλ λ′ ′= , 2 2 1vh vλ≤ ≤ + , and 
3 2

1 2( ) ( ) ( ) ( ) (2 )S x f x h S x f x h K h K′ ′ ′′ ′′− ≤ − ≤ + , similarly 
4 2

1 2( ) ( ) (2 )S x f x h K h K− ≤ + . 

4. Conclusion 
In this paper, we apply the two inhomogeneous seventh 

spline interpolations for finding the best optimal errors 
bound, also order of spline and the boundary conditions 
are developed. Convergence analysis and basic properties 
of the inhomogeneous spline model has been proposed. 
Also, the continuity of derivatives across mesh points 
improves convergence for the spline function. 
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